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A central problem in molecular biology is understanding the mechanism by which
enzymes carry out chemical transformations. The problem is challenging because
most experimental techniques provide only a static snapshot, not a moving pic-
ture, of the sequence of molecular events that take place inside the catalytic core
of the enzyme. For one class of enzymes, however, mathematics provides a pow-
erful tool to the molecular biologist. These enzymes are the ones that perform
topological reactions necessary for the winding, unwinding, recombination, and
transposition of DNA. Using topological results about knots and tangles, one can
peer into the reaction center and infer the mechanisms of action.

INTRODUCTION

One of the important issues in molecular biology is the three-dimensional structure
(shape) of proteins and deoxyribonucleic acid (DNA) in solution in the cell, and the relation-
ship between structure and function. Ordinarily, protein and DNA structure is determined by
X-ray crystallography or electron microscopy. Because of the close packing needed for crys-
tallization and the manipulation required to prepare a specimen for electron microscopy, these
methods provide little direct evidence for molecular shape in solution. The three-dimensional
shape in solution is of great biological significance but is very difficult to determine (Wang,
1982).

Experimental techniques such as X-ray crystallography and nuclear magnetic resonance

provide ways to infer precise distances between atoms. However, these methods are not well
suited to studying the dynamic mechanism by which enzymes act. Interestingly, topology can
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shed light on this key issue. The topological approach to enzymology is an experimental pro-
tocol in which the descriptive and analytical powers of topelogy and geometry are employed
in an indirect effort to determine the enzyme mechanism and the structure of active enzyme-
DNA complexes in vitro (in a test tube) (Wasserman and Cozzarelli, 1986; Sumners, 1987a).
Once the enzyme structure and mechanism are understood in a controlled laboratory situation,
this knowledge can be extrapolated to enzyme mechanism in vivo, that is, in a living cell.

Topology is a branch of mathematics related to geometry. It is often characterized as
“rubber-sheet geometry,” because topological equivalence of spaces allows stretching,
shrinking, and twisting of an object in order to make it congruent to another object. Topology
is the study of properties of objects (spaces) that are unchanged by allowable elastic deforma-
tions. When a given topological property differs for a pair of spaces, then one can be sure that
one space cannot be transformed into the other by elastic deformation. Changes that can pro-
duce non-equivalent spaces include cutting the space apart and reassembling the parts to pro-
duce another space. It is precisely this topological breakage and reassembly of DNA that
characterizes the mechanism of some life-sustaining cellular enzymes, enzymes that facilitate
replication, transcription, and transposition. Chapter 6 describes aspects of the geometry and
topology of DNA and points out various topological transformations that must be performed
on DNA by enzymes in order to carry out the life cycle of the cell. In the present chapter, we
describe how recent results in three-dimensional topology (Culler et al., 1987, Ernst and
Sumners, 1990; Sumners, 1990, 1992) have proven to be of use in the description and quanti-
zation of the action of these life-sustaining enzymes on DNA.

THE TOPOLOGY OF DNA

The DNA of all organisms has a complex and fascinating topology. It can be viewed as
two very long curves that are intertwined millions of times, linked to other curves, and sub-
Jjected to four or five successive orders of coiling to convert it into a compact form for infor-
mation storage. If one scales the cell nucleus up to the size of a basketball, the DNA inside
scales up to the size of thin fishing line, and 200 km of that fishing line are inside the nuclear
basketball. Most cellular DNA is double-stranded (duplex), consisting of two linear back-
bones of alternating sugar and phosphorus. Attached to each sugar molecule is one of the four
bases (nucleotides): A = adenine, T = thymine, C = cytosine, G = guanine. A ladder whose
sides are the backbones and whose rungs are hydrogen bonds is formed by hydrogen bonding
between base pairs, with A bonding only with T, and C bonding only with G. The base pair
sequence for a lincar segment of duplex DNA is obtained by reading along one of the two
backbones, and is a word in the letters {A,T,C,G}. Due to the uniqueness of the bonding part-
ner for each nucleotide, knowledge of the sequence along one backbone implies knowledge of
the sequence along the other backbone. In the classical Crick-Watson double helix model for
DNA, the ladder is twisted in a right-hand helical fashion, with an average and nearly con-
stant pitch of approximately 10.5 base pairs per full helical twist. The local helical pitch of
duplex DNA is a function of both the local base pair sequence and the cellular environment in
which the DNA lives; if a DNA molecule is under stress, or constrained to live on the surface
of a protein, or is being acted upon by an enzyme, the helical pitch can change. Duplex DNA
can exist in nature in closed circular form, where the rungs of the ladder lie on a twisted cyl-
inder. Circutar duplex DNA exists in the mitochondria of human cells. for example. Duplex



DNA in the cell nucleus is a lincar molecule, one that is topologically con-strained by peri-
odic attachment to a protein scaffold in order to achieve efficient packing.

The packing, twisting, and topological constraints all taken together mean that topological
entanglement poses serious functional problems for DNA. This entanglement would interfere
with, and be exacerbated by, the vital life processes of replication, transcription, and recom-
bination (Cozzarelli, 1992). For information retrieval and cell viability, some geometric and
topological features must be introduced into the DNA, and others quickly removed (Wang,
1982, 1985). For example, the Crick-Watson helical twist of duplex DNA may require local
unwinding in order to make room for a protein involved in transcription to attach to the DNA,
The DNA sequence in the vicinity of a gene may need to be altered to include a promoter or
repressor. During replication, the daughter duplex DNA molecules become entangled and
must be disentangled in order for replication to proceed to completion. After introduction of
these life-sustaining changes in DNA geometry and topology, and after the process that these
changes make possible is finished, the original DNA conformation must be restored. Some
enzymes maintain the proper gcometry and topology by passing one strand of DNA through
another by means of a transient enzyme-bridged break in one of the DNA strands, a move
performed by topoisomerases. Other enzymes break the DNA apart and recombine the ends
by exchanging them, a move performed by recombinases. The description and quantization of
the three-dimensicnal structure of DNA and the changes in DNA structure due to the action of
these enzymes have required the serious use of geometry and tepology in molecular biology.
Geometry and topology provide ways of inferring the dynamic process of topological trans-
formation carried out by an enzyme. This use of mathematics as an analytic tool for the indi-
rect determination of enzyme mechanism is especially important because there is no experi-
mental way to observe the dynamics of enzymatic action directly.

In the experimental study of DNA structure and enzyme mechanism, biologists developed
the topological approach to enzymology (Wasserman and Cozzarelli, 1986; Sumners, 1987b).
In this approach, one performs experiments on circular substrate DNA molecules. These cir-
cular substrate molecules are genetically enginecred by cloning techniques to contain regions
that a certain enzyme will recognize and act upon. The circular form of the substrate molecule
traps an enzymatic topological signature in the form of DNA knots and links (catenanes).
Trapping such a topological signature is impossible if one uses lincar DNA substrate. These
DNA knots and links are observed by gel electrophoresis and electron microscopy of the re-
action product DNA molecules. By observing the changes in geometry (supercoiling) and to-
pology (knotting and linking) in DNA caused by an enzyme. the enzyme mechanism can be
described and quantized. Figure la gives the schematics of the topological enzymology proto-
col; the black box represents the dynamic reaction in which the enzyme attaches to the DNA
substrate, breaks it apart and reconnects as necessary, and then releases the DNA products.
Typical results of this experimental protocol are the reaction products displayed in Figure 1b
and ¢. Figure 1b shows the electron micrograph of a DNA (+) figure eight catenane (Krasnow
et al., 1983), and Figure 1c¢ shows a micrograph of the DNA knot 6,* (Wasserman et al.,
1985). Both are products of processive Tn3 recombination and are explained in detail below.

The topological approach to enzymology poses an interesting challenge for mathematics:
from the observed changes in DNA geometry and topology. how can one mathematically de-
duce enzyme mechanisms? This requires the construction of mathematical models for enzyme
action and the use of these models to analyze the results of topological enzymology experi-
ments. The entangled form of the product DNA knots and links contains information about
the enzymes that made them. Mathematics is required to extract mechanism information from



Figure 1 (a} Topological approach to enzymolegy. (b) DNA (+) figure eight catenane. (¢} DNA knot 6;, Figure 1b re-

printed, with permission, from Krasnow et al. (1983). Copyright © 1983 by Macmillian Magazines Limited. Figure lc
reprinted, by permission, from Wasscrman ¢t al. (1985). Copyright © 1985 by the American Association for the Advance-
ment of Science

the topological structure of the reaction products. In addition to utility in the analysis of ex-
perimental results, the use of mathematical models forces all of the background assumptions
about the biology to be carefully laid out. At this point they can be examined and dissected
and their influence on the biological conclusions drawn from experimental results can be de-
rermined.

SITE-SPECIFIC RECOMBINATION

Site-specific recombination is one of the ways in which nature alters the genetic code of
an organism, either by moving a block of DNA to another position on the molecule (a move
performed by transposase) (Sherratt et al., 1984) or by integrating a block of alien DNA into a
host genome (a move performed by integrase). One of the biological purposes of recombina-
tion is the regulation of gene expression in the cell, because it can alter the relative position of
the gene and its repressor and promoter sites on the genome. Site-specific recombination also
plays a vital role in the life cycle of certain viruses, which utilize this process to insert viral
DNA into the DNA of a host organism. An enzyme that mediates site-specific recombination
on DNA is called a recombinase. A recombination site is a short segment of duplex DNA
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whose sequencc is recognized by the re-
combinasc. Site-specific recombination
can occur when a pair of sites (on the
same or on different DNA molecules) be-
come juxtaposed in the presence of the
recombinase. The pair of sites is aligned
through enzyme manipulation or random
thermal motion (or both), and both sites
(and perhaps some contiguous DNA) arc
then bound by the enzyme. This stage of
the reaction is called synapsis, and we
will call this intermediate protein-DNA
complex formed by the part of the sub-
strate that 1s bound to the enzyme fo-
gether with the enzyme itself the synap-
tosome (Benjamin and Cozzarelli, 1990;
Heichman and Johnson, 1990; Pollock
and Nash, 1983; Griffith and Nash, 1985;
Kim and Landy, 1992). We will call the
entire DNA molecule(s) involved in syn-
apsis (including the parts of the DNA
molecule(s) not bound to the enzyme), together with the enzyme itself, the synaptic complex.
The electron micrograph in Figure 2 shows a synaptic complex formed by the recombination
enzyme Tn3 resolvase when reacted with unknotted circular duplex DNA. In the micrograph
of Figure 2, the synaptosome is the black mass attached to the DNA circle, with the unbound
DNA in the synaptic complex forming twisted loops in the exterior of the synaptosome. It is
our intent to deduce mathematically the path of the DNA in the black mass of the synap-
tosome, both before and after recombination. We want to answer the question: How is the
DNA wound around the enzyme, and what happens during recombination?

F.n

Figure 2 Tn3 synaptic complex. (Courtesy of N.R. Cozzarelli.)

After forming the synaptosome, a single recombination event occurs: the enzyme then
performs two double-stranded breaks at the sites and recombines the ends by exchanging
them in an enzyme-specific manner. The synaptosome then dissociates, and the DNA is re-
leased by the enzyme. We call the pre-recombination unbound DNA molecule(s) the substrate
and the post-recombination unbound DNA molecule(s) the product. During a single binding
encounter between enzyme and DNA,| the enzyme may mediate more than one recombination
event; this is called processive recombination. On the other hand, the enzyme may perform
recombination in multiple binding encounters with the DNA, which is called distributive re-
combination. Some site-specific recombination enzymes mediate both distributive and
processive recombination.

Site-specific recombination involves topological changes in the substrate. In order to
identify these topological changes, one chooses to perform experiments on circular DNA
substrate. One must perform an experiment on a large number of circular molecules in order
to obtain an observable amount of product. Using cloning techniques, one can synthesize cir-
cular duplex DNA molecules, which contain two copies of a recombination site. At each re-
combination site, the base pair sequence is in general not palindromic (the base pair sequence
for the site read left-to-right is different from the base pair sequence read right-to-left), and
hence induces a local orientation (arrow) on the substratc DNA circle. If these induced orien-
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a. Substrate b. Pre-recombination
synaptic complex

¢. Post-recombination d. Product
synaptic complex

Figure 3 A single recombination event: direct repeats.

tations from a pair of sites on a single circular molecule agree, this sitc configuration is called
direct repeats (or head-to-tail}, and if the induced orientations disagree, this site configuration
is called inverted repeats (or head-to-head). If the substrate is a single DNA circle with a sin-
gle pair of directly repeated sites, the recombination product is a pair of DNA circles and can
form a DNA link (or catenane) (Figure 3). If the substrate is a pair of DNA circles with one
site each, the product is a single DNA circle (Figure 3 read in reverse) and can form a DNA
knot (usually with direct repeats). In processive recombination on a circular substrate with
direct repeats, the products of an odd number of rounds of processive recombination are DNA
links, and the products of an even number of rounds of processive recombination are DNA
knots. If the substrate is a single DNA circle with inverted repeats, the product is a single
DNA circle and can form a DNA knot. In all figures where DNA is represented by a line
drawing (such as Figure 3), duplex DNA is represented by a single line, and supercoiling is
omitted.

The experimental strategy in the topological approach to enzymology is to observe the
enzyme-caused changes in the geometry and topology of the DNA and to deduce the enzyme
mechanism from these changes, as in Figure la. The geometry and topology of the circular
DNA substrate are experimental control variables. The geometry and topology of the recom-
bination reaction products are observables. In vitro experiments usually proceed as follows:
Circular substrate is prepared, with all of the substrate molecules representing the same knot
type (usually the unknot, that is, a curve without knots). The amount of supercoiling of the
substrate molecules (the supercoiling density) is also a control variable. The substrate mole-
cules are reacted with a high concentration of purified enzyme, and the reaction products are
fractionated by gel electrophoresis. DNA molecules are naturally.

negatively charged, with the amount of negative charge proportional to the molecular weight.
A gel is a resistive medium through which the DNA molecules can be forced to migrate under
the influence of an ¢lectric field. The DNA sample is placed at the top of a gel column, and
similar molecules migrate through the gel with similar velocities, forming discrete DNA
bands in the gel when the electric field is turned off. Normally, gel electrophoresis discrimi-
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nates among DNA molecules on the basis of molecular weight; given that all molecules are
the same molecular weight (as is the case in these topological enzymology experiments).
electrophoresis discriminates on the basis of subtle differences in the geometry (supercoiling)
and topology (knot and link type) of the DNA molecules. For example, in unknotted DNA,
gel electrophoresis discriminates on the basis of number of supercoils and can detect a differ-
ence of one in the number of supercoils. In gel electrophoresis of knotted and linked DNA,
one must nick (break one of the two backbone strands of) the reaction products prior to elec-
trophoresis in order to relax the supercoils in the DNA knots and links, because supercoiling
confounds the gel migration of knotted and linked DNA. For nicked DNA knots and links.
under the proper conditions gel velocity is (surprisingly) determined by the crossing number
of the knot or link; knots and links of the same crossing number migrate with the same gel
velocities (Dean et al., 1985); the higher the crossing number, the greater the gel mobility,
After the gel 1s run, the gel bands are excised, and the DNA molecules are removed from the
gel and coated with RecA protein. It is this new observation technique (RecA-enhanced elee-
tron microscopy) (Krasnow et al., 1983) that makes possible the detailed knot-theoretic
analysis of reaction products. RecA is an E. coli protein that binds to DNA and mediates gen-
eral recombination in £. coli. Naked (uncoated) duplex DNA is approximately 20 angstroms
in diameter, and RecA-coated DNA is approximately 100 angstroms in diameter. The process
of RecA coating fattens, stiffens, and stretches (untwists) the DNA. This fattening and stiffen-
ing facilitates the unambiguous determination of crossings (nodes) in an electron micrograph
of a DNA knot or link and reduces the number of extraneous crossings. After RecA coating,
the DNA is shadowed with platinum for viewing under the electron microscope. Electron mi-
crographs of the reaction products (Figure 1b and c) are made, and frequency distributions of
knot types of the products are prepared. This new precision in the determination of the topol-
ogy of the reaction product spectrum opens the door for the building of detailed topological
models for enzyme action.
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TOPOLOGICAL TOOLS FOR DNA ANALYSIS

In this section, we will describe the parts of knot theory and tangle calculus of biological
relevance. We give intuitive definitions that appeal to geometric imagination. For a rigorous
mathematical treatment we refer the reader to Burde and Zieschang (1985), Kauffman (1987),
and Rolfsen (1990) for knot theory and Ernst and Sumners (1990) for tangle calculus.

Knot theory is the study of the entanglement of flexible circles in 3-space. The equiva-
lence relation between topological spaces is that of homeomorphism. A homeomorphism
X — Y between topological spaces is a function that is one-to-one and onto, and both 4 and
h”" are continuous. An embedding of X in Y is a function f:X — ¥ such that fis a homeo-
morphism from X onto f(X)c Y. An embedding of X in Y is the placement of a copy of X
into the ambient space Y. We will usually take Euclidean 3-space R® (xyz-space) as our
ambient space. A knot K is an embedding of a single circle in R’; a link L is an embedding of
two or more circles in R*. For a link, each of the circles of L is called a component of L. In
chemistry and biology a nontrivial link is called a catenane, from the Latin cataena for
“chain,” since the components of a catenane are topologically entangled with each other like
the links in a chain. In this excursion, we will restrict attention to dimers, that is, links of two
components, because dimers are the only links that turn up in topological enzymology
experiments. We regard two knots (links) to be equivalent if it is possible to continuously and
elastically deform one embedding (without breaking strands or passing strands one through
another) until it can be superimposed upon the other. More precisely, if X, and K, denote
two knots (links) in R’, they are equivalent (written K, =K, ) if and only if there is a
homeomorphism of pairs A:(R”,K,)— (R*,K,) that preserves orientation on the ambient
space R’. We take our ambient space R* to have a fixed (right-handed) orientation, where
the right-hand thumb corresponds to the X-axis, the right-hand index finger corresponds to the
Y-axis, and the right-hand middle finger corresponds to the Z-axis. R’ comes locally
equipped with this right-handed orientation at all points. A homeomorphism from R* to R’
is orientation-preserving if the local right-handed frame at each point of the domain maps to a
local right-handed frame in the range. Reflection in a hyperplane (such as reflection in the xy-
plane by f:(x.y.z) = (x.y.~2) ) reverses the orientation of R’. We might also require that the
circular subspace K come equipped with an orientation (usually indicated by an arrow). If so,
we say that our knot or link X is oriented; if not, we say that it is unoriented. Unless otherwise
specified, all of our knots will be unoriented. The homeomorphism of pairs & superimposes
K, on K,; in this case the knots (links) can be made congruent by a flexible motion or flow

(ambient isotopy) of space. An ambient isotopy is a 1-parameter family of homeomorphisms
{H}!., of R that begins with the identity and ends with the homeomorphism under
consideration: H, = identity and H, = h. An equivalence class of embeddings is called a knot
(link) type.

A knot (link) is usually represented by drawing a diagram (projection) in a plane. This
diagram is a shadow of the knot (link) cast on a plane in 3-space. By a small rigid rotation of
the knot (link) in 3-space, it can be arranged that no more than two strings cross at any point
in the diagram. For short, crossing points in a diagram are called crossings. In the figures in
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this chapter, at cach crossing in a diagram, the undercrossing string is depicted with a break in
it, so that the three-dimensional knot (link) type can be uniquely re-created from a two-
dimensional diagram. Figure 4a-e shows standard diagrams (Rolfsen, 1990) for the knots and
links that turn up in Tn3 recombination experiments. In the definition of knot type, we
insisted that the transformation that superimposes one knot on another must be orientation-
preserving on the ambient space. This restriction allows us to detect a property of great
biological significance: chirality. The mirror image of a knot (link) is the configuration
obtained by reflecting the configuration in a plane in R’. Starting with a diagram for a knot
(link), one can obtain a diagram for the mirror image by reversing each crossing; the
underpass becomes the overpass and vice versa (compare Figure 4d and 4e). If K denotes a

knot (link), let K" denote the mirror image. If K= K', then we say that K is achiral; if
K#K | then we say that K is chiral. For example, the Hopf link (Figure 4a) and the figure
eight knot (Figure 4b} are achiral, and the (+) Whitehead link (Figure 4c) and the knot 6

(Figure 4d) and its mirror image 6 (Figure 4¢) are chiral. Moreover, all the knots and links in
Figure 4 are prime, that is, they cannot be formed by the process of tying first one knot in a
string and then another.

By moving the knot around in space and then projecting it, it is clear that every given knot
(link) type admits infinitely many “different” diagrams, and so the task of recognizing that
two completely different diagrams represent the same knot type can be exceedingly difficult.
[n order to make this job a bit easier, one usually secks diagrams for the knot type with a
minimal number of crossings. This minimal number is called the crossing number of the knot
(link) type. The projections in Figure 4 are minimal. Crossing number is a topological
invariant of knot type. A topological invariant is a number, algebraic group, polynomial, and
so on that can be unambiguously attached to a knot (link) type. Most invariants can be
algorithmically computed from diagrams (Burde and Zieschang, 1985: Crowell and Fox,
1977; Lickorish, 1988; Kauffman, 1987). If any invariant differs for two knots (links), then
the two knots (links) are of different types. 1f all known invariants are identical, the only
conclusion that can be reached is that all known invariants fail to distinguish the candidates.
One must then either devise a new invariant that distinguishes the two or prove that they are
of the same type by construction of the homeomorphism that transforms one to the other
(often by direct geometric manipulation of the diagram or by manipulation of string models).
Nevertheless, it is possible to devise invariants (algebraic classification schemes) that
uniquely classify certain homologous subfamilies of knots and links, for example, torus knots,
two-bridge knots (4-plats), and so on. The algebraic classification schemes for these
homologous subfamilies can be used to describe and compute enzyme mechanisms in the
topological enzymology protocol.

Fortunately for biological applications, most (if not all) of the circular DNA products
produced by in vitro enzymology experiments fall into the mathematically well-understood
family of 4-plats. This family consists of knot and link configurations produced by patterns of
plectonemic supercoiling of pairs of strands about each other. All “small” knots and links are
members of this family—more precisely, all prime knots with crossing number less than §
and all prime (two-component} links with crossing number less than 7 are 4-plats. A 4-plat is
a knot or two-component link that can be formed by platting (or braiding) four strings.
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Figure 4 (a) Hopf link. (b) figure eight knot, (c) (+) Whitchead link, (d) 6.1 ,and (e)

6, (mirror image of 63 ).

All of the knots and links of Figure 4 are 4-plats; their standard 4-plat diagrams are shown in
Figure 5. Each standard 4-plat diagram consists of four horizontal strings, numbered 1
through 4 from top to bottom. The standard pattern of plectonemic interwinding for a 4-plat is
encoded by an odd-length classifying vector with positive integer entries <c,,c;,...,c5.,,> , 88
shown in Figure 5. Beginning from the left, strings in positions 2 and 3 undergo ¢, left-
handed plectonemic interwinds (half-twists), then strings in positions 1 and 2 undergo c,
right-handed plectonemic interwinds, then strings in positions 2 and 3 undergo c, left-handed
plectonemic interwinds, and this process continues until at the right the strings in positions 2
and 3 undergo c¢,,,, left-handed plectonemic interwinds. In the standard diagram for a 4-plat,
the string in position 4 is not involved in any crossing. The vector representation for the
standard diagram of a 4-plat is unique up to reversal of the symbol. That is, the vector
<Cyp,12Cap o€ > TEprEsents the same type as the vector <c,cy.....¢,,.,> , because turning the
4-plat 180° about the vertical axis reverses the pattern of supercoiling. The standard 4-plat
diagram is alternating; that is, as one traverses any strand in the diagram, one alternately
encounters over- and undercrossings. Also, standard 4-plat diagrams (with the exception of
the unknot <13 ) are minimal (Ernst and Sumners, 1987).



















































