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Abstract

A novel technique for chemical synthesis in drug research is combinatorial chemistry,
where vsually a set of building-block molecules is attached to a core structure in all the
combinatorially possible ways. The resulting set of compounds (called a library) can
then be systematically screened for a desired biological activity. In this paper we discuss
ways and limits of a mathematical simulation of this procedure. At first, two methods for
selecting the building-blocks from a given structure pool are presented with the objective
to obtain only dissilimar library entries. Next an algorithm is described for the exhaustive
and redundancy-free generation of a combinatorial library, illustrated by a single-step and
a multi-component reaction. Finally equations for the ation of the library sizes are
derived and the limits of the virtual combinatorial chemistry, i.e. purely in computer and
without experiment, are discussed.

1 Introduction

The common ways to develop a new pharmaceutical drug are to extract a natural drug from
bakteria, plants or animals, to use the available potential in laboratory and in-house databases
or to employ methods of rational drug-design based on mechanism or structure.

With the upcoming of new analysis automata, it became possible to examine several thousands
of compounds a day for their biological activity. (This process is usually refered as screening.)
Together with the necessity of cost reduction in industrial research, this fact has raised the desire
for making very large numbers of novel molecules available. So here industrial revolution has
its impact on synthetical chemistry, replacing "hand-work" by fast and efficient machines.

In the recent years a novel technique is used for this purpose, which does not aim at the classical
objective of synthesizing one substance as pure as possible, but which deliberately utilizes
the variety to produce a large number of compounds simultaneously. This technique is called
combinatorial chemistry [1]- [6].

Typically a set of building-blocks is taken that is systematically combined with a core structure
in all the combinatorially possible ways where the actual reactions make use of chemical,
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biological or biosynthetical procedures. The set of resulting molecules is called a combinatorial
library.

Next to the high efficiency this technology derives its elegance also from another aspect: This
approach clearly represents the processes in nature when millions of years ago, at the origins
of life, the first proteins and carbon hydrates were formed by the combination of simple carbon
hydrogens and amino acids.

A crucial issue in combinatorial chemistry is diversity [7]-{9]. A large combinatorial library may
fulfill the demand for making many compounds available; for an efficient analysis, however,
it should be certified that the elements of a library are not too similar in order to avoid one
pharmacological class being tested over and over again. Thus the elements of a library should
be as diverse as possible to cover a broad variety with the screening — without requiring tco
many single substances.

So in connection with combinatorial chemistry the notion of similarity has come into the focus
{7],[8],110]- [12]. There is a vast number of ways to define and determine similarity of chemical
entities. It turned out that similarity — unlike isomorphy, €.g. — cannot be defined generally.
It depends, in fact, on the structure as well as on the studied activity what must be considered
similar and what must not. Quite often "similarity" is, however, used in the sense of "structural
similarity"; we will also make use of this view in the following.

So the main procedure in combinatorial chemistry can be summarized in the following steps:
i) Selection of building-blocks
ii) Generation of the library
iii) Screening of the library for the required activity

Of course the aim of a computer simulation is to perform the steps as complete as possible by
the computer. In this paper we will give an overview over some methods which can be used in
cach of these steps, provide some mathematical generalizations and take a look at the limits of
the simulation.

2 Selection of building-blocks

There are several possibilies for selecting the building-blocks [8, 9, 13]. Their application
mainly depends on the objective that is sought by the combinatorial library. In this study we
will present two methods based on graph theory in conjunction with statistical analysis.

As a simple example set we will consider the 20 natural amino acids (see Fig. 1).

2.1 Basic definitions

In this paper we consider graphs as mappings

y:pP - {0,....m -1}, inshortye me"
where pl is the set of pairs of points of the graph, i.e. the set of all 2-subsets of the set
p:= {l,...,p} of points (or, to be exact, the set of the numbers of the p points), y({z,j}) = k

means that there is an edge of degree k — a k-fold bond — between the vertices ¢ and j, and
({2, 7}) = 0 if the two vertices are not connected.
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Figure 1: The 20 natural amino acids
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For molecules we take the usual model, identifying atoms with vertices and bonds with edges.
The atomic types are defined by an additional mapping 4 : p — {E), Ez,...} with the E,
representing chemical elements such that a molecular graph is a pair (v, 3) of a graph and a

coloring of the vertices with atomic types.

Furthermore we call

n: T 5 {0,...,m -1} with T C p. Vi.j € T: n({i.5}) = v({i.5})

a subgraph of ~, which we indicate by n C ~.
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2.2 Topological indices

A large number of studies have been carried out on the search for quantitative structure-activity
relationships (QSAR), i.e. the search for empirical or theoretical parameters that are directly
correlated to some biological response [10], [14]- [19]. Since empirical data are not always
available [14, 18] and experiments or quantum chemical calculations are expensive for larger
sets of compounds, a lot of interest lies currently in the use of topological indices (or graph
invariants) [10], [15], [20]-[23] as discrimination criteria and prediction tools.

A topological index is a numerical value computed only from the (hydrogen-suppressed) molec-
ular graph. They are suitable, within a limited range, for modeling molecular properties like
flexibility, surface, branching etc. We will use them to investigate structural similarities in a set
of potential building-blocks.

The rather simple ones are the numbers of atoms, bonds and rings as well as the molecular
weight. In addition, we use the numbers of stereocenters and stereoisomers computed with
methods from [24, 25].

A series of important values is based on the adjacency matrix A (with a; ; = 1if ({2, j}) #0
and a;; = 0 otherwise) and the connectivity matrix A with a; ; = ~v({i.j}). The degree
of the i-th vertex is defined as §;, = 2’;:, a; ;, whereas the bond degree is derived from the
connectivity matrix as deg, := ¥.5_, ol ;. The connectivity indices *x and ** for k = 0,1.2
after [10] are sums over all paths of length % in the graphs, varying by the use of the adjacency
or the connectivity matrix.

@) 8 = oy
=1

P 1

22 % = 3 (deg)?
=l

23) x = ¥ @)t
edges i,

(2.4) o= Y (degdeg)
edges i

2.5) X = X (8ubybn)}

pﬂth (TRIRDY

3 (deg,, deg, deg,, )"i
paths v,u;,0.

(2.6) 5

1

These indices together give a good characterization of the structure, especially with respect
to shape, volume, and surface, and have thus been used for a large number of correlations
[8, 10, 19].

Another important class of indices is based on the distance matrix D, where each entry d;;
denotes the length of the shortest path from vertex i to vertex j. The distance matrix can be
calculated by the Floyd algorithm [26].

The very first application of topological indices was developed by H. Wiener [27]. His index is

» 1
Q@n W=1%d;=3 di
L]

i>j
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Furthermore we use the Balaban-Index [28]

@8 J= i! S (dd,)
g edges i

where p is the number of atoms, ¢ the number of rings and d; := ¥, d;.
The mean square distance index [29] is due to Balaban and Motoc

ds i
Z izgi

— i=1
2.9) MSD=|2L—

=
>
i

where ¢; is number of vertex pairs in -y having distance ¢, and ., is the largest entry in D,

Finally we make also use of information-theoretic indices [12, 20]. There a set of n elements is
partitioned into & classes, denoting the relative frequency of the i-th class by p;. According to
Shannon’s relation [30, 31] the mean information content is calculated as — £, p; log, p;.
The mean information content of distances was used by Bonchev and Trinajstic [32] in the form
(with the notation from eqns. 2.7 and 2.9)

dmax
2.10) 1IN =Wlog, W — Y g;-ilog,i

i=1

A natural partition of the vertices is given by the orbits of the automorphism group (as already
studied by Rashevsky [33]). Let p; the length of the i-th orbit (with a total of h orbits, say)
divided by the number p of vertices. Then the following indices can be defined [12, 19]:

A

211 ¢ = - ZP:‘ log, p:
=l

2.12) SIC = IC/log,p

(2.13) CIC = logyp—-1IC

Table 1 shows the calculated index values for the amino acids. Such an amount of numbers
is of course rather impracticable for further treatment. A commonly used method for data
reduction is principal component analysis (PCA). It uses implicit correlations among the values
and calculates the eigenvectors in order to obtain a few, new variables, called factors, which
explain most of the variance in the original data.'

In our case, PCA yields three factors explaining 93.2 % of the original variance. The regression
values are shown in the following table:

'For the calculations in this paper we uscd the software SPSS, version 6.0.1 for Windows.



- 184 -

1 "S1.] woJj spioe ourwe

[eameu (z oy jo seorput [eardojoda], 1| 3q8L

LOFO 0800 90T0 S8PFO L6900 [S668S TELO O11°L TSSO £61°1 98E€N PIYL  TSETE  ESL68  TOSE  PTFD 1450 VEST TIFT [ Adp prepuBig
961'1 TeL0 9TOE  SKIT  6S6T RSSER9  9I0E 0S8 LL9C T0EF OL89 OLFL  T199F1 OSKPTI 0SS'€ 0S¥l 00E0 0598 0SE'6 ueay
PP OES90 PLET 920E  6YPT OOVEOE  GLRT LKEE S0TE §SSE T9E9 TELY  000'8TL 9 T I 0 L 2 LY
001 K690 SR0E 90IT  £L8€ 000ST91 LEGE €8S°S CORF T6O9 08B SPRE  000T6I 89T z I I £l €1 K
SEF1 8690 OTEE POLT  EL8'E CO0ORT TESE £0S9 609'S T8IL S856 0RO 0009IT  69€ 8 t T 9l s dn
960’1 LELO TSO'E 9T0°C  6FP'T  OOFEOS  GL8T LPEY BOZE €SSE T9EY ZEL9  000BTI S 4 £ 0 L 3 BN
$9L0 8640 60°C 999°T 9ETT 0096l 9SIT O0€9T SE8T I8TE TOVS T98S  OO0TII 9 4 1 0 9 L 1
PAT1 8890 PIST 1961 95CT COYRIT  8I®T 6RTE 65K SO8'E €196 €865 000FTI 9 4 4 I 8 3 oid
SE9'T 690 SBRT 990°T  909'C DOO'METI LEVE 196F T6ET BGYS BLEL SLES 000941 TUT z t i ] z ayd
00€'1 6690 TTOE SYST  TOIE OOILOS  068T HIEE SE8E I8U% 9060 9TL 001091 201 z I 0 8 6 1w
P01 090 18LT 6687 00LESL  EVTE LILE SEEV (897 £19C €86 (00091 vl z I 0 6 ol

YT 1T90 R9LT KOS 00L6Lr  LLEE ISR 169°C LEOF 690 6EFL  000WF] 96 T i 0 3 6

WY 1T90 R9LT  LOTE 00V I9F  IZ0°C 68FE GRLE  (60F 690L 6EFL  000FEL T6 [ 4 0 8 6

8136 L0 HOSTE 620°T 000'1T6  6OFE L09F 661F 861'S IEFL 8978 000TYL 91 91 9 1 I 1] sy
ST 8OLO SIS LHOE 00v6lL 6T T6IP SERE LESE 9UFL 9PI'S  0009sT  9€l z [ 0 6 ol 03
08T1 POLD  IPOE LKOE 00v6IL  EPTE T6IY SE®E LEST 9OFL 9PIB  0009ST 9€I T I 0 6 ol ufd
£8Y0 €80 STET 99T 009°s6F  9S1T OE9T SERT I81E T6rS TH8S  0OI'STT 9 T I 0 9 L sA>
0 0LL0 BLOT  LHOE 00L'6LF  606T  [SRE SECE LE0F 6090 6LFL  DOOOFT 96 H 1 0 8 6 dse
9860 6SL0 T0TE LPOE 006k 606 ISSE SEET LEGE 6699 6EVL  00ODFI 96 14 1 0 § 6 s
908"l 0390 PO TEOE OO0'EEFT  0S6'E 006'F SERF  LES'S OTRE 0956 (0088l L4 8 4 0 1 u Bie
69L0 T6LO 1£6T  SOVT 006601 100T S8KT L6TT E49T PBLY  SSI'S 01096 62 T | 0 N 9 epe
00F0 0880 TT6T L16] 0ssES LIS o8 pIEl OLTT P P$TE 01008 81 1 0 0 v s 43

a8 D1 yeleg  ASW X X Xo Xy wdem M wosig  Wadg  sBury  spuog  swoly




- 185 -

h 2 Ji
ely | -1.83387 113563  -1.41418
ala | -1.33258  0.49452 -0.50175
arg 1.25580 -0.08585 1.85784
asn | -0.27493  -0.05936  0.56538
asp | -0.29056 -0.01905  0.54880
cys | -1.00464 1.17446  0.44508
gln 0.17849 -0.57497  0.49897
gl | 0.16735 -0.58538  0.46081
his (0.84679  2.60881 1.48386
ile | -0.10004 -1.16748  0.60622
leu | -0.07249 -1.36088 0.09030
lys | 032192 -1.47271 -0.02419
met | -0.10939 .0.50501  0.30335
phe | 0.94399 -0.54371 -1.75631
pro | -0.42065 0.24750 -1.54562
ser | -1.01410 044544 -0.00660
thr | -0.51357  0.09556  0.86045
trp 238110 1.17295 -1.23013
tyr 1.38372  0.00789 -1.27212
val | -0.51236 -1.00835 (0.02984

This shows that structures which differ only slightly also have similar factors, e.g. asparagin
(asn) and asparagin acid (asp) —a confirmation of our initial assumption that topological indices
are suitable for similarity analysis.

After determining the Euclidian distances, i.e.

VUP = fPP+ (7 = 12+ (17 - 7,

we obtain the distance matrix in Tab. 2. This table reveals the quantitative differences between
the single molecules more obviously.

For building-block selection, we can group the molecules together according to these results
by putting all structures with an euclidian distance below a certain threshold ¢ in one group.
The value of this threshold and thus the coarseness of the decomposition must be determined in
agreement with the requirements of the experiment to be simulated. For ¢ = 1.0, say, we get
the following groups:

{gly}. {ala, ser}, {arg}, {asn, asp, gln, glu, met, thr},
{cys}, {his}, {ile, leu, lys, val}, {phe, tyr}, {pro}, {trp}

A first attempt in experiment may consist of taking one representative from each group; after-
wards only those groups need to be examined more precisely the representative of which has
shown the desired activity.

2.3 Binary property vectors

For the characterization of diversity lists with binary properties can be considered, too. We took
a subset of 120 descriptors from the structure codes of the mass spectra information system
MassLib [34], the same as used in K. Varmuza’s program 7oSIM [35, 36, 37]. The following
classes of properties are taken into account:

o Aromatic compounds (e.g. substructure phenyl)
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gly arg asn asp cys gln gl Teu lys met phe pro ser thr tp tyr val

gly 0 122 4.66 219 275 204 326 324 421 3.52 3.41 3.66 294 326 67 1.77 422 341 28
ala | 1.22 0 35 1.6 1:57 L2t 2.1 208 363 235 232 261 1% 28 141 0591 164 384 2.87 1.7%
arg | 4.66 3.5% 0 2 203 295 1.8 184 275 214 2.55 2.52 2.1 Jo6 381 299 204 352 13 271
asn [ 2,79 16 2 0 0.0463 1.44 0.69 0.695  3.04 L12 14 .1.64 0543 267 214 1.06 041 343 248 112
275 1.57  2.03  0.0463 0 1.39 0.729 0.734 3.0 17 1.43 168 0574 267 2.12 1.02 04 342 247 .14

204 121 295 1.44 1.39 0 211 211 256 252 272 3 191 341 227 0858 .26 3.78 316 228

326 2. 18 0.69 0.729 21 0 00411 34 0663 0921 105 0355 238 228 1.65 103 33 222 0941

324 208 184 0.695 0.734 211 0.0411 0 342 0657 0892 102 0328 235 225 1.64 104 329 2.2 0909

421 363 275 3.04 3.01 2.56 34 342 0 3199 431 438 346 452 4.04 322 293 343 3.83 4.13

352 235 214 1.12 L7 2.52 0.663 0657 399 0 0552 0818 0728 2.66 26 1.95 135 387 267 0726

341 232 255 L4 1.43 272 0.921 0.892 431 0582 0 0426 0883 226 232 204 170 377 242 0567

lys | 3.66 261 252 1.64 1.68 3 1.05 102 438 0818 0426 0 L1 206 241 198 356 221 0956
met | 2,94 177 211 0.543 0.574 191 0.355 0328 346 0728 0883 1.11 0 231 202 135 0913 337 223 07
phe | 3.26 ¥ 5 3.66 267 2.67 341 238 235 452 2.66 226 206 231 o 159 28! 3.06 23 0.856 235
pro | 1.67 141 381 214 212 227 228 225 404 26 232 241 2.02 159 0 1.66 24] 297 1.84 2.02
ser | 177 0591 299 1.06 1.0z 0.858 1.65 164 322 1.95 2.04 234 1.35 81 1.66 0 106 368 2.75 1.54
thr | 2.83 1.64 2,04 041 04 103 1.4 293 1.35 1.7 1.98 0913 06 241 1.06 G 393 286 138
op | 422 384 352 343 342 33 329 343 387 3 356 337 23 297 368 373 0 1.53 3.84
wr | 341 287 303 248 247 222 22 3183 267 242 221 223 0856 1.84 275 2.86 0 251
val 29 179 2.7 112 1.14 0941 0909 413 0726 0567 0956 07 235 202 1.54 1.38 2.51 ]

Table 2: Distance matrix of the principal factors of the topological indices from Tab. |
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branches in chains and rings (e.g. carbons with three C-neighbors that are not part of a
ring)

Cyclic compounds (e.g. 6-rings)

double and triple bonds in chains and rings (e.g. a double bonds in a 6-ring)

elements (e.g. hetero atoms)

functional groups (e.g. aldehyds)

special classes of compounds (e.g. methyl ester)

Many of these properties can be described in terms of substructures, and so a substructure search
is one of the main algorithms for their determination. We used a procedure from [38]. Other
properties were calculated by methods described in [25, 39, 40].

In the evaluation the Tanimoto coefficient [41] is employed which measures the similarity of
two bit strings as

_ 2C

T E+E

where C, ; is the number of properties that are common in the i-th and in the j-th structure, and
E; is the total number of properties of the i-th molecule. Thus T lies in the range 0 < 7" < 1,
showing 1 for complete identity and 0 for maximal dissimilarity.

Again we combined all results to a distance matrix D with d;; = 1 — T;;, shown in Tab. 3.
From this matrix we computed spatial coordinates by multidimensional scaling. In this method,
the geometric distances are chosen to reflect the pairwise distances as close as possible. Fig.
2 shows the coordinates of the structures in three-dimensional space. Also in this case, in a
similar way as for the PCA, we can group closely neighbored compounds together (as partially
indicated by the ellipses in Fig. 2).

I;

3 Generation of combinatorial libraries

3.1 Reaction schemes

We would like to start the presentation of our method with a syntax describing the underlying
chemical reactions formally, especially the two-component synthesis like

A+B—C

In most cases, subgraphs determine the course of the reaction.

3.1 Definition. Let (01, 5)) and (ma, 52) withm, € me?! andm € ms" be molecular graphs. A
reaction scheme is defined as the triple ((m, 51), (th,32), p) (or (m. 72, p) if the atomic type
coloring is clear), where p : £ x s =+ ZU {—oc} is a mapping with

0 i and j remain unconnected

k i and j are connected by a bond of degree k
pli,3) = {
—00  one of the atoms i or  is dropped
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gly ala arg asn asp cys gln glu his ile Teu Iys met phe pro ser thr p yr _d‘_

gly 0 0 02 0333 02 00476 0333 02 0391 0.1 0.143 0. 00476 0238 0.182 (143 0143 0538 0333 0143
ala 0 0 02 0333 02 00476 0333 0. 0391 0.1 0.143 Q0.1 00476 0238 082 0143 0043 0538 0333 0143
arg 02 02 0 0238 02 0238 0238 02 0304 03 0333 02 0238 0333 0364 0333 0333 0538 0429 0333
asn | 0333 0333 0238 0 0238 0364 0 0238 05 0429 0455 0238 0364 0455 0478 0273 0273 0556 0364 0455
asp 02 .2 02 0238 0 0238 0238 0 0478 03 0333 03 0238 0333 0364 0238 0238 0615 0333 0333
cys | 0.0476 00476 0238 0364 0238 0 0364 0238 0417 00143 0182 0143 0 0273 0217 018 018 0556 0364 0.182
gn | 0333 0333 0 0238 0364 0 0238 05 0429 0455 0238 0364 0455 0478 0273 0273 0556 0364 0455
glu 0.2 0.2 02 0238 0 0238 0238 0 0478 03 0333 03 0238 0333 0364 0238 0238 0615 0333 0333
his | 0.391 0391 0304 05 0478 0417 0.5 0478 0 0478 0.5 0391 0417 0417 02 05 0.5 031 0.5 0.5
ile 0. 0.1 03 0429 0.3 0.143 0429 0.3 0478 0 00476 02 0.143 0333 0273 0.238 0238 0538 0429 0.0476
lew | 0143 0143 0333 0455 0333 0182 0455 0333 0.5 0.0476 0 0238 0.182 0364 0304 0273 0273 0556 0455 0
lys 0.1 0.1 02 0238 0.3 0.143 0238 03 0391 02 0.238 ¢ 0143 0333 0273 0238 0238 0462 0429 0238
mel | 0.0476 00476 0238 0364 0238 0 0364 0238 0417 0143 0182 0143 0 0273 0217 0182 0.182 0556 0364 0.182
phe | 0238 0238 0333 0455 0333 0273 0455 0333 0417 0333 0364 0333 0273 0 0304 0364 0407 00909 0364
pro | 0182 0.8 0364 0478 0364 0217 0478 0364 02 0273 0304 0273 0217 0304 0 0304 0357 0391 0.304
ser | 0143 0.143 0333 0273 0238 0182 0273 0238 05 0238 0273 0238 0182 0364 0304 0 0.63 0273 0273
the | 0143 0043 0333 0273 0238 0182 0273 0238 0.5 0238 0273 0238 0082 0364 0304 0.0%09 0 063 0273 0273
up | 0538 0538 0538 0556 065 055 055 0615 031 0.538 0556 0462 0.556 0407 0357 0.63 0.63 0

r| 0333 0333 0429 0364 0333 0364 0364 0333 05 0429 0455 0429 0364 00909 0.391 0273 0273 0481

val | 0143 0143 0333 0455 0333 0.182 0455 0333 05 0.0476 0 0238 0182 0364 0304 0273 0273 0556

Table 3: Distance matrix of the Tanimoto coefficients of the property vectors




= 18%

/\-‘\
e e
_/ leu \
2.0 vl iig .
NEL
| 1.0 s 5 ald tys oo
i D2 ihis hgbr 5 P
{ PIC are
} 0.0 asp :
! glu”
| fyr 32‘1”“
| 1.0 il
| \
I

Figure 2: Distribution of the compounds in multidimensional scaling of the distance matrix in
Tab. 3

By means of this definition’ many two component reactions can be described sufficiently. Our
main interest in such a reaction is in fact the change of the graphs, and not the experimental
aspects (like reaction conditions, catalysts or equilibria).

A corresponding algorithm could be formulated for linking two graphs by a reaction scheme over
all reacting subgraphs. As we will not explicitly need such a procedure for library generation,
we omit a deeper discussion and just present an example:

3.2 Example. Peptids are protein molecules built from at least two amino acids which play a
central role in biochemistry. The joining of the single amino acids is performed by condensation
of the acid group (COOH) and the amid group (NH;). Thus the decisive reaction structure is
the acid amid group, which must be contained in both reaction partners.

3N 04

[
_lg-c2—0f
Ly=mn

The condensation is represented by the mapping

0 0 0 0 0
6o 0 1 0 0
p=l 0 0o 0o 0o o
0 0 0 0 0

—00 —0C —00 —00 —00

*This definition is a simplification of the situation and is only used for a formalization of the construction
problem discussed below. For more sophisticated purposes more comprehensive approaches like the algebra of be-
&r-matrices of [42] are necessary.
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We consider the amino acids

N O NGO
[ El
Cc-C-C-0 Cc-C-0
II: Alanin and IIT: Glycin

Obviously both contain the subgraph 5. Despite the equality of the subgraphs in the reaction
scheme, the order of the initial graphs is essential. Taking alanin as the first one, we obtain:

N
C—C—ﬁ—N—C~C—O

Glycin as 7, yields:

3.2 Group actions and orderly generation

We will introduce some basic definitions and notations from algebra which will be needed
furtheron (for more details, see, e.g., [43]).

3.3 Definition, Let G be a finite group, and 2 a finite non-empty set. A mapping
OxG—=Q, (w.g9) = u*

with (w?)? = w9 VYg,g' € GVw € Q and w' = w is called an action of G on Q.

Group actions give rise to several important sets:
3.4 Definition. Let Gacton Q, w € Qand A C Q.
o 0% = {w? | g € G}is called orbit of w.
QJG = {w | w € Q} is called set of orbits.

.

T(QJG) is called transversal of the orbits with Q = U,c7G(t), derived from the equiva-
lence class property of the orbits.

0, 1= {w € Q | w? = w} the set of fixed points of g.

o Cg(A) :={g € G | § =6V € A} is called centralizer or pointwise stabilizer of A in

v

o Ng(A):={g€ G | & € AVs € A} is called normalizer or setwise stabilizer of A in
G.
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Let X and Y’ two finite non-empty sets. Then we set YX:={f| f: X =Y} IfGactson
X, then G also acts on YX as

YX 5 G oYX, (f.g) = 2 with f9(z) = f(z")
Typical sets of this kind will be n := {1,2,...,n}. A frequently used group is the symmetric
group S, = {m € n® | 7 bijective}.
For constructing transversals of orbits, the naive approach is to compare any new element with all
previously calculated; but this is completely inappropriate for practical use. A helpful principle
is the concept of orderly generation, a method that was introduced by R. C. Read [44) and that

can be refined considerably [43, 45, 46, 47]. It is based on the fact that total orders on X and Y
induce a canonic total order on Y, the lexicographic order, so that a canonic transversal

T(Y¥)G),

consisting of the biggest elements of the orbits does exist. The decisive result that can be derived
from the general form reads:

3.5 Proposition. Let f € To(YX JG) and f, € Y¥ a starting picce of f, i.e. there exists a
t < nwith iG) £
N 7) Jorj<t
f](J)k{O e
Then fy € T.(Y* [G).

This proposition tells us how to use orderly generation algorithmically: It suffices to expand
starting pieces lexicographically without having to re-test them on maximality. This means
in the opposite that, if the starting piece is already not canonic, it cannot become a canonic
representative by the filling of the remaining places. (For more details see [45, 46].)

3.3 Multiple attachments to a core structure

A special type of reaction scheme is given by a core structure with several reaction sites and a
number of ligand compounds.

Let ((m.x1), (m,x2), p) denote a reaction scheme, (v, ) a molecular graph containing
substructures isomorphic to (71, x; ) with k > 1,and (4, 31).. .., (9n. ») anumber of molecular
graphs; for sake of simplicity we assume that each of them contains exactly one substructure
isomorphic to (7, x2)-
The first task is to determine all attachments of the ligands to the sites of the core, where the
sites are given by the substructures of the reaction scheme. For k = 4, e.g., the situation is:

il Yiz

Vi Yis

Topological equivalence among the sites is described by the permutation group P, < S; which
is induced by the automorphism group Aut(7, ) := C, (7, 8) of the molecular graph. So P,
acts on the sites k which shall be assigned with n different ligands. Summarizing our arguments
we get:
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3.6 Lemma. The essentially different possibilities to attach n ligand structures, which contain

the corresponding subgraph of the given reaction scheme exactly once, to the k different reaction

sites of a core structure (7, 3) correspond "one-to-one" and "onto" to a transversal of the action
P, k.

of P, on m*:

T(n*/P,).
So now we can formulate a strategy:
3.7 Algorithm (Attachment of ligands to a core structure).

i) Determine the group P, as well as all subgraphs {y,...,{; € + which are isomorphic to
m-

ii) Compute for i € n the subgraphs (" C ~; which are isomorphic to 7,.

iii} Use orderly generation in order to obtain the next representative f € n¥ under the action
of P,.

iv) Determine the total graph which yields from the attachment of the ligands vy, ..., Y50
to v according to p, 1.e. by combining the graphs, eliminating vertices which have to be
dropped and adding the necessary edges.

v) If there are further orbit representatives, go to step iii.

v

Due to orderly generation in step iii and the uniqueness of the subgraphs of the ligands we only
obtain non-isomorphic solutions.

3.4 Single step generation of libraries

For the generation of a combinatorial library from given building-blocks algorithm 3.7 is per-
fectly suited, since the basic situation of combinatorial chemistry as described in sec. 1 is just
that of this method.?

For practical use it is moreover relevant that the multiplicity of a certain building-block can be
restricted, i.e. that a (7y;, 3;) occurs in all compounds of the library at least r and at most s times.
This can be reached by an additional test in 3.7 between step iii and step iv. In laboratory, this
restriction can be satisfied by an appropriate modification of the reaction conditions.

As an example we consider the combinatorial libraries from [5]. The authors used as building-
blocks the twenty natural amino acids (cf. Fig. 1) and as core structures some acid chlorides:

ca © a0
0] al A __.0 0y (0

’ o0 °
5 a al o
cl
0 0

Cl Cl
v v VI

3We assume that cach building-block is admissible for each site. In the other case additional rules must be
formulated.



The benzene triacid chloride VI has cyclic symmetry. Thus P;, equals the cyclic group Cj,
having three elements.

Even though the symmetry situation is a little complicated for one of the three cores only, the
advantages of the mathematical concept behind algorithm 3.7 are obvious. The general Ansatz
with an arbitrary permutation group and the efficient orderty generation (cf. [45, 46]) allows a
very rapid generation of the combinatorial libraries in all three cases. The computing speed is
about 40 structures per second on a Pentium 90 MHz PC.

Details about the sizes of the libraries are given in section 4. Fig. 3 shows six molecules from
each of the three libraries.*

3.5 Multiple step methods

It is also possibile to carry out several reactions one after the other using the products of one
reation as core structures of the next one. The mathematical situtation is very similar to that of
the previous section; due to the differences of the cores the irredundancy remains guaranteed.
As an example we will consider a seven component reaction from [50]. The basic core is pyridin
2,6-dicarbon acid

H()OC\C/N\\C/COOH
i1
Co ¢C

C
VII

4The 2D placements were automatically calculated by the drawing module of MOLGEN [25, 39, 48]. These
pictures reveal the current inacurracies of the employed placement algorithm [39, 49] for combinatorial libraries.










































