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Abstract. On the basis of distance sums and their contributions to successive
layers around the center of acyclic graphs (trees), around the root vertex of rooted or
planted trees, a sequence of integers is obtained. By applying information-theoretic
formulas, this sequence can be converted intc new topological indexes, IBC and AIBC,
which are much more discriminating (i.e., less degenerate) than previous centric indexes.
Correlations between IBC values and normal boiling points of 73 alkanes (C,-C,) are

satisfactory. A new coding system for rooted or planted trees has been devised.
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Introduction

In a previous paper,' a few "first-generation"? topological indexes (Tls) were
proposed based on the fact that in acyclic graphs (“trees") there is a unique center
consisting of one vertex, or two adjacent vertexes. Since this center is found by deleting
sequentially vertexes of degree 1 (endpoints), the sequence of deleted vertexes (the
"pruning” partition of the number n of vertexes) afforded a simple means for obtaining the
centric index B, as the sum of squares of numbers in that partition.

Despite the fact that B presents a satisfactory correlation with octane numbers of
alkanes, it shares with other first generation Tis a high degree of degeneracy. The same
is true for the normalized and binormalized centric indexes C and C' discussed earlier.

An attempt was made® for generalizing the notion of graph centers to cyclic graphs.
On this basis, centric indexes for any graphs have been proposed. This provides a basis

for computing centric indexes for any graph, cyclic or acyclic.

A new centric informati ological index for tree

We shall start by restricting the attention to acyclic graphs in which no vertex
degree is >4, and we shall call such graphs 4-trees.*

From the distance matrix, it is easy to compute for each vertex {by summing
entries over rows or columns) a local vertex invariant {LOVI) which is called its status® or
distasum.” The halfsum of all these LOVIs for any 4-tree affords its Wiener index (W).”
Like other first generation Tls, the Wiener index has a tairly high degeneracy: for alkanes,
two pairs of heptanes and octanes share the same W values.

In two recent papers, regressive vertex gggrggia and regressive distance sums®

were introduced by considering for each vertex the progressively smaller contribution from
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more distant vertices, as one considers the successive "shells" of vertices around each
vertex.

In this paper we apply this approach to shells around the center of the 4-tree, and
we sum the distasums for vertices in each successive shell, obtaining a sequence of

numbers Q. One obtains thus a vector of integer numbers which constitutes a partition of:

This vector can be converted into a new Tl for information based on center (IBC) with
much lower degeneracy than B, C or C', by applying information theoretic formulas' '

using binary logarithms according to Shannon:'®
IBC = 2W |b 2W - ZQ,IbQ,
i

We devote binary logarithms by Ib, and the conversion from decimal logarithms is:

Ibx - 108X _ 333
x log 2 3.322 log x

The average information content based on center (AIBC) will be:
AIBC = IBC | W

We have chosen to divide by W rather than 2W, so that AIBC values are higher than 1.
Two pairs of examples shall illustrate the procedure. Distasums for two isomers of

heptane are indicated on structures.
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b 16 16
9 13
14
10 18 11 16
i 16 10 11
Q ={10,22,60};, 2W = 92 Q =({10,22,64); 2W = 96
1, 22MMC, 2, 24MMC;

The first layer is the center itself; the second layer has contributions 9 + 13 =

11 + 11 = 22; the third and last layer sums the remaining distasums.
IBC{1) = 92 ib 92-10 |b 10-22 ib 22-60 |b 60 = 114.43; IABC = 114.43 /92 = 2,49
IBC(2) = 96 Ib 96-10 Ib 10-22 |b 22-64 |b 64 = 116.82; IABC = 116.82 / 96 = 2.43

It can be seen that the ordering of 1 vs. 2 becomes reversed for the two Tls.

17 18
15 13 27 16 .
12 2
21 5
1 7 2 4

17 18

Q, = {24,66,44); 2W = 134 Q, = {24,68,44); 2W = 136
3, 33MMC, 4, 34MMC,

In the pair of octane isomers, we have a bicenier which constitutes the first layer: 11 + 13
=12 + 12 = 24; for the second layer one sums distasums of vertices adjacent 1o the
bicenter vertices; for the third and last layer, the distasums of the remaining vertices are
considered.

Table 1 presents the new Tls denoted by IBC and AIBC for all constitutional

isomers of alkanes with 3-8 atoms, as well as their boiling points at normal pressure.



- 59 -
Table 2 presents the same data for all isomers of nonane. Boiling point data are from
Needham, Wei and Seybold's paper.”

The column N, indicates the pruning partition starting from the center outwards.
Taking the order of its entries into account, it offers slightly better discrimination than
indexes B or C, but it still leads to considerable degeneracy.

It can be observed that, unlike W and the previous centric indices B, C and C',
there are no degeneracies of IBC and AIBC for the alkanes in Tables 1 or 2.

When the first numbers of the Q, sequence are equal for twe or more alkanes (such
as for entries 10 and 11, 15 and 16, 17 and 19, 25-27, 28 and 31, 29 and 30, 33 and 35,
as well as for the triplet 32, 34, and 36 in Table 1), this indicates that the numbers of
vertices in the first shell around the center are equal, and that pruning partitions N, are
identical.

It can be seen that the ordering in Table 1, according to decreasing values of IBC,
is not identical to that induced by Wiener's index W, this is evidenced by entries 16-19 in
the heptane isomer series, and by many other entries in the octane or nonane isomer
series. The intermolecular ordering of isomeric alkanes has been discussed earlier by
several authors.'**

It can be noted from Table 1 that there exist differences in the intermolecular
ordering between 1BC and AIBC, namely in increased apparent degree of branching (i.e. a
later place among isomers) for 2-methylalkanes, for 2,3-dimethylbutane,
2,4-dimethylpentane and 2,5-dimethylhexane. Some properties such as boiling points at
normal pressure are markedly lowered by such branching at next-to-marginal positions.

A few comments are necessary conceming Table 2 which includes data for nonane

isomers. Again, no degeneracy was observed, but when both W and the N, sequence are
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‘s 1. New centric indexes for isomers  (TI's for alkanes C,-C,).

bp (°C)
No. Alkane Q N, 2w 18C AIBC  Exptl. Calc.
Propane:
1 C, 2,6 1,2 8 6.49 162 -4207 2433
Butanes:
2 C, 8,12 2,2 20 19.42  1.94 -0.50 1.10
3 2MC, 3,15 1.4 18 11.70 1.30 -11.73 0.18
Pentanes:
4 C, 6,14,20 122 40 5761 288  36.07 2922
5 2MC, 11,25 2,3 36 3196 1.78 2785 26.42
6 22MMC, 4,28 1,4 32 17.39  1.09 9.50 2474
Hexanes:
7 Cs 18,22,30 2,22 70 108,67 3.11 68.74  58.02
8 2MC, 8,18,38 1,23 64 8595 267 6027 5594
9 3MC, 7,28,26 1,32 62 5849 189  63.28 53.19
10 23MMC, 14,44 24 58 4624 160 57.99 51.89
1 22MMC, 14,42 2,4 56 45.44 1.62 49.74 51.80
Heptanes:
12 C, 1226,32,42 1222 112 21071 376 9843  89.10
13 2MC, 23,27,54 2,2,3 104 15366 295 9005 8550
14 IMC, 21,42,37 23,2 100 15293 3.06 9185 8545
15 3EC, 9,36,51 1,33 96 128.19 267 9348 8354
16 23MMC, 9,36,47 1,33 92 12445 2N 89.78 8323

17 24MMC, 10,22,64 1,24 96 11682 243 8050 8260
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Table 1 (continued)

bp (°C)
No. Alkane Q N, 2W  IBC  AIBC Exptl.  Cale.
18 33MMC, 8,48,32 1,42 88 11635 264 8606  82.56
19 22MMC, 10,22,60 1,2,4 92 11443 249 7920 8239
0 223MMMC, 17,67 2,5 84 6104 145 8088 77.33
Octanes:
2 G, 32,36,42,54 2222 164 32328 394 12567 116.87
2 2MC, 1532,38,73 1223 158 28412 360 11765 116.00
28 4MC, 13,49,3850 13,22 150 27949 373 11771 11586
24 3MC, 14,30,58,50 1,232 152 27923 367 11893 11585
25 3EC, 26,50,68 23,3 144 21416 297 11853 113.18
2%  24MMC, 26,51,65 23,3 142 21231 299 10943 113.06
27 23MMC, 26,50,64 233 140 20970 300 11561 11292
28 25MMGC, 28,32,88 22,4 148 20393 276 10910 112.60
29 34MMC, 24,68,44 24,2 136 199.69 294 117.73 11236
30 33MMC, 24,66,44 24,2 134 19767 289 11826 11225
3 22MMC, 28,29,79 22,4 136 19042 280 106.84 111.82
32 3E2MCS 11,43,80 1,34 134 16969 253 11565 110.50
3 3E3MC, 10,58,60 14,3 128 16858 263 11826 110.42
34 234MMMC, 11,43,76 1,34 130 16666 256 11347 110.29
35 233MMMC, 10,58,56 1,43 124 16409 265 11476 110.11
3% 223MMMC, 11,43,72 1,34 126 16349 259 109.84 110.07
37 224MMMC, 12,26,94 125 132 14847 225 9924 108.99

38 2333MMMMC, 20,96 26 118 76.91 133 10647 102.81
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le 2. New centric indexes for isomers of nonanes.

No.

Boiling point °Cj

Nonanes Q N, 2w BC AIBC Expd. Calc,
! G, 20,42,48,58,72 12222 240 53267 444 150.80 136.69
3 2MCy 39,43,51,95 2223 228 433.02 3.80 143.26 140.46
3 4AMG, 35,65,51,65 2322 216 42334 392 142.48 140.65
4 3IMGC, 27,41,77,65 2232 210 39146 373 144.18 14104
5 4EC, 15,56,73,60 1332 204 375.10 3.68 141.20 141.11
) 25MMCG, 17,36,69,86 1233 208 37195 3.58 136.00 141,12
7 3EC, 17,36,67.88 1,2,3,3 208 371.24 3.57 143.00 141.12
8 27TMMCG, 16,59,44,85 13,23 204 369.09 362 133.50 4L
9 23IMMC, 17,36,67,84 12,33 204 366.20 359 140.50 14112
10 26MMC, 18,38,44,116 12,24 216 364.84 398 13521 14111
1 34MMC, 15,56,67,58 1,3,3,2 196 362.48 3.70 140.60 1411
12 ISMMC, 16,34,94,60 1,242 204 357.66 3.51 136.00 141.09
I3 22MMC, 18,38,44,108 1,2,24 208 35748 344 132.69 141.09
14 44MMC, 14,76,44,58 1.4,2,2 192 34820 3.63 135.20 141.04
15 33MMC, 16,34,88,58 12,42 196 347.32 354 137.30 141.03
16 224MMC, 31,60,96 234 188 280.12 298 126.54 139.76
17 4E2MC, 31,59,106 234 196 278.67 2.84 133.80 13911
18 3EAMC, 29,80,79 243 188 275.63 293 140.40 13962
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Boiling point (°C)

No.  Nonanes Q N, 2w 1BC AlBC Exptl. Calc.
19 235MMMC, 31,59,102 234 192 275.08 287 131.34 139.60
20 3E2MC, 31,58,103 234 192 27427 286 138.00 139.57
pil 3E3MC, 29,71,78 243 184 270.66 2942 140.60 139.45
n 233MMMC, 29,79,76 243 184 270.62 2541 137.68 139.45
pA] 23aMMMC, 29,80,75 24,3 184 270.54 2940 139.00 139.45
A9 223MMMC, 31,5895 2,34 184 266.86 290 133.60 139.32
25 233MMMC, 29,77,74 243 180 265.62 295 137.68 139.28
% 22SMMMC, 33,37,126 2,25 196 254,14 2.593 124.08 138.86
7 334MMMC, 27,98,51 2,52 176 24695 281 140.46 138.57
28 33EEC; 12,68,96 14,4 176 22374 254 146.17 137.52
29 3E3MMC, 12,68,92 14,4 172 220.19 2.56 142.00 137.34
30 2334MMMMC 12,68,88 14,4 168 216.52 2577 141.55 137.15
31 3E24MMC; 13,50,117 13,5 180 21441 238 136.73 137.04
n 3E22MMC, 13,50,113 13,5 176 211.89 241 133.83 136.91
33 223dMMMMC,  13,50,109 13,5 172 209.29 243 133.02 136.77
¥ 2233MMMMC 12,58,84 14,4 154 199.35 2.589 140.27 136.22
35 2244AMMMMC, 14,30,132 1,2,6 176 182.49 207 122.28 13520
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identical (namely entries 21-23), the IBC and AIBC values appear very close to each
other, therefare AIBC values were computed with four significant digits; also in the case of
entries 26, 30, and 34 it was necessary to have the same number of digits for
discriminating the AIBC values.

It may be observed from Table 2 that the intermolecular ordering of nonanes
induced by IBC values, which was adopted for Tables 1 and 2, is similar for both these
tables: it places 4-methylheptane and 4-methyloctane before the 3-methyl isomers, and
leaves as the last entry in Table 2 the alkane with two t-butyl groups at each end (which

happens to have also the lowest normal boiling point).

Information Tis for cyclic graphs

By generalizing the notion of graph center, as indicated earlier,® one can apply
information theoretic formulas to the sequence Q, formed by summing distasums for shells
around the generalized center. Details for applying this idea will be presented in a future
paper.

rrelation of IBC values with normal boilin ints of ail 73 alkanes C,-C,

For validating the new centric Tl denoted by IBC, we report the results of a
correlation with boiling points at normal pressure for all 73 alkanes with 3-9 carbon atoms.
The following equation was obtained, using alsc the number N of carbon atoms:

bp = -97.75 (+6.60) + 0.1242 (+0.0045) IBC -

- 0.000168 (+0.000072) IBC? + 23.875(+1.419) N,
with the following statistical parameters: 7 = 0.9732, root mean sqare error 6.78, and F =

835.23. The two most serious outliers are propane and neopentane.
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From the data in Table 2, one can see that all entries from 4 to 15 have calculated
boiling points around 141°, although their IBC values range from 347 to 391. This is due

to the parabolic nature of the above equation which flattens for IBC values around 400.

Information ical indi or roo! tr

Rooted trees have cne vertex distinguished from the other ones; when this vertex
is an endpoint, we have a planted tree.

In chemistry, rooted or planted trees can symbolize substituents; the root indicates
the point of attachment to the core of the molecule. In geographical applications of graph
theory, rooted trees may symbolize river basins with the root indicating the end of the
watercourse, e.g. an estuary. If one assigns directions on edges of planted/rooted trees
from the endpoints fowards the root, then rooted trees can model acyclic directed graphs
(digraphs).

If, instead of calculating distances from each vertex to all other vertices, we
compute distances from the root vertex, we can proceed in a similar fashion as for 4-trees,

and apply similar information-theoretic formulas.
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Two examples shall illustrate the procedure.

2
NS N\

X
3
1
[

'S

{8

- hl\g.

5 6

Q(5) = {4,6,8,10,12,14,16}; 2W = 70 Q(6) = {4,12,32); 2W = 48

We illustrate two planted trees 5 and 6 with 17 vertices each, but we ignore the first
shells and we start with the shell grouping verlices at distance two from the root.

Then we obtain:
For (5): IBC = 70Ib70-4Ib4-61b6-81b8-10Ib10-12ib12-14lb14-161b16 = 187.95

AIBC = 2x187.95/70 = 5.36

For (6): IBC = 48/b48-41b4-12Ib12-32Ib32 = 57.05

AIBC = 2x57.05/48 = 2.38

New coding systems for rooted trees
By analogy with ideas developed previously for coding the structure of alkanes,™
one can extend this coding to rooted trees. The basic idea consists in obtaining a
canonical labeling of vertices according to a set of rules, and then to specify sequentially

for each vertex the label of the farerunner vertex, i.e. the unique adjacent vertex with lower

numbering.
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The rules for vertex numbering are as follows: '

1. Number 1 corresponds to the vertex of highest degree (V,) which is closest to
the root vertex.

2. Numbers 2, 3, ..., V, + 1 are assigned to vertexes adjacent to vertex 1 in the
order of (i) decreasing vertex degrees, and (ii) increasing remoteness from the
root vertex, in this priority order.

3. Numbers V, + 2, V, + 3, .., V, + V, (where V, is the degree of vertex 2) are
assigned to vertexes adjacent to vertex 2, with the same priority order as under
item 2.

4. The same procedure is repeated for vertices adjacent to vertex 3, then for those
adjacent to vertex 4, until all vertexes have been labeled with numbers 1 to n,
where n + 1 is the total number of vertexes (the root vertex remains without a

number).

The graph code (GC) results from listing the label of the forerunner vertex of each
vertex starting with vertex 4. (Since both vertex 2 and vertex 3 are always attached to
vertex labeled 1, this information would be redundant.)

This code may be converted into a difference code (DC or differcode) by
conserving the first digit of the GC, and by subtracting each label from the following one.

The two rooted trees which were used for illustrating the preceding section will

again serve as examples.
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Canonical numbering:

is
1y 8 9 y9 112 13 14 IS

5 6
Vertex: 4 5 6 7 8 9 10 11 12 13 14 15 4 5 6 7 8 9 10 11 12 13 14 15
GC: 2 2 4 4 6 6 8 8 10 10 12 12 2 2 3 3 4 4 55 6 €6 7 7
bC: 2 0 2 0 2 0 2 0 2 0 2 0 2 01 01 0 1 0 1 0 1 O

The resulting differcode may be then read as a number, and from it one can easily
retrieve the GC and the structure of the rooted tree. For purposes of reducing the number
of digits in the differcode, which for rooted 4-trees usually does not contain digits larger
than 4, one can read this number in base 5 and convert it into a decimal number and one
can take its decimal logarithm. If, as seen in examples (A) and (B), we deal with rooted or
planted 3-trees, then normally the highest digit in the differcode is 2, so that one can read

this number in base 3 and proceed likewise.
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Three examples follow:

S7
5 4

2,3

1
Vertex 456 7 4567 4567839
GC: 2244 2.2:.3 3 223446
DC: 202¢0 2010 201102
Base 3 2x3%42x3 = 2x3%+1x3 = 2x3°+1x3*+1x3%42 =
Base 10 = 54+6 = 60 =54+3 =57 = 486+27+942 = 524

Of course, if one has large rooted (or planted) trees, and if one wishes to retrieve
their structure, it is necessary to conserve all the necessary information for recovering the
integers DC and GC from the different conversions into various bases and logarithms.

Herndon and Leonard® had previously published a code for chemical graphs which
could also serve as a Tl. In our case, the logarithm of DC can serve for a similar
purpose, but it shares with the analog from the 4-tree case several drawbacks which were
discussed earlier.'® We advocate, therefore, for rooted or planted trees the use of IBC
and AIBC values as Tls for QSAR/QSPR, and of GC or DC as codes for structure input

and retrieval.
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Conclusions
By summing distasums of vertices in shells at progressively increasing distances
around the unique graph center of trees or around the root vertex of planted/rooted trees,
one obtains a partition Q, of the integer number 2W, where W is the Wiener index of the
graph. On applying information-theoretic formulas to this sequence Q, it is possible to
obtain new centric topological indexes IBC and AIBC with low degeneracy, which order
isomeric alkanes in a slightly different manner from previously proposed Tls and from
each other. The index IBC presents satisfactory correlation with normal boeiling points of
alkanes.
A new coding system for rooted/planted trees has been devised by analogy with a
previous coding system for alkanes.
Extension of these ideas to cyclic graphs, ti graphs with heteroatoms and/or
multiple bonds and applications of the new TIs and codes for other types of QSAR/QSPR

will be presented in future papers.
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