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SUBGRAPH ENUMERATION IN DENDRIMERS
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Abstract: Subgraph enumeralion of orbital and wedgeal population
in irregular dendrimers is given, and some properties such as
molecular weight and volume are evaluated and examplified. On this

basis, a congesting criterion for families of isodiametric dendrimers

is proposed.
Introduction
Dendrimers are hyperbranched macromolecules which, in  the last
1-15
years, particularly attracted the interest of chemists. Buah
-1 4.15
structures, with tajlored interior, can be 'Funr.t‘ionaﬁzeds O 88

at exterior spherical surface, which may result {in new dnteresting
properties, e.g. high so'lub“l'thS'7 and particular resctivity vis a
vig to host-guest 'in’c.er'ec:(:ic:ns.1’5 In this respest the reader <an
consult the excellent review of Tomalia et al‘i

A binary dendrimer. AxBy . consists of & LbLranchina core (r=0)
which is surrounded of branching atoms, 4, ab proagrescive radii. r
(orbits, generations). The erternal chains are ended by nonhranshiicrs

atoms B. which can be chemical functional groups. 1f all radial shains

have the same length., it iz referred to as a homoaeneous dendrimar .



Since all branchinag atoms 4 have the same valence {kv) and araph
theoretical degree (kJ, it is called a regular dendrimer . In a previuos

11
paper vie stated for a binary dendrimer, 4 B . the general formula:
Xy

[ 4B ()

Ckv—k)] x ECk-E)xh?

which takes into account the possibility of attachina the nonbranching
atoms B (e.g. hydrogen atoms) both at the inner and external orhits
When ku = R, it is obviocus +that a11 B atoms are external The total
number of B atoms, y = (kv = 2ox + 2. does not depend on the graph
theoretical dearee, k. The formula (1) holds for alkane trees and alse
for noncarbon branching compounds

It s k.nuwnis that a tree possesses either a monocenter or 2
dicenter, so one has te take 1into account both monocentric and
dicentric dendrimers (see Fig.1). In a tree the edae dismeter ed = 2r+l
and the combinatorial diameter” cd = 2Cr+{)-{. with {=0 for even- and

1=] for odd-diameter, respectively.
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Fia. 1. Monocentric (a) and dicentric (b) irreaular dendrimers



If the branching atoms differ in identity as change the orbhits,
the orbital formula of an {rregular homogeneous dendrtmer18 can b
written as AirB;r , with the superscript r as a label for the fdentity
of branching atems. Such a structure can be described by a radial

sequence of vertices and their dearees:

o H rmax
ACRO>; ACRID;. .. A Ckmax?; B (2y
with the nonbranching vertices B in the externsl shell. Fig. 1
a monocentric and a dicentric dirregular dendrimer. By exiesnsion. one

can consider the Ar vertices as subaraphs consisting of more than one

atom. In the present paper, we present the orbital and wedaeal
enumeration of subgraphs in drregular homogeneous derndrimers and a
congesting criterion for families of dsodiametric dendrimers (see

below) .

Orbital subgraph enumeration

A monomer which contributes to the arowth of & dendrimer fa
5
‘dendritic” monomer ) can be regarded as a subgraph whose proaressive

degree is given bv:

ps =‘n Pj (3)
jes

7
7 beina the number of g bonds around the vertex j ) and the product

18
where pj denotes the vertex progressive dearee ¢ by = R o= AmHlD with

runs ovetr all J branching vertices belonging to the subaraph s.

The orbital subgraph populatien, xsr , c¢an be counted by
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r=1
xsrCtsr) = ({+2> » Cpso +1 -2 # tsr 1 ps, (4)
i

where: r - is the subgraph radius (in a reduced araph of dendrimer,
where each subaraph dis replaced by a point of the
corresponding progressive degree)

2 =1, for edge diameter and 2z = {-{, for combinatorial

diameter

r-{ 21 ; when p~f{ ¢ { , the product equals unity, by definition
Lsr - is a weighting factor: 1 (for the counter);
19
usr (for a volume parameter “); me (for a mass parameter);
r

Apsr = kv - (p + 12> (for the counter of attached B groups).

The recurrence for the next subgraph orbit will be

= S
xsr+t(Lsr+f) xS, * ps * t5r+l (5)

and the total number of branching subgraphs, except the core:

“n
xs = § xs (ts D (6)
S

H

When 1sr is a molecular property. the xsr(ler has the meaning of

that property on the considered orbit.

The external endsubgraphs are counted accordina to:

ys_ = xs, * ps, (&)
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Vertex enumeration is related to the subaraph parameters by

E=1
ertr)=C1+z)¥(npj+1-z)¥tr¥n(n p},)r (8)
jeso 1 Jes

Wedgeal enumeratlion

In convergent syntheses of dendrimers?'g a number of wedges are
bonded at the <core to give the desired hyperbranced structure.
A dendritic wedge is a substructure (a <:1ent:{r-on‘l ) of a3 dendrimer which
starts in a focal point and ends by a number of terminal (surface)
aroups. Here, the focal point is just the point of attachement of the
wedge at the core.

It is useful to enumerate the orbital subgraph population in such
substructures. Thus, the orbital wedgeal subgraph population. xws

r
can be computed by:

byt §
strCtsr) = tsr M es, (9)
1

with the same specification for r-{ as above, and the next orbhital

population, according to:

= * * 100
str_._l(tsr”J xws_ * ps t_sr+f (10)

The total number of branching subgraphs., except the corz, will ka2

r
m

xws = [ strCeer (1)
H
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The sxtermal endsuburaphs are courted sceording te:
WS = Xws ¥ ps £12)
y r > e

2
7 ]

Vertex enumeration is related to the subgraph parameters by:

r={
= (1
xwrftr) LA n pj )r (13)
{ Jes

It is obviouws *that the alebal orbital parameters are

CEERREY
obtainable from the wedaeal parameters by multiplication with
Ci+2d * Cpso + 1= 2>

A point of attachement of & wedge on a hypercore can be alse

viewed as a local premeting core (encountered in rodlike dardrimers

in divergent svntheses).

The core population. xo(tso), can he counted by:

xo(tso) = (42> # CSD (14}

if the core subgraph s moncatomic, or according to eaqs. (6) o (11)

S

and adding the central population given by eq. (14), in  the case

]
of a hypercore’

Volume congesting criterion

Tn a homogeneous dirreqgular dendrimer , ore can permute the

with
subgraphs /fragmentslin the 14imits of a given diameter (or lenath of

radial sequence) in generating isodiametric families of dendriners



- 85 =~

The fragment density (congestion) at the level of & given
generation can be expressed either as a surface congestion (i.e  the
surface area per fragment) or as a volume congestion ({.e. the volume
per radius). Tomalia et al? stated that the self-limiting dendrimer
dimensions are a function of the radial Tength: "larger radial Jlength
will delay the congestion" at the level of a generation This idea

led us to formulate a congesting criterion, CCFm . as follows:

ce =a_ ¥wvs__/rm (15)
rm rm Im
th . .
where: gs counts the fragments on the r orbit/generaticon .
rm
vsrm stands for the van der Waals volume of a subgraph
in the rth orbit
m represents the the maximal topological radius of subgraph

location in wedge (starting frem the sttachement point)
19
ys - values were taken form Motoc et al. ard  they allow the

estimation of the wedge van der Waals wvolume Vw

v = * 16
w t.l"m. asrm USI‘FR ( 2

where the summation runs over all orbits in the wedae

The product g * Vg . accounts for the orbital volume and the

I r
ratio a * ug / ¥V means the volume distribution in a wedge.
rm I'm w

Fig. 2. shows a wedge in an firreqular dendrimer along with the

us . ms (see below) and rm values. Table 1 lists the ahov=
Tm I'm

parsmeters for the wedge in Fig. 2, as well as for the whole family of

its isodiametric congeners.
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Table 1. Orbital volume (a ¥ us ). orbital volume distributicn
rm rm

(a ¥ s 7/ V ) and the congesting criterion (cc ) in a wedae of
rm rm w rm

isodiametric family of irregular dendrimers cf. Fig. 7. (see texi)

Segquence a ¥ vus
rm rm

C ulation? a ¥ vs PR ¢
o8 3 rm rm w

v o> ec

w rm
A,B,C.E 719.14 25.54 7.49 47 .71 14.98 114.20 44.04 465,18
(A,B,2C,6E) 0.036 0.010 0.066 0.021 0.15¢ O Nk 0.tav

12.770 2.497 7.952 2.140 11.420 4.004 7 284

A,C,B,E 764.95 25.54 7.49 57.10 22.47 14% .13 44 04 485,18
(A,C,38,6E) 0.033 0.010 0.075 0.029 0.187 0.0%8 0.603

12.770 2.497 9.517 3.210 14.313% 4 .004 27 354

8.A,C.E 75217 47.71 14.98 51.08 14.98 114.20 44 .04 265 1#
(8,2A,2C,6E) 0.063 0.020 0.068 0.020 0.182 0.nsY J.618
15.903 232.745 8.513 2.140 11.420 4. 004 77 _3R2

8,C.AE 884.29 47.717 14.98 114.20 44.94 153.24 424 04 465 8
(8,2C,6A,6E) 0.054 0.017 0.129 0.051 0.173 0.050 0.57€
15.903 3.745 16.214 5.618 15.324 4.1004 27 2E4

C,A,B,E 813.01 57.10 22.47 76 62 22.47 143 .12 44 .04 465 1§
(C,3A,38,6E) 0.069 0.027 0.092 0.027 0. 072 0.053 0.560
19.033 5.618 12.770 3.210 14.313 4 004 27 364

C.B.,AE 930.10 57.10 22.47 143,13 44.84 153.724 44.04 465 ¢
(C.38,6A,6E) 0.061 0.024 0 154 0.048 0.165 0.047 0D.500
16.03% B.618 I0.447 5 618 15 324 4 .Nna 27 Trs

a) oxyaen multiplicity equals the subsequent =ubarsph  auldiplis494,
(e.¢. for sequence A,B,C.E, the population dis: A.0.B8,720,2C. 60,6, with .

€ beina the endsubgraph)
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Analogous mass parameters: orbits]l mass as ¥ ms and  ratis
Im rm
as * me s M meaninag the distribution of wedae mass M an orbits
rm rm w w

are eauily conceivable. The values M can be computet by:
w

- 17
Mw Erm as.rm* "‘Sl"m ¢ )

The mass parameters for the wedge in Fig. 2 and +ts dsodiametric

family of drregular dendrimers are shown in Table 2.

Table 2. Orbital mass (as ¥ me ) and orbital mass diztribution
rm rm
(as * ms /M ) in a wedge of isodiametric family of dirreqular
rm rm w

dendrimers, «f. Fig. 2. (see text)a.

Sequence as ¥ ms
rm rm

Cpopulationd Hw as ¥ ms / Mw

A.B.C.E 975 28 16 55 32 136 96 612
(A,B,2C,6E) 0.029 0.0168 0.056 0.033 0.139 0.098 0.628
A,.C.B.E 1023 28 16 68 48 165 26 612
{A.C.3B.6E) 0.027 0.015 0.066 0.046 0.160 0.092 0.592
B,A.C.E 1019 55 32 56 32 136 a6 612
(B,2A.2C,6E) 0.054 0.031 0,055 0.031 0.133 0.094 0.607
§,C,AE 1125 5% 32 126 96 168 a6 612
(B,2C,6A.6E) 0.046 0.027 0.114 0.080 0.141 0.080 0.8
C.AB.E ma 68 48 84 48 165 96 612
(C 34,38 ,60) 0.061 0.042 0 075 0.042 0.147 0.086 0.546
C.8B.AE 1253 68 48 165 96 168 a6 612
{C.38 6A . 6E) 0.054 0.078 90.132 0.077 0.134 0.077 0.488

a) the same specification as in Table 1.
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From Table 1. one can see that the dncreasinag levdicoaraph
ordering of isodiametric dendrimers in Fig. 2. 4s din agreement with
the statement of Tomalia et al? about the congestion states -n
dendrimers. and also parallels the Jexicographic orderina of the
progressive dearees. ps_ of its subgraphs: the larger proaressive
degree of subaraphs/monomers in the proximity of the core, the wmore

congestina structure of a dendrimer.

Conclusions

The orbital and wedgeal subgraph population of a dendrimer car
be easily counted by the means of two parameters-: subgraph proaressio e

degree, ps. and the radius (generation/orbit number). p The weishtle

enumeration relations allow one to calculate molecular propaertics of

interest for synthesists.

Acknowwledgement: [ am grateful to the referees for useful remarks



- 90 -

REFERENCES

D.A.Tomalia; A.M Nayleor; W.A.Goddard III, Starburst dendrimers:
molecular-level control of size, shape, surface chemistry
topoleogy, and flexibility from atoms to macroscopic matter,
Angew. Chem. Int. Ed. Engl., 29 (1990) 138-175
G. R. Newkome: G. R. Baker: M. J. Saunders; P 5. Russo: V. K.
Bupta: Z.q.Yao, J E. Mi1ler; K.Bouillon, Two-directional cazscade
motecules : svnthesis and characterization of {9]-n-[91 arborels
J.Chem. Soc. ,Chem. Commun., . (1986) 752-753.
A. M. Naylor: W. A Goddard I1l: G. E. Keifer; 0. A. Tomaliz,
Starburet Dendrimers 5. Molecular shape control, J. dm. Chem. Soc. .
111 (1989) 2339-2340.
£ J. Hawker:; J. M. J. Frechet: Preparation of polimers with
controlled molecular architecture. A new convergent approach to
dendritic macromolecules, J, Am. Chem. Soc.. 112 (1990) 7638-7644.
C.J. Hawker; R. lLee; J. M J. Ffrechet, One-step synthesis of
hyperbranched dendritic polyesters, J.Am.Chem.Soc.., 113 (1891)
4583-45868.
L.J. Mathias: T.W Carothers. Hyperbranched poly(svloxy)silanes,
J. Am. Chem. Soc. . 113 (1991) 4043-4044.
Y H. Kim; O.W. Webster, Water-soluble hyperhranched polyphenviene
A urimelecular micelle?, J. dn. Chem. Soc. . 113 (1991) 4592-4597%,
H. Uehida. Y. Kabe: K. Yoshino: A. Kawamata:. 5. Masamune. Generel
strateay for the systematic synthesis of oligosiloxanes. Silicens
dendrimers. J, Am. Chem. Soc. . 113 (19921) 7077-7074

K.L Wooley; C.J. Hawkear ; J.-M.J. Frechet, Hyperbranched
macromolecules via a riovel double-stage converaent growth approach

J. Am. Chem. Soc. . 113 (1991) 4252-4261.



1.

16

- 9] -

H.B. Mekelburger; W. Jawcrek; F Voegtle, Dendrimere, Arhorols und
Kaskadenmolecule: Aufbruch ZLt neuen Materialien iin
Generationentakt, Angew. Chem., 104 (1982) 1609-1614.

M.V. Diudea; 1.E. Kacso’; O.M. Minailiuc, Y-indices in homoasneous
dendrimers, MATCH. 28 (1992) 61-99

7. Xu; J.S. Moore, Synthese und Charakterisierung eines steifes
Dendrimers mit hohen Molekulargewicht Angew, Chem. . 105 (19972

261-263.

Z. Xu: J.5. Moore, Rascher Aufbau arosser Pheny lscetylan
Dendrimere mit Molekuldurchmessern bis zu 122 5 Nanometern. dAngew
Chem. . 105 (1893) 1394-1296.

C. Woerner; R. Mulhaupt, Pelynitril- und polyamintunktions i iaiorte
Poly(trimethyleniminy-Dendrimere, Angew. Chen. . 105 rlraet
1367-1370.

E.M.M.de Brabander-van den Berg:; E.W. Meijar., Poly(propvlenimin)-
-Dendrimere: Svnthese Hin groesserem Masstsb durch freterogan

katalisierte Hydrierungen, Angew. Chem.. 105 (1992) *370-137

™

. F. Harary, "Graph Theory". Addiscn Wesley. Reading (Mass), 1971

. R.E. Davies: P.J. Freyd, C H is the smallest alkane with nore

167 336
realizable isomers than the observed universe has '"particles",

J.Chem. Educ. ., B6 (1989) 278-781.

M.V.Diudea; D.H. Rouvray, Graph orbital description of dendrimers.
(manuscript In preparation)

I. Motoc; G.R. Marshall, Van der Waals velume fraansnts?

constant, Chem, Phys. Lett.. 116 (1985) 415-41%



