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Abstract

While reviewing the circumscribing and leapfrog operations used in the structural studies
of polycyclic conjugated hyrocarbons and fullerenes, how these two classes of compounds
are related will be demonstrated. Some new insights and observations are noted.

Introduction

Polycyclic aromatic hydrocarbons (PAHs) are a class of ubiquitous compounds.
PAHs consist of benzenoids (PAH6s) having only fused hexagonal rings, fluoranthenoids
having one pentagonal ring among otherwise hexagonal ones, indacenoids having two
pentagonal rings among otherwise hexagonal ones, etc. They are present in fossil fuels,
automobile exhaust, and cigarette smoke. They are formed in catalytic reforming to
produce gasoline and carbonization of hard coal to produce coke. Virtually every
combustion/pyrolytic process generates PAHs [1]. The formation of PAHs by geological
diagenesis gives rise to a number of intriguing questions concerning their starting

structures and the reactions they undergo [2]. The starting structures in turn are
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determined by primeval fauna and flora. For example, sterols belonging to ancient living
organisms can undergo paleotransformations to first C-ring monoaromatic steranes and
then after many steps to A/B/C-ring triaromatic phenanthrene-related steranes and the
degree of aromatization can be used as a indicator of the maturity of oils. In this
aromatization process, the 18-methyl migrates from the 13-position to the 17-position
and the 19-methyl group is lost. Our own work has shown that aromatization of the B-
ring of sterols is accompanied by the simultaneous loss of the 19-methyl group [3]. Thus,
the presence of specific PAHs can possibly be used as biomarkers.

A number of PAHs are known carcinogens, like benzofa |anthracene,
benzo[a]pyrene, and dibenzo|a,/|[pyrene, where the latter is the most potent. The
formation and identification of PAH/DNA-adducts is an ongoing area of investigation.
Industrial hygenists use the metabolite, 1-hydroxylpyrene, as a urine biomarker to
measure the exposure of workers to PAHs and benzo[a]pyrene-hemoglobin adducts in a
population exposed to traffic exhaust. Because PAHs are formed in combustion/pyrolytic
processes and many have tumergenic properties, their presence in environmental samples
represents another important area of study. The presence of PAHs, like pyrene,
benzopyrenes, benzo|ghi]perylene, and coronene, in recent sediments is generally
considered to reflect inputs from combustion of wood and fossil fuels. It appears that a
recognizable PAH fingerprint can survive over geological time-scales and historical PAHs
profiles in polar ice drill-core samples from Greenland have been obtained. While
wildfires, initiated by lightning strikes, are probably the most likely source of these PAHs

in ancient sediments, metamorphic or volcanic origin can not be excluded. The presence
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of large benzenoids have been identified in bitumens from deep-sea hydrothermal vents.
Many benzenoids are electroconducting, photoactive (photochromic and
photoconductive), and used as starting compounds for dyes, pharmaceuticals, and
polymers.

The thermal transformation of organic materials to carbon is called carbonization.
Gas phase carbonization in hydrocarbon flames is referred to as soot formation. In
profile sampling of flames from hydrocarbon combustion under sooting conditions, the
combustion products change sequentially from aliphatic chains, alicyclic rings, polycyclic
aromatics, and finally fullerenes as the distance from the flame base increases [4]. The
pitch (300-500°C) to coke (500-1000°C) to carbon (1000-2500°C) to graphite (2500-
3000°C) transformation processes passes through a liquid crystal-like or mesophase in the
first stage (==400°C). The known components of pitch are flat, disc-like polycyclic
aromatic hydrocarbon molecules that are devoid of polar substituents. At the onset of
mesophase formation, the benzenoid molecules have approximately sixty carbons [4]. It
may be no coincidence that the recently discovered new allotrope of carbon,
buckminsterfullerene (Cg) also has a formula containing sixty carbons.

The only two previously known allotropic forms of carbon, diamond and graphite,
requires the presence of noncarbon end groups or dangling bonds in which the valence
of the terminal carbons are left unsatisfied. However, twelve pentagonal rings in a
dodecahedron of carbon atoms (or the fullerenes) leads to a geometrically closed
polyhedron where the valence of all the carbons are satisfied. Thus, any fullerene

polyhedron with n=N_ vertices has r;=12 pentagonal rings, r,=(n-20)/2 hexagonal rings,



-60 -

and g=3n/2 edges. Several large carbon polyhedral clusters (Cg,, Gy, Cy, Cogy Cy, Casy
Cy, Cyy, and Cy) have now been isolated and, at least, partially characterized [5]. Many
more fullerenes above C,, are observed in the mass spectra of soot extract [6]. When Cy
and C,, fullerenes became readily available [7], they were subsequently found to exist in
shungite, a coal-type rock from Russia, in lightning-seared glassy rocks called fulgurites
from Colorado, in the massive Sudbury meteorite crater in Ontario, and in the K-T
boundary layer which is a sedimentary clay deposit at the end of the Cretaceous period
[8]. These fullerenes constitutes a new class of polycyclic conjugated compounds, and the
enumeration of all their possible structures has been important endeavor [9,10] which has
facilitated the deduction of the probable structures of several experimentally observed
fullerene species. Polymerized fullerenes form graphitic microtubules (or nanotubes) that
may prove to have far-reaching implications for material science.

Buckminsterfullerene is one isomer out of 1812 possible Cg, fullerene structures
[11] having a nominal MW of 720 Da. There are =~133713 benzenoid CsH,, isomers [12]
of the same nominal MW. Similarly, falmerene is one isomer out of 8149 possible C,,
fullerene structures [11] having a nominal MW of 840 Da. There are far more than 6000
benzenoid CH,, isomers [12] of the same nominal MW. The C,; fullerenes correspond
to only one C,H,, benzenoid isomer, that is dicircum(42,30)coronene, and higher MW
fullerenes have no benzenoid-related MWs. Interestingly, C, fullerenes have the same
nominal MW as C,;H,, (i.e., 600 Da) which corresponds to approximately 114326
benzenoids [12]; the four most stable C,sH,, benzenoids have been depicted [1, Part A,

page 88-89] and are total resonant sextet systems. Thus, mass spectroscopic analysis
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alone can not be used to ascertain the presence of a lower MW fullerene in some
environmental sample.

In this review, the circumscribing algorithm which has been the subject of several
papers on the enumeration and generation of polycyclic conjugated systems [13],
including fullerenes [14], will be discussed and related to one fullerene growth scenario.
Further aspects of protofullerene enumeration will be investigated. The successive
circumscribing of qualified conjugated hydrocarbons with hexagonal rings leads to
constant-isomer series. Constant-isomer series are infinite polycyclic aromatic
hydrocarbon sets of increasing formulas having equal numbers of isomers. Symmetry
between the base excised internal structure (EIS) [15] and its successors is preserved
when one successively circumscribes with hexagonal rings to ultimately generate constant-
isomer series. It has been shown that the successive circumscribing of qualified
conjugated hydrocarbons with a combination of pentagonal and hexagonal rings
terminates at fullerenes when the number of pentagonal rings reachs 12 or terminates at
systems that can be capped to give fullerenes with 12 pentagonal rings where the outer
perimeter of a Schlegel may comprise of one of the pentagonal rings [14]. Symmetry is
not necessarily preserved between the EIS and its successor when circumscribing with a
combination of pentagonal and hexagonal rings. Also, the properties of the

circumscribing and leapfrog operations will be constrasted and compared [16-17).

Basic terminology

A polypent/polyhex system consists of interlocking pentagons and hexagons where
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the degree-2 vertices correspond to methine >C-H units and degree-3 vertices
correspond to =C< carbon units. The number of degree-2 vertices, degree-3 vertices,
edges, and rings are given by Ny, N, = n, g, and r, respectively. In going from a 3-
dimensional polyhedron to a corresponding 2-dimensional Schlegel, faces become rings
where the number of rings (7) is one less than the number of faces because the outer
perimeter of the 2-dimensional Schlegel which corresponds to one of the polyhedron
faces is not counted as a ring. Denote the circumscription of a polypent/polyhex
(polyene) system by P — circum-P = P, It has been previously shown that N,. = N,-
6+rs, g, = Ny+N,, = 2Ny-6-r5, and r = (1/2)(N-Ny)+1 where N, = N, +N,+N, and N,
and N, and g, are the number of perimeter and internal degree-3 vertices and perimeter
edges, respectively. For P — P’, N, — N’ and N, — N,”. Thus, for circum-P, N,’=
Ny'-6+r" = Ny giving N/ =N, +6-r; and, similarly, g,” = N,/+N,/ and N =g, +N,
giving N'= N.+N_'+Ny = N_+2Ny+6-r;. These recursive equations are useful for

meonitoring the progress of successive circumscription.

Graph theoretical operations

The graph theoretical operations that will be used in this review are dual, inner
dual, circumscribing, and leapfrogging. Two polyhedra are duals when the vertices of one
corresponds to the face centers of the other. The tetrahedron is self-dual and the cube
and octahedron are duals, as are the dodecahedron and icosahedron. The dual of a 3-
connected spherical polyhedron with n vertices, twelve pentagonal faces, and remaining

hexagonal faces (r=rs+r,=n/2+2, g=3n/2) is a deltahedron composed of triangular faces
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with twelve 5-coordinate and r, 6-coordinate vertices. Exactly 12 pentagons or 6 tetragons
are required to give a geometrically closed polyhedron. Inner dual differs from dual in
that it is applied to planar polygonal systems and a vertex belonging to the infinite outer
region is omitted.

The circumscribing operaton is a construction process in which a starting
conjugated polyene is encircled by a chain of carbon atoms in such a way as to form a
perimeter of pentagonal and/or hexagonal rings to give a successor conjugated polycyclic
polyene [1,13-14]. In this construction process, the initial number of carbons N, and
hydrogens N, are increased to give N’ carbons and N, hydrogens

N =N, +2N,+6-r1/

Ny =Ny +6-rf
where g’ is the total number of pentagonal rings after circumscribing. Reversing this
process is called excising. The excised internal structure (EIS) is the subgraph spanned by
the internal vertices of a polycyclic system [1,15]

The leapfrog operation is a geometrical construction process in which a starting
fullerene is capped on every face [16] or a benzenoid is capped on every ring [17] and
then dualized to give a successor fullerene cage or total resonant sextet (TRS) benzenoid
[18] of the same symmetry. Successor fullerenes have three times as many carbon atoms,
isolated pentagons, and closed shell m-electronic systems [16] and successor TRS
benzenoids have closed shell m-electronic systems [17]. Leapfrog fullerenes are spherical
with n = 60 + 6k (k = 1, n = N_) carbon atoms (vertices). Fullerenes, in general, have n

=20 + 2k (k = 1) vertices, 3n/2 bonds (edges), n/2 + 2 faces, 12 pentagonal faces, and
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n/2 - 10 hexagonal faces; note that the number of polyhedral faces equals the number of
rings in a Schlegel plus one because the outer perimeter in the Schlegel corresponds to
the back face in the polyhedral system.

The circumscribing and leapfrog algorithms are based on operations which
transform planar and polyhedral 3-connected structures into other structures with well
defined characteristics. The ultimate outcome when each operation is successively applied
to a given initial set of structures have opposite consequences which will be compared
and contrasted in this paper. The leapfrog operation on dodecahedron (C,,) gives
buckminsterfullerene (Cy). Since fullerenes with four-membered rings have been recently
studied [19-21], we will now illustrate the Schlegel version [17] of the leapfrog operation
on the hexahedron (cube) and hexagonal prism in Figures 1 and 2.

The successive circumscribing of qualified conjugated hydrocarbons with
hexagonal rings generates an infinite series of symmetry-related conjugated polycyclic
polyenes called constant-isomer series [1,13]. Successive circumscribing with a
combination of pentagonal and hexagonal rings leads to a terminating series of
polypent/polyhex systems that increasingly curl upon themselves until the last structure
finally closes up with the simultaneous formation of the twelfth pentagonal ring and (5 or
6) proximate bay regions [14]. In comparison, successive leapfrogging of a 3-connected
polyhedral carbon cage generates an infinite series of symmetry-related, closed-shell
polyhedra, C, — C,, = C,, —... [16]. One should note that successive leapfrogging of a

(planar) benzenoid is terminated at a polyphenyl substituted TRS system [17].
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Figure 1. The Schlegel version of the leapfrog operation on hexahedron.
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Fipure 2. The Schlegel version of the leapfrog operation on the hexagonal prism
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Circumscribing with hexagonal rings and constant-isomer series

The excised internal structure\circumscribing principle is an extremely important
concept which leads to constant-isomer benzenoid series. The excised internal structure
(EIS) is the subgraph spanned by the internal vertices of a benzenoid system. The
circumseribing of ethene (C,H,) with a perimeter of 14 carbon atoms and supplementing
with 6 hydrogen atoms in such a way as to generate only hexagonal rings with each atom
fulfilling proper valence leads to pyrene (C,;H,;). Conversely, excising out the connected
interna) carbon vertices of pyrene with simultaneous transfer of 4 hydrogen atoms leads
to ethene. Since there is only one isomer of ethene, there can only be one benzenoid
isomer of the formula of C,;H,,, namely pyrene. Circumscribing pyrene with a 26 carbon
atom perimeter and supplementing with 6 more hydrogens give the only C,;H,,
benzenoid possible, called circum(26)pyrene. Continuing this process leads to the
infinite one-isomer circumpyrene series. Note that pyrene and all its circumscribed
successors have the same D,, symmetry, one selective lineation, and no bays.

The hexagonal-ring circumscribing of fluorenoids/fluoranthenoids, indacenoids
[13], and biphenylenoids (contains one four-membered ring among otherwise hexagonal
ones) [22] with a perimeter of hexagonal rings also lead to constant-isomer series. To be
circumscribable by a perimeter of hexagonal rings, an EIS must be devoid of adjacent
bay rings. The presence of adjacent bay regions is a necessary and sufficient condition to

preclude the circumscription of any polypent/polyhex system.

Circumseribing with a combination of pentagonal and hexagonal rings
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Dodecahedron (C,)) has only 12 pentagonal faces. For any polypent/polyhex
system, exactly 12 pentagonal rings are required for it to be able to form a geometrically
closed shape. Thus, the process of successive circumscribing with a combination of
pentagonal and hexagonal rings must necessarily terminate once 12 pentagonal rings are
formed. A necessary and sufficient requirement to preclude cicumscription of a polycyclic
structure is the presence of proximate bay regions. The formation of the 12th pentagonal
ring during successive circumscribing will always be associated with the simultaneous
formation of proximate bay regions. To generate the Schlegel diagram of a fullerene,
successively circumscribe a given EIS devoid of proximate bay regions until the number
of degree-2 vertices is reduced to 6 or less. If this penultimate structure has 5 or 6
degree-2 vertices, circumscribe a final time; this latter step is equivalent to a C; or C,
capping, respectively [14]. The EIS selected should be a substructure possessed by the
target fullerene. Figure 3 gives a representative example which shows how one can
generate a C,, fullerene starting with acenaphthalenoctyl. If the penultimate structure has
4 degree-2 vertices, cap it with a C, ethylenyl unit. Figure 4 gives one of two different C,
capping modes of the same C,, carbon fragment produced by successive circumscribing to
generate one of the five possible C,4 fullerenes with isolated pentagonal rings; this same
C,; fulllerene can be generated by capping the antecedent carbon fragment with
pyracylenoctyl. If it has 3 degree-2 vertices, cap it with a carbon atom. If the penultimate
structure has 2 degree-2 vertices, cap it with an edge by connecting a bond from one to
the other. These elementary capping units (C;, Cs, C,, C,, and edge) simulate actual

carbon vapor chemical reactions.
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30

Figure 3. Successive circumscribing of acenaphthaleneoctyl gives a CBD fullerene.

The excised internal structures (EISs) are shown in bold.
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Figure 4. Successive circumscribing of the structure shown in bold and capping

with a C, unit gives one of five possible C78(IPRS) fullerenes. Here 13

2
is connected to 2 and 1ll,but alternatively could be connected to 2 and ).
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By circumscribing the elementary capping carbon fragments, one can generate
larger carbon fragments which may also serve as capping units. The EIS and capping
structures can be interchanged and the order of successive circumscribing reversed

without materially altering the above circumscribing algorithm.

Leapfrogging polyhedral cage structures

The leapfrog transformation has been described by Fowler [16] a number of
times. We will describe here the equivalent process for the leapfrogging on Schlegel
representations. It consists of the following three successive operations on the Schlegel
of a smaller polyhedron cage having only pentagonal and hexagonal rings - form the
inner omnicap, transform it into the inner dual, and circumscribe with either a C; or C,
perimeter; this latter additional step compensates for the "inner" constraint. The
distinction between omnicap and dual and inner omnicap and inner dual is that the
former each have an additional point in the outer infinite region. Figures 1 and 2
illustrate the Schlegel version of leapfrogging on polyhedral systems having four-

membered rings.

Leapfrogging benzenoid structures

The leapfrogging of any benzenoid leads to a total resonant sextet benzenoid
(TRS) which has a maximum number of Clar sextets (disjoint hexagon rings with three
mutually permutable pm bonds) [17]. Total resonant sextet benzenoid (TRS) systems

(called fully benzenoid systems by Clar) have formulas divisible by six and are totally
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covered by Clar sextets. The leapfrog transformation is of fundamental importance here
because it allows us to identify the essentially strain-free benzenoid isomers predicted to
be among the more kinetically stable (largest HOMO values) and with highest Huckel
p electronic energy without requiring one to have knowledge of the remaining isomers
[17]. All known TRS benzenoids are colorless crystals that do not react with
concentrated sulfuric acid and are the isomers with the largest Huckel E, and HOMO
values. From an experimental and HMO point of view, TRS benzenoids represent a
distinctive subset of benzenoids in general.

Our previous work [17] demonstrated that there exists a one-to-one matching
between strictly peri-condensed and total resonant sextet constant-isomer series. In going

from the parent P to its leapfrog L, the following correspondences hold:

P(Cn}l:) = L(Cln&ub}izub) ny—n;

N — r(empty) n, —n
N, —>ny n, = n;
n; = n/
ny,—n;

where Ny, N, r(empty), and r; are the number of internal degree-3, peripheral degree-3,
rings without Clar sextets, and perimeter units {(i=0 for bay region, i=1 for solo, i=2 for

duo, i=3 for trio, i=4 for quarto, and i=5 for phenyl), respectively.

Circumscribing and the Mechanism of Fullerene Formation

The carbon vapor phase growth of fullerenes must proceed via the involvement of
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monocyclic and poycyclic carbon species. In the carbon/flame plasma, the formation of
monocyclic and then polycyclic carbon clusters have an enthalpic advantage over the
entropic content of chainlike carbon clusters after a critical size is reached [20,23]. The
ring-stacking model proposed by Achiba and coworkers [23] has a strong resemblance to
our circumscribing algorithm for generating fullerenes [14]. The recent retro-synthetic
analysis of falmerene C,, [24] is tantomount to our circumscribing algorithm [14] in
reverse. A recently published method [25] for the systematic computation of the cartesian
coordinates of buckminsterfullerene C,, is equivalent to successively circumscribing
indeneheptyl (C,) with monocyclic carbon rings of C,;, C,q, and C,, followed by a C,

capping in numerical sequence.

Protofullerenes

An active area of investigation involves the study of model protofullerene patches.
Naphthalene has been studied from various points-of view in this regard [26].
Corannulene (C,H,() has been sysnthesized by flash vacuum pyrolysis (FVP) [27] and
was subsequently identified in flames also producing fullerenes [28]. The corannulene C,,
skeleton (corannulenedecyl) has been widely hypothesized to be a fullerene precursor
[28-29}; in this regard, the reader may wish refer to the successive circumscribing of
corannulenedecyl by C,;, C;5, and C; monocyclics to give buckminsterfullerene [30]. Also,
it may be noted here that the successive circumscribing of corannulene with only
hexagonal rings leads to the one-isomer fluoranthenoid series [13]. Direct pyrolysis of

corannulene has been shown to lead to the formation of Cg, fullerene via a complicated
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pathway [31]. Two recent reports on the FVP synthesis of 3 of the 19 possible C,jH,,
indacenoid isomers of corannulene have appeared [32]. These C, H,, dicyclopentapyrenes
are structures 1, 5, and 9 in Figure 5. The fluoranthenoid, corannulene, and its 19
different indacenoid isomers can not be distinguished solely by mass spectrometry in
environmental samples, and the availability of these C,yH,, PAH isomers will be
important in future pyrolytic studies.

Indacenoids have antiaromatic annulene perimeters, whereas all benzenoids have
aromatic annulene perimeters. Per the interpretation of Scott and Necula [32],
indacenoids 9, 10, 18 and 19 should have '"H NMR chemical shifts that are relatively
more deshielded than the other C,jH,, indacenoids in Figure 5 because their
trimethylenemethane EISs prevent the antiaromatic perimeter ring current from
participating. Thus, 9 which has a trimethylenemethane diradical EIS was observed to
have resonances of all its hydrogens shifted downfield by 0.4-0.7 ppm relative to the
corresponding hydrogens in 1 anf 5 which have a closed-shell 1,3-butadiene EIS [32]. We
will now summarize some other topological characteristics of the indacenoids in Figure 5.
The structure count (SC) for each indacenoid isomer is given below. SC is an
approximate measure of the pmr electronic energy, assuming identical strain energies. The
structures in Figure 5 marked with a line (selective lineation) have HMO eigenvalues of
+1 and 18 contain the eigenvalues of styrene. Isomers 1-10 have IPRs. The isomeric
pairs 2 = 10, 4 = 7, and 6 = 6 are interconvertible to each other by the Stone-Wales
transformation. Interestingly, as shown in Figure 6, indacenoid 1 can be converted to

corannulene by rotating the bay region carbons (dots) and corannulene can be converted
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