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Abstract

Cylindrical aromatic compounds — carbon cages (fullerenes) and derived
hydrocarbons — have become highly interesting objects of chemical research.
A tubulene (tubular benzenoid) T is a hydrocarbon the carbon skeleton of
which is a hexagonal system embedded in a cylinder (with its dangling bonds
at both ends saturated with hydrogen atoms). The corresponding graph H is
part. of some regular hexagonal tessellation of the eylinder; its perfect matchings
represent the possible double-bond arrangements, called Kekulé structures (or
patterns), of T. It is a well-cstablished rule of thumb that, roughly speaking, the
chemical stability of T increases with its "Kekulé count’, i.e., with the number
K of perfect matchings of H.

In this paper, elementary algorithms of low (essentially linear) complexity
are presented that allow K to be calculated for an arbitrary tubulene T. For
some particular classes of tubulenes, reenrrence relations and explicit formulae
for K are developed and the asymptotic behavior of K is determined. Par-
ticularly remarkable is the fact that, in the theory of fully twisted tubulenes,
quantities closely related to the Fibonacei numbers play an important role in
the results.
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1 Introduction

Tubular aromatic carbon structures were first observed by Sumio Iijima (1] in 1991.
Since these compounds have attracted attention of chemists, theorists as well as
practitioners, because of their remarkable chemical and physical properties which, in
particular, scem to indicate that there are vast unexplored areas of future technical
application (see, e.g., [1-13]).

In the Kekulé modei of a benzenoid molecule M, the system of double bonds
is called a Kekulé structure. The graph representing the carbon-carbon bonds in M
(i.e., the carbon skeleton of M) is a hexagonal system H; each perfect matching of
H corresponds to a I(ekulé structure of M, and conversely. The number K of I{ekulé
structures in M (the Kekulé¢ count) — i.e., the number of perfect matchings of H — is
an interesting parameter: it is an empirically well-established fact that for benzenoid
molecules with the same number of hexagons the chemical stability tends to increase
with increasing Kckulé count. Therefore, it is a challenging task to investigate tubular
(hydro-) carbon structures with respect to the behavior of their Kekulé count. Since,
however, the role Kekulé structures play in fullerenes (in the presence of precisely 12
pentagons besides the hexagons) has not yet been clarified, we will consider tubular
structures with “open ends”, i.e., we will assume that the “dangling bonds” which
appear at both ends of the tubule are saturated with hydrogen atoms: thus we will
consider only tubular aromatic hydrocarbons (cylindrical benzenoids) which may be
termed tubulenes. However, the methods developed and results obtained may also
shed some light on the interrelations between the chemical stability and the (suitably
modified) Kekulé count in fullerene nanotubes.

The Kekulé count itself does not allow molecules with different numbers of
hexagons to be compared. Therefore, we define the general graph-theoretical concept
of a “perfect matching index” and, applying this index to the skeleton S of an aromatic
hydrocarben molecule M, obtain an index k(S) — called the Kekulé index of S,
or of M — that meets all natural requirements encountered and thus seems to be
the appropriate measure of the density of Kekulé structures in a molecule. Certain
variants of this index have already earlier occasionally been considered by chemists
[14, 15], but it scems that such a combinatorial parameter has never been profoundly
studied.

An important geometric parameter of tubulenes is their twist. The methods
developed in this paper are applicable to tubulenes of any twist; however, explicit
formulae are established only for the extremal cases, namely, for untwisted and fully
twisted tubulenes.



A=

It secms that the results allow the tentative statement that in the sense of a
general tendency, the ICekulé index increases with increasing twist,

2 The Kekulé index of a graph

2.1 Fundamentals

As usual, G = (V, E) denotes a graph with vertex set V' and edge set E.

Let G he the set of all finite graphs that are allowed to have loops and/or
multiple edges. For G € G, v = v(G) = |V|, e = ¢(G) = |E| and ¢ = ¢(G) denote
the number of vertices, the number of edges and the number of components of G,
respectively. Recall that the eyclomatic number z = z(G) is the dimension of the
cycle space (i.e., the number of linearly independent cycles) of G and that

z=e—v+ec (1)

Clearly, 2(G) > 0 for every G € G and z(G) = 0 if and only if G has no circuits, i.e.,
if and only if G is an (empty or non-empty) forest. Further, if G has components
G1,Ga,...,G. then

€

(@) =Y 2HG). (2)
=1
A matching M of G is a set of pairwise disjoint edges of G. Matching M is
called perfect if the edges of M cover all vertices of G. Let m = m(G) denote the
number of perfect matchings of G. Note that

¢

m(G) = [[ m(Gy). (3

=1

The following lemma is well known and can easily be proved.

Lemma 2.1
m(G) < 226, a (4)

In (4) equality is attained if every component of G is a circuit of even length, but
also in other cases, sce Fig, 1.
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Figure 1.

2.2 The perfect matching index

In order to measure the “density” (more precisely: “ logarithmic density”) of the set
of perfect matchings in a graph G that is not a forest, define the perfect matching
index w(G) by

__log, m(G)

7(G) 2(G)

(G not a forest) (5)

where, for graphs G that do not have a perfect matching (m({G) = 0), the convention
7(G) = —oo is adopted.

In what follows we will assume that G is not a forest.

By Lemma 2.1:

Lemma 2.2 m(G) < 1. a

The following observations may serve to explain why definition (5) of #(G) is
well motivated.

(i) 7(G) is a normalized “ranking” function which allows graphs of different
sizes to be compared. For graphs with the same cyclomatic number, 7(G) is a mo-
notone function of m(G).

(12) Let G have components G, Gy, ..., G.. By (2) and (3),

_ Zialogym(Gy) i, 2(Gi) x 7(G)
O =T my T D@ (©)

implying
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min 7(G;) < (@) < max w(G,).
=120 =12,

In particular, if all G; have the same perfect matching index then

7I‘(G) = W(G]).

(#i¢) Consider the more general index

m(g; G) = ——-—]nizg()a)

where g(G) > 0 satisfies

46) = S 4(G)

(e.g.. ¢(G) may be chosen to be v(G),e(G) or ¢(G)). All these indices allow state-
ments analogous to (i7), and in certain situations it may be more appropriate to use
7(v; G), w(e; G) or 7(c; G) instead of w(z; G) = ©(G). The reasons why here preference
is given to ¢(G) = z(G) arc the following.

(a) Perfect matchings have much to do with the cycle structure of G which is
(partly) reflected by 2(G) (but not by v(G),e(G) or ¢(G)). There is a fundamental
inequality relating m(G) to z(G), namely, log, m(G) < 2(G) (Lemma 2.1).

(b) In application to benzenoids B !, z(B) equals the number h of hexagons
(benzene rings) of B, thus m(B) is the “logarithmic measure of the Kekulé count per
hexagon™ which, in a chemical context, sounds reasonable (see [16], p.317). Further,
7(B) < 1 where equality holds if and only if B is a single hexagon, i.e., the skeleton
of benzene CgHj.

() If sequences of benzenoids (or other plane graphs) of a similar basic struc-
ture but with an increasing number of faces (or vertices) are considered then, asym-
ptotically, it makes no difference (up to a constant factor) which of these indices is
used; e.g., for all catacondensed 2 benzenoids, v = 2 + 4h, e = 1 + 5h, thus, for any
inereasing sequence of these compounds, 5v ~ 4e ~ 20h = 20=.

'A benzenoid or heragonal system is a 2-connected finite plane graph whose finite faces are
regular hexagons of equal side length. The carbon o-bond skeleton of an aromatic hydrocarbon is a
benzenoid.

A benzenoid is called catacondensed if its inner dual is a tree (i.e., if all of its vertices lie on
the boundary of the infinite face), otherwise it is called pericondensed. In Fig. 2, the L; and C; are
catacondensed whereas the /% are pericondensed.
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2.3 The Kekulé index

In what follows G will be assumed to be a non-empty connected (c=1) plane graph,
not a tree, which has f = f(G) faces (including the infinite face). Combining Euler’s
formula v — e + f = 2 with (1), we obtain

2(G) = HG) - 1. (M

If, in particular, G = B is (the graph of} a benzenoid system with k = h(3) hexagons
then z(G) = h(G). In this case, perfect matchings are called “I{ekulé structures” or
“Kekulé patterns” and their number (the “Kekulé count”) is usually denoted by
K(B). Therefore, we will call the number

log, K(B)

K(B) = W(B) = TB)'—

(8

the Kekulé indez of the system B.

The index & (or some variant of it) has been considered by some chemists
[14, 15] as a measure of resonance energy per hexagon (or per carbon atom), however
it sccms that x has never been profoundly studied: in their book “Kekulé Structures in
Benzenoid Hydrocarbons™ (1988, [16], p. 317) Cyvin and Gutman say: “... Especially
interesting are the quantities (In < K >)/h; they represent some kind of an average
resonance energy per heragon. ...graphical representations show that these guantities
seem to approach limit values when h increases, but nothing has been proved to this
effect.”  We will calculate this index (and its limits) for (sequences of) tubular
hydrocarbon molecules (“tubulenes”); in these cases, f(B) — 1 # h(B), therefore we
return to the above (original) definition of 7(G):

qB)=ﬁun=1%%¥¥?, )

For a first comparison, some samples of benzenoids and their Kekulé indices
are given in Fig. 2.
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LiJiJ2 1 G35 0.77308. ..
L, [2]3 0.70248. .. G479 0.79248. ..
Ly | 3[4 [2=066667... Cyl10{144] 0.71699...
Ly 415 0.58048.. Cy | 10189 075622,
L; | 7|8 ]5= 04287 .. P 4] 6 ] 064624...
Lig | 1011 0.34594. .. A IEE 0.63399. ..
Lis [15]16] £ = 0.26667... Pl 7120 0.61742. .,
Ly 31]32] &= 0.16129... Py 1050 [ 0.56439...

Figure 2.
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3 Tubular hexagonal systems

3.1 Hexagonal tessellations of the cylinder

A regular hexagonal tessellation of the (surface of the) cylinder C (a cylindrical “gra-
phitic pattern”) is a cylindrical tessellation that when C is unwrapped (or rolled)
onto the plane — let us say: “printed” on the plane (with unlimited repetitions in
both directions) — is turned into the regular hexagonal tessellation (graphite pattern)
of the plane. Thus we can study such cylindrical hexagonal tessellations H,. as parts
of the regular hexagonal tessellation H of the plane, covering a strip between two
parallel straight lines a;,a, where points in opposite (orthogonal) position on a; and
ay are to be identified, as indicated in Fig. 3. Note that a; and a; are consecutive
printings of a generator of C, i.e., of a straight line a on C parallel to the axis of C.
Let us call this plane representation of H, the natural represeniation and denote it

by H;m!.

Figure 3.
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Sometimes it may be more convenient to replace a with a helix k on C: again
a plane image of H, is obtained as a part of 1 covering a strip between two parallel
straight lines hy, h, which are consecutive printings of the helix h; again, hy and A,
are pointwise to be identified, as indicated in Fig. 3.

Figure 4.

Let ¢y, €2, e5 denote the three directions (mod 180°) of the edges of the hexagons
(Fig. 4): then, in particular, the coaxial or helical line on € — we will call it ¢ —
can be chosen orthogonal to one of e, ez, e3; if the axis is not parallel to eq.e; or e,
then there are three possible choices for ¢, otherwise there are only two {since. if the
axis is parallel to e;, then the cut on €' perpendicular to e; degenerates into a circle).
Thus we obtain three (or two) distinguished representations H'*) of H, in the plane
such that the hexagons form contiguous columns parallel to the printings of ¢. Let
w; be the number of these columns in Hf’ (i.e., w; is the “width” of H) and choose
the labels : such that w, < w, < wy (or wy = w;). If the (image of the ) axis is
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neither parallel nor orthogonal to one of the directions ey, €3, €3 then wy # wy # wy;
if w, # wy then we can choose H(® ( with the largest width) as the canonical repre-
sentation HE" of ‘H,; otherwise, if wy = w,, then H{) and H®) are congruent and
again we have — up to a reflection — a canonical representation He** = H®) of H,.

Figure 5.

Note that if the axis is perpendicular to one of the edges of the hexagons then
H™ coincides with H2*. H, is considered untwisted if the axis is parallel to one of
the edges: otherwise, H. has an intrinsic twist measured by the minimum angle 7 of
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deviation of the direction of the axis from the dircctions e, e2,e3 (Figs. 3, 5, G; see
also Fig. 10: 7 = min{a), as, a3}).

Clearly, 7 varies from 0° (untwisted) to 30° ( fully twisted: the axis is perpen-
dicular to one of e;, ez, e3). Note that 7 is in fact a parameter of the graph of H,, not
of its particular geometrical realization.

3.2 Tubules

Consider a cylinder C' with a cylindrical hexagonal tessellation H. on it and perform
two distinct cuts perpendicular to the axis of C: these cuts generate on C two distinct
circles ¢1, ¢ surrounding the axis. Consider the set § of all hexagons of H, that have
an interior point lying between ¢; and ¢;: these hexagons induce a finite section of H,
which we will call a normal tubule Ty (Fig. 5). Note that (the skeleton of) * a normal
tubule is a planar bipartite graph which, if drawn on a sphere, has |S| faces which are
liexagons and, corresponding to the “holes” at the ends of Ty, two additional faces
Fy, Fy with even boundary length (in general, # 6) (Fig. 6).

Figure 6a.

*For the sake of brevity, we will not distinguish between a tubule and its skeleton.
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A tubule T in the narrower senseis a substructure of a normal tubule Ty, such
that

o T is connected,

o T has f — 2 faces which are hexagons generating a tubular surface R (a
“ring” ) surrounding the axis (all of these faces are also faces of Ty, ),

o if drawn on the sphere, T is a map which has — in addition to the f — 2
hexagonal faces mentioned above — two faces Fy, Fy corresponding to the holes at the
ends of R.

There arc vertices of valency 2 at both ends of the tubule: it is assumed that in
the molecule represented by the tubule dangling bonds are saturated with hydrogen
atoms. See Figs. 6, 7.

Figure Ta. Figure 7b.

Tubules in the wider sense consist of f —2 hexagons ( as in the narrower sense)
and two additional faces Fy, Fy of a more general shape; we may even allow that, if
the surface generated by the hexagons is wrapped around the cylinder, some couples
of hexagons overlap (sce Fig. 8). In what follows, if no express restriction is made,
the word “tubule” and the symbol T are used in their wider sense. For the sake of
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brevity, we will also say that a tubule is “embedded” in a tessellation H. allowing
certain overlaps of a particular kind, as indicated in Fig. 8.

As the cylindrical hexagonal tessellation M. in which it is embedded, a tubule
T has two particularly distinguished representations: natural and canonical denoted
by T and 7", vespectively. The twist 7 = 7(T) is that of H,.

Figure 8.

3.3  Acyclic matchings

Let G = (V.E) and § C E. A circuit of ¢ is called (S, §) alternating iff its edges
Lelong alternatingly to S and § = E — §. A matching M of G is called acyclic iff G
contains no (M, M) alternating circuit.

Consider a regular hexagonal tessellation H, of a cylinder and its natural repre-
sentation H2 in the plane; select an arbitrary edge e of H%, color all edges parallel
to e red and all other edges blue: then the red edges form a perfect matching of ..
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Choosing for e in turn one of the edges ey, e2, e3 incident upon a vertex of H.., we ob-
tain a partition of the edge set of H. into three disjoint perfect matchings M,, M,, M3
(Fig. 9). Assume that the axis « is not parallel to one of the edges ey, €, €3 and denote
the (acute or right) angles between a and e; by a; (Fig. 10): precisely one of these
angles — say, ay — exceeds 60°. Then matchings M, and M, are acyclic whereas My
is not. This is easily seen from Fig. 10: select an arbitrary vertex A: the figure shows
that A does not lie on any (M;, M,) or (My, M,) alternating circuit, whereas A does
lie on (f\-i’;.ﬁ?.’;) alternating circuits (e.g., circuit C of Fig 10). If, however, the axis
is parallel to one of the cdges e; — to ey, say — then a; = 0,0z = a3 = 60° then
matching M is acyclic whereas M, and Mj are not. In any case, at least one (in
general two) among M, My, My is (are} acyclic.

— M

Figure 9.

Let M be one of these acyclic perfect matchings of H.. Then the restriction
M|z of M with respect to any tubule T embedded in H, is an acyclic matching of 7.
Direct the axis of H, vertically thus distinguishing for every edge of M/ an upper and
a lower end vertex; color the edges of M blue, the edges of M red, their upper end
vertices hlack and their lower end vertices white (Fig. 11); clearly, every edge of H,
connects a black to a white vertex.
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Direct the red edges from black to white and the blue edges from white to
black. Let Q denote the orientation of #, so obtained and let H?,T? be the directed
graphs corresponding to H. and T, respectively. The sources (sinks) of 7% are called
its peaks (valleys); all peaks (valleys) are white (black). The sources and sinks are
‘precisely those vertices which are not incident upon a red edge.

regicn of reachability
from A on an (M, M,)
afternatng path

Figure 10.

As in the case of plane henzenoid systems (see, e.g., [17]), the following pro-
positions hold.

(I) If T has a Kekulé structure then T® has as many sources as sinks.
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(IT) There is a (1,1) correspondence between the set of Kekulé structures of T
and the set of systems of disjoint directed paths in T® connecting the sources with
the sinks such that in each source commences, and in cach sink terminates, ezactly
one path of the system; if the azxis is brought into perpendicular position (as assumed
above) then, on each of these paths, the heights of the white vertices and the heights
of the black wvertices form strictly decrcasing monotone sequences.

3.4 Kasteleyn orientations

We need the concept of a Kasteleyn orientation of a plane graph; such orientations
were first used by P.W. Kastcleyn ([18] (1961), [19] (1967)) in his pioneering work on
counting dimer coverings of sections of the square lattice.

Let G be an embedding of a connected planar graph in the plane (or in the
sphere) and suppose that G is equipped with some orientation w of its edges; let F
be a face of G. The orientation w is said to be Kasteleyn with respect to F iff the
number of edges of the boundary of F* whose left bank belongs to F is odd; w is called
a Kasteleyn orientation of G iff w is Kasteleyn with respect to all faces (including the
infinite face) of G.

Clearly, the orientation Q of H is Kasteleyn, and the orientation Q|r (i.e., the
orientation of T%) is Kasteleyn with respect to every hexagonal face of T (see Fig. 11).

l blue
I red

Figure 11.
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Let p = Q|p. Two cases arise:
() p is Kasteleyn with respect to F\.

Then, necessarily, p is Kasteleyn with respect to Fy, too: thus z is a Kasteleyn
orientation of T. Let X = p and sgn (z,y)=sgn (e)=1 for every edge e = (z,y) of T

(i2) p is not Kasteleyn with respect to F.

Then we obtain a Kasteleyn orientation K from g in the following way. We
draw a smooth curve ¢ (a transversal) from some point in the interior of F} to some
point in the interior of F» that meets no vertex, touches no edge, intersects no edge
more than once, and passes no face more than once; then we change the direction of
all edges intersected by . We indicate this change hy assigning minus signs to all
edges intersected hy ¢: so every edge e = {x,y) obtains a weight, namely:

—1 if e is intersected by ¢t

sgn(z,y) = sgn(e) = { +1  otherwise.

Clearly, the new orientation K is Kasteleyn (Fig. 12).

X3
L

Figure 12.
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4 Calculating the number of Kekulé structures

4.1 The algorithm: general case
Having oricntations g and K, we can now apply algorithm A of [21] (sce also [20, 22])
for calculating the number A'(T') of Kekulé structures of tubule T'.

The algorithin runs as follows. First check whether the number p of peaks of
T equals the number v of valleys: if not then T does not have Kekulé structures and
K(T) = 0. Therefore suppose that p = v. Label the peaks, and also the valleys, in
an arbitrary way from 1 through p. Let {P, Ps,...,P,} and {14, V;,...,V},} be the
set of peaks and the set of valleys, respectively. Let

Q(P*) = (éi\'h{’kb‘--)ékp) (b = lvéij =0 Yf i #]),-’f'—' 1,2,».»1]3.

Following the arrows of orientation p, calculate for every vertex x of T' that is
not a peak the vector

alx) = Tsen(s!,2) x qlz') (10)
where the sum is taken over all (i.c., over the one or two) predecessors 2 of x.
For valley V;, let
(Vi) = (g, gi2s- -1 0p)  (1=1,2,...,p)

and form the p X p matrix

q(V1)
Q= : = (Gik)ik=12....p
Q(Vp)
Then
K(T) = |detQ| = abs|qu]. (11)

Remark. Once we have chosen the orientation g, it does not matter which
representation of T — T4 T or any other representation — we use for carrying out
the above algorithm: any one will do. Thus we are free to choose that representation
whicli scems to be the most convenient for the purpose.

For some examples sce Figs. 13-15. Note that Figs. 13 a. b represent the same
tubule.
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K=oy =|ag| = 37

Figure 13a.


































































































































































