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Abstract
Relationships between the m-electronic properties of linear

polymethine compounds and the constitution of their end-groups are
studied within topological long-chain approximation. The behaviour
of frontier molecular orbitals is represented by a pair of topolo-
gically determined indices, electron donor ability, 60, and effec-
tive length, L. Explicit dependences of these indices on structu-
ral features of bicyclic end-groups (cycle sizes and parities, po-
sition and nature of a heteroatom contained, way of attachment to
polymethine chain) are presented.

1. Introduction

Topoleogical approaches to the description of molecular be-
haviour hold much chemical significance in spite of the vigorous
development of sophisticated gquantum-chemical methods. Topologi-
cal principles prove to be most efficient in the research of con-
jugated systems; they permit general regularities to be found for
dependences of m-electronic properties on molecular structural
features such as m-system size, linear or branched pattern of con-
jugation, the presence of cyclic fragments and their number, the

nature and positions of hetercatoms and heterobonds,etc. [1-5].
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The mn-electronic system of a given molecule corresponding
in a unigue fashion to a certain graph, energies and forms of
molecular orbitals (MO) in the Huckel approximation are identical
to the eigenvalues and eigenvectors of adjacency matrix of this
graph [1,2,6].

A characteristic polynomial P(x) derived from the determinant
of adjacency matrix contains essentially complete information of a
nm-conjugated system. Coulson [7] and Sachs [8] were the first to
develop a "decomposition" method of construéting the polynomial
P(x) for conjugated hydrocarbons, which opened the way to reveal
the intimate relationships between the graph structure and the
characteristic polynomial coefficients. Aihara extended this ap-
proach to the conjugated compounds containing heteroatoms [9].

Further, the past two decades have witnessed a sort of explo-
sion in the construction, application, and gaining deeper under-
standing of topoclogical indices [3-5]. Many of such invariants of
chemical graphs proved to correlate with the physicochemical cha-
racteristics of the corresponding m-compounds. To exemplify, the
Wiener index is related to the values of m-electronic energy and
energy gap for polycondensed arcmatic hydrocarbons [10] and infi-
nite polybenzene chains {11,12].

At the same time,to properly account for features of the con-
crete objects under study, the well-known topological indices un-
dergo a relevant evolution. This tendency is illustrated well by
the introduction of modified Randiz indices correlating with n-
electronic energies [13) and n-charges [14], by the extension of
the Wiener index to infinite conjugated polymers [15], as well as

by the construction of its three-dimensional analogue [16].
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On the other hand, this paper provides an example of treating
n-conjugated molecules in terms of new specific topological indi-
ces. They are intended to describe the spectral and chemical beha-

viour of linear polymethine systems (LPMS)

where end-groups, EGl and EGZ’ are the residues of arbitrary n-
structures conjugated with the polymethine chain (PC). Here we
focus on bicyclic EGs following the effect of their topology on
the indices under study. Systems 1 are treated on the basis of so-
called long-chain approximation [17-24] briefly reviewed here in
Sections 2 and 3.

A number of substantial molecular properties governed by the
gap between frontier energy levels and their positions relative to
the Fermi level were proved to be topologically determined [25].
As far as polymethines are concerned, the topological effects on
M0s arising from the structural modifications of PC were studied
while EGs were mostly represented by some model atoms (see, for
instance, Ref. [26]). In the present paper, our attention is con-
centrated on the topological effects caused by EGs of a relatively
complex structure on the frontier n-MOs and hence on the associat-
ed molecular characteristics, as for instance, optical transition

energy and redox ability.
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2. The modelling of LPMS in long-chain approximation

The approach to be discussed below is intended to relate the
EG constitution of LPMS 1 to the behaviour of the highest occupied
and the lowest unoccupied n-MOs (HOMO and LUMO, respectively) which
is represented by some specific topological indices. For this pur-
pose, we involve the methods of solid state theory, which notab-
ly facilitates the treatment.

The PC is assumed to be rather long (tending to infinity) and
the EG contributions to every dye parameter are taken to be rela-
tively small. However, the interaction between PC and EGs need not
be weak, contrary to constraints normally accepted in the pertur-
bation theory [27]; vice versa, the conjugation of the EGs with
the PC is suggested to be as strong as that within the PC.

A molecule of LPMS 1 can be divided arbitrarily into frag-
ments and it is possible to include a certain part of PC into EGs.
Thus, the sought-for topological relationships are invariant with
respect to the way of conventiocnally partitioning the molecule.

The molecules concerhed are suggested to have stable closed
electron shells in the ground state,which implies that all bonding
levels are double-occupied and all antibonding ones are vacant.
With the restrictions mentioned, the characteristic polynomial

for LPMS 1, [Gl- Cm— G enables matrix representation in terms

2

of the polynomials of molecular fragments [19]:
B (%) = [64 = @ = G,T =
{64 1
o, = | 1 0 Cm b 0 Q2 -
1L o -1 C C 0 =1 R
m-1 m-2 2
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Here Qj and Rj (j = 1,2) are characteristic polynomials for EG and
its fragment without the atom bound to PC, respectively; Ch is
the same for the m-methine conjugated chain; x 1is a dimensionless
counterpart of the Huckel MO energy, &£, so that for the i-th MO,
X = (ci-a)/B with a and £ denoting the Coulomb integral of a
carbon atom and resonance integral of a carbon-carbon bond.
Polynomials ¢, are conveniently written in the trigonomet-

ric form, with substituting 2sin w for x:
Cm = sin[(m-1) (n/2-w) ]/sin w (2)

If the polynomials Q and R are reduced to their linear parts:

Q =g, *+ a;%; R =1  +rx; (3)

then after simple transformations and dropping terms from the se-

cond order of magnitude on, the polynomial Pm(w) takes the form:
P (@) = Blw)sin(m(] - 0) + o + v0] + £(0) (4)

Then the energies of MOs lying rather close to the Fermi level are

easily expressible in an analytical way:
x‘=2[¢—gk]/(m+0), k=m- 2i (5)

where k takes on the values -1, 0, 1; ¢ and ¢ designate the integ-
ral corrections arising from the effect of EGs on the positions of
frontier levels.The very these corrections are regarded as the de-

sired EG topological indices considered in detail further.
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3. The topological indices of EGs

Based on the relations between the polynomials for the whole
molecule and for its fragments [28], the corrections ¢ and T were
shown to be additively constituted by the contributions of both
EGs [17-20]:

¢ =3 + b ; % = -(L, +1L,) (6)

The values of ¢ and L are determined solely by the topology of EGs.
They can be calculated invelving only minor coefficients of poly-

nomials Q and R:

tg®, =~ qO/rO (7a)

2
o

L = (2q,r, - 2q,r, + 42 }/(a> + r2) (7b)
where @O is positive by definition [18,20]. If an arbitrary p-me-
thine fragment of PC is included into EG, then the parameter L in-
creases by p, the value of @O keeping unchanged.

According to formulae (7), the parameter @o is calculable
from the free terms d, and r, only, which justifies referring it
to as a zero-order topolcgical index of an EG. It has an angle
dimensionality and describes shifts of molecular orbital nodes
caused by the attachment of EGs to an unsubstituted conjugated
chain. On the other hand, as seen from Fig. 1, it characterizes
the disposition of the frontier n-MOs with respect to the Fermi
level (non-bonding mn-MO). Ranging from 0 to 90° this index takes
on the value 45° if HOMO and LUMO are disposed symmetrically on

both sides of the non-bonding level and the extreme values of Qo
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represent the cases when either LUMO (@O = 0) or HOMO (@0 = 900)
coincides with it. Hence, a LPMS molecule acts as an acceptor at
0 < @o < 45° and as a donor at 45° < Qo < 900, whereas sﬁo = 45
corresponds to relative redox stability. So, the current name of

this topological index, the electron donor ability, appears to be

quite suitable.
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Fig. 1. The relation of topological indices ¢, and L to the

disposition of frontier MOs of LPMS.

For the second parameter, L, to be found, polynomial coeffici=-
ents of the first-order terms are required as well as free terms;
thus it can naturally be called a first-order topological
index. This dimensionless qguantity is inversely proporticnal to a
molecular energy gap (see Fig. 1) and has a physical meaning as an
effective lengthening of polymethine chromophore due to the conju-
gation with the EG n-systems; it is measured in the equivalent num-

ber of vinylene groups so that Lor a LPMS 1 containing m = 2n+1
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methine units in the chain, the wavelength of the first electronic

transition can be presented as:

An = V(n+L) (8)
where V = 100 nm is a so-called vinylene shift, i.e. the shift of
the absorption band maximum to longer wavelengths caused by the
elongation of the PC by a vinylene group. This topological index
is usually called the effective length of an EG.

To find the polynomial ceoefficients, necessary for calcula-
ting the indices Qo and L, one can make advantage of the method
described previously ([18,20-22] which is based on the Sachs-Coulson
theorem [2,8]. The results reported here have been gained mostly
using this technique. The free term of a characteristic polynomial
can be calculated after enumerating all the Sach graphs of a given
EG and for the next coefficient to be determined, it is necessary
to carry out the same procedure for all subgraphs obtained from the
initial EG graph by removing a vertice. Heteroatoms and heterobonds
are represented by the weighed vertices and edges, respectively.

Besides, a diversity of alternative approaches are available
which permit finding the values of L8 and L; among them are the
methods involving the EG inverse adjacency matrix [23] or the con-
cept of LPMS asymptotic non-bonding MO [24].

In what follows we analytically treat the indices ¢, and L
for mono- and bicyclic EGs taking account of cycle sizes and po-
sitions, as the relationships of tliis kind appear to be of use in
a systematic study of how the EC topology affects the LPMS colour

and other electronic properties.
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4. Linear and monocyclic EGs

EG in its simplest form consists of an unbranched m-conjugat-
ed chain containing a single heterocatom X:

X = CH - (CH = CH) - X = CH,, NH,, 0, §

2
2

Hetercatom X will be characterized by a pair of orbital para-
meters, h and 71, applied as corrections to the corresponding Cou-
lomb and resonance integrals in the Huckel approximation: ay =
@+ hB; Boy = "B

For the above case, the characteristic polynomials Q and R
refer to the model EG 2 and to its fragment X=CH-(CH=CH)r_1—CH=,
respectively. Their minor coefficients were previously shown [18,

20] to be expressed as:

r+l 2 r, . .2
g= (-1)7 "m7i r = (=1)"hj g;= (-1)"h(r+l); ry= (-1)"(n"r+l) (9)
so that substituting them into Egns. (7) yields the following for-
mulae for the topological indices of interest:

tg 8= n°/h; L = 2r + [2(h° + n%) + 2'y/(n® + 0ty = 2r + L (20)

The value Lo corresponds to r = 0 and depends only on the nature
of the hetercatom X. The lengthening of EG at the expense of PC
leads to a regular increase in L as discussed above.

To exemplify, let X denote an amino group with h = m = 1 taken
for a nitrogen atom and r be equal to 2. Then, according to Eqgns.

(10), the EG concerned is characterized by Qo =45% ana L = 6.5,
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i.e. the corresponding LPMS 1 is relatively indifferent both to
reducers and oxidizers and its first absorption maximum is observed
at the wavelength of about (650 + 100n) nm (see Egn. (8)).

It is of interest to follow the changes in topological para-
meters that occur on passing to LPMS 3 containing monocyclic end

nuclei:

Most typical is the case when the core charge of a heteroatom
amounts to +2 (X = NR, O , S ) and then u = 2k + 6 w-electrons are
necessary for stable closed electron shell to be formed. Among
carbocyclic nuclei (X = CH) it is also reasonable to discern al-
ternant (k is even) and non-alternant (k is odd) cycles. Alternant
EG are classed either with the Huckel (H) type (41 + 2 electrons
in the cycle) or with the anti-Huckel (A) type (4i electrons in
the cycle).

Considering the characteristic polynomials Q and R for the

appropriate molecular fragments:

/5T
Q= x A R=1[-X=- (CHy -]
(CH)

we conclude that for alternant EGs and their heteroanalogues (k is

, and r, are the same as

for the EGs 2, while the coefficient q, takes on the form:

even), the generalized coefficients d;s T,
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a, = —2n°[(-1*/2 + 1 (11)

Then we can write the following relations for the topological

indices i’o and L:

& s { an’/h_ {[(k+2)h2+ a(k+4)n*+ 8021/ (160%+ n?) H-type
° 0 k+2 if h =0 A—type(lz)

For carbocyclic EGs (h = 0, n = 1) of H-type, the index ¢ is
equal to zero and thus there is a non-bonding level in the energy
spectum of LPMS 3. In the case of A-type carbocycles, the values
of 00 and L prove to be indefinite when calculating them by Eqgns.
(7) as the degeneracy of frontier levels occurs. However, in terms
of the asymptotic non-bonding MO concept [24], they are calculable
and prove to be equal to the same values as for heterocyclic EGs in
question (see Egns.(12)).

As far as non-alternant carbocycles are concerned, the index
L is independent of electronic type, whereas the index ¢, can take
on two values:

L=0.4k+ 1.6; o =

27" k=4i+3
(13)

63 k=4i+1

For odd-membered heterocyclic EGs of compounds 3 we are led to:

tg &, = -[h/n%+ 2(-1) K1/ 2
(14)

L = {(2k+6) (nt+(-1) (X*1)/2 pp2y o

{k+1) /2

+ 27% + (k+2)h%31/(5n%+ nZ+ a(-1 hn?)
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It is evident from the analysis of the formulae (10,12-14)
that monocyclic EGs should have the smaller values L and hence the
shorter absorption wavelengths as compared to the corresponding
linear systems,which is really the case [18,20]. Thus returning to
the example of N-containing linear EG considered above, we reveal
that cyclization yielding pyridyl EG (k=4) causes the effective
length L to decrease from 6.5 down to 2.71, which is accompanied

by an increase in electron donor ability Qo from 45° up to 64°.
5. Bicyeclic EGs bound to PC through a-position.

Here we restrict our consideration to carbo-bicyclic EGs with

PC bound to a-position relative to the bond common for both cycles:

The cycle bound to PC will be referred to as basic while the
other one - as annelating. The topological indices of the EG are
determined both by the parity and by the electronic type of each
cycle. Below is the discussion of certain specific cases.

a. Both basic and annelating cycles are even.

The general graph takes on the following form:

A
= 2

As EGs of this kind belong to the class of alternant hydro-
carbons, their zero-order topological index 00 is equal to zero.

The second parameter, L, depends on the parities of k and 1:
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k is odd, 1l is odd L =2k + 3

k is odd, 1 is even L=2k+ 3

k is even, 1 is odd L =2k + 81 + 3

k is even, 1 is even L = (2k + 81 + 11)/9

As seen, the parameter L is independent of the basic cycle
size provided that the annelating cycle is of the A-type. The va-
lue of L reaches its maximum with the A-type basic cycle and the
H-type annelating cycle. On the contrary, the minimum L is charac-
teristic of EG constituted by two H-type cycles.

b. Basic cycle is odd and annelating cycle is even

—
\"
=
k is odd, 1 is odd L and ¢_ are indefinite
} in term® of characteristic
X is odd, 1 is even polynomial technique
k is even, 1 is odd &
} @, =457 L = (2k + 51 + 8)/4
k is even, 1 is even

In this case, the A-type of annelating cycle is associated
with the degenerate frontier MOs and hence the parameters 2, and L
cannot be cbtained by Egns. (7). Though it is possible to determi-
ne them involving the appropriate asymptotic non-bonding MOs, the
resultant expressions in terms of k and 1 are too cumbersome to be
presented here. The H-type annelating cycle leads to the middle
value of ®_, 45°.

c. Basic cycle is even and annelating cycle is odd.
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Contrary to the previous case, the A-type of the basic cycle
does not imply degeneracy of the frontier MOs though one of them
remains a non-bonding one. The H-type basic cycles provide inter-

mediate values of d:

k is odd, 1l is odd ¢ = 24
9 } L = (10k + 201 + 48)/17
k is even, 1l is odd ¢D = 76°
k is odd 1 is even wo = o°
& } L =2k + 41 + 8
k is even, 1 is even to = 0

Compared with the corresponding linear EGs, the parameter L incre-
ases at the A-type and decreases at the H-type of the basic cycle.

d. Both basic and annelating cycles are odd.

N

In this instance,the topological parameters are the most sen-
sitive to coincidence of the parities for k and 1. If it occurs,
then @0 takes on zero value, and L depends equally on both cycle
sizes. If k and 1 differ in parity, the parameter L is notably

smaller and oo is closer to the middle value, 45°,

k is odd, 1 is odd 5
. } ¢° =0 L =2k + 21 + 4
k is even, 1l is even
k is odd, 1 is even 8= 63°
o} L = (2k + 41 + 10)/5
k is even, 1 is odd o = 27

o
EGs of this sort can be typified by the azulene residue which

is of significance in chemical practice. According to the above
formulae, @o < 45° if S-membered cycle is chosen as a basic one
(k=2, 1=1) and L 45° in the alternative case (k=1, 1=2). Also,
the value of L depends on the choice of the basic cycle amounting

to 3.60 for the former EG and to 4.00 for the latter.
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6. Bicyclic EGs bound to PC through other than a position

In a similar manner, one can consider the dependence of the
indices ¢ and L on the topology of bicyclic EGs if PC is bound
not to a-atom but to any other one. Table 1 lists the systems of
practical significance containing four-, five-, six-, and seven-
membered cycles and presenting all the possible ways of PC attach-
ment. As seen, EGs bound to PC through non-equivalent positions of
basic cycle differ markedly in their values of 00 and L.

However, this is not the case for the conjugated a- and 7-
positions of the seven-membered basic cycle which mostly provide
the identical OD,L-pairs.

Summarizing, the total number of atoms in carbocyclic EGs be-
ing equal, the greater values of L are typical of the nuclei con-
taining the A-type cycle as a basic one as well as of non-alter-
nant systems. Contrary to this, the alternant EGs of the H-type
have the minimum L as the aromatic nuclei stabilize the ground
state of LPMS and notably less influence the energy of the first
excited state.

The supporting evidence for the theoretical conclusions pre-
sented is a deep colour of polymethine dyes containing non-alter-
nant hydrocarbon EGs. To exemplify, in the case of the dyes deriv-
ed from a-indene, the maximum of the long-wavelength absorption
band is observed at 625 nm for trimethine and at 780 nm for penta-
methine; diazulenyl trimethine dye has its absorption maximum at

605 nm [29].
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Table 1.
Topological indices of bicyclic EGs.
EG graph The atom to which @ L
PC is bound (dearees)

o 90 5.00

°
oL
<j:, a 0 10.00
ol
a 90 15.00

ol
a 0 12.00

ol
C o 90 3.40
£ 8 0 10.00
<Dd o 0 8.00
# B 27 3.20
@‘ o 45 4.25
P B 14 2.71
ol
« 27 3.60
CI>~F B 90 3.50
¥ B o 90 5.00
n@) : S
ol
B o 14 4.59
CO B 14 3.65
o
P o 90 3.44
C() B 90 2.78
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Continuation of Table 1.

EG graph The atom to which [ L
PC is bound (deggees)

o 8 o 76 5.18
B 76 4.24
ol p o 90 3.67
@A’ ¢} 0 12.00
7 90 4.00
o ) o 63 4.00
@J B 90 3.50
¥ 63 4.00
& p o 15 5.50
@F B8 76 3.29
7 45 5.50
a p « 0 12.00
m( B 63 4.33
7 0 12.00

7. Effect of heteroatom on EG topological indices

It is reasonable that on substituting a heteroatom for a me-
thine group in a bicyclic EG, the topological indices change their
values. As an illustration, we consider the index s for the hete-
rocyclic EGs derived from alternant hydrocarbons, with a heteroatom
introduced into a-position and PC bound through the equivalent a-

position of the same cycle:
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The free terms of the corresponding characteristic polynomi-

als can be written as some functions of the parity parameters k
+
and 1: g, = —2112[(-1)k + 1][(-1)l + 1] - 112(-1)k 1;

1+1

r = 2n(-1) 1 (-1)* + 1], which leads to:

o
k
tg §, = (1+(-1' + 17020 + (-1 1wP/n
The combination of parities for k and 1 results in four

possible EG structures provided the fixed positions of the hetero-

atom and the atom to which PC is bound:

k is odd, 1 is odd o
} ﬁo = 90
k is odd 1l is even
k is even 1 is odd ¢, = arc tg (n2/4hj
k is even 1 is even 00 = arc tg (9n2/4h)

If the annelating cycle belongs to the A-type, heterosubsti-
tution has no effect on the index ¢o‘ The H-type annelating cycle
causes Qo to take on some intermediate values, being greater than
452 at the H-type basic cycle and smaller than 45% at the A-type
basic cycle (on condition that 4/9 < n2/h < 4 as is the case
for acceptor heteroatoms like nitrogen).

On passing to condensed hydrocarbons of more complex struc-
ture and, moreover, to polyheteroatomic systems, the number of
theoretically obtainable EGs increases still further presenting
a great diversity of residues. Thus in the first stage of a large-
scale search for LPMSs displaying desired electronic properties,

the simple topological indices such as o and L are of practical
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