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ApsTRACT. In [12], we defined a type of topologically related S and T isomers of
benzenoid systems, and proved that for » = 3, the number of Kekulé structures
in an S isomer is not less than that in the related T isomer. As an immediate
consequence, the x-eleciron energy and resonance energy of an S isomer are not
lower than those of the related T isomer. In this paperr, we prove that the same
conclusion holds for n = 4 and 5. We conjecture that this is true for all » > 3.

I. Introduction.

Isomers, which may be constructed from several subunits 4, B, C,--- by link-
ing them in a different manner, are called topologically related, usually, they
are denoted by § and T, respectively. There are several ways in which pairs of
topologically related isomers may be constructed, each one is called a topological
maodel or type. Many types of § and T isomers were introduced by Polansky, see
[3]. Polansky and Zander [1,13] discussed the topological effect on the molecular
orbitals (TEMO) of topologically related isomers. The comparison of the char-
acteristic polynomials of § and T isomers will indicate that the TEMO has or
does not have inversions. In this paper, we will consider the comparison of the
numbers of Kekulé structures of a new type of § and T isomers. From [7] and
the references therein, we know that the 7n-electron energy (E) of a hydrocarbon
C, H, has the following approximate relation

E =[0.201n — 0.049s + 0.043K (0.795)" ] - E{ben:zene)
and the Dewar resonance energy {RE) can be well reproduced by
RE = 114.3 InK [ kdmol™" ],

where K is the number of Kekulé structures. Thus, our comparison also pertains
to the w-electron energy and the Dewar resonance energy.

* Supported by ECFC
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(Figure 1)
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Qur new type of § and T 1somers of benzenoid systems is shown in Figure 1

In [12], we proved that for n = 3, the number of Kekulé structures in an 5
isomer is not less than that in the related T isomer. For n = 4, we gave the
difference, but we could not see if it i1s always non-negative. In Sections 3 and 4
of this paper, we will show that it is really so.

For terminology and notation not defined here, we refer to [1] and [12].

II. Preliminaries.

Our results mainly rest on the following two lemmas.

Let B be a benzenoid system, C be a cut segment and M be a Kekulé structure
of B. Denote by M({C) the number of M-double bonds intersected by C. From
[12] we have the first lemma.

LEMMA 2.1. For any Kekulé structure M of the S or T isomer, we have
M(Cy) = M(C;) = M(C,) = 1, where C,,C; and C; are the cut segments
shown in Figure 1.

Denote by a; ¢ the number of Kekulé structures of H \ {v.,u;, 1:2}, where H
is given in Figure 1. From the same reference, we have the second lemma.

LEMMA 2.2.

() @i =aLi;
() e =ar;
(115) @ik = Gnoitln—k4ln—j41;
(i) @i =G1ni =ani1 =0
(v) @i 1,n=1 = Gi2,n-
The number of Kekulé structures of a benzenoid system B will be denoted by
K(B), as usual. For simplicity, we will use A" to denote K (A \ {u}), where u is

a vertex of 4.
Since A=A = A" in §and T, by Lernma 2.1, we know

K(S) =Y a; 44" 4% 4"

and
K(T) g Z a“J.kAun—l-tlAﬂ;Aﬂtl

Denote by D the difference of K(5) and K(T'). Then we have

D= Z(d-}._s —@n—it1,,k) A" AV 4%
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III. The case n=4.

THEOREM 3.1. When n = 4, the number of Kekulé structures in S is not
less than that in the related T, 1.e., K(S) > K(T).

Proef. From the calculation in Section 4 of {12}, we know

D =K(S)- K(T)
=20(A“" — A% )2(4:. + .4“’)-{-5(.4“' — A )2(.4"" + A")
+ (404" + 104" — 104" — 404%)(4 A% — 4™ 4™)
154 = AM (A% =AM )(A% 4 A%).

Using the linear transformation

2y = A% — 4%
Ty = A% — 4%
r3 = A"? + AW
£y = A% 4 A%,

namely,
Iy +24
A‘ll - —_—
2
T34 Ts
AYt = ——
2
qus = 3”72
2
Iy —I
Al. = .
2
we get

D = D(r,, &2, 83, 54) =20r3 0, + 53355 + 152,222

+ (401-1 15 10,,2)%:..52_“

=523(rs + 74) + 202323 + T4) + 200, 75(25 + T4)

=5(x3 + o4)(221 + 22)%

Sice x5 = A" 4 A% > 0 and xy = A" + A% > 0, it follows immediately
D>0m
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IV. The Case n=5.

THEOREM 4.1. When n = 5, the number of Kekulé structures in § is not
less than that in the related T, i.e., K(S)> K(T).

Proof. Since n =5, there are 57 = 125 possible a; ; 45 in all. By Lemma 2.2, we
can group them inte 21 groups in each of which the elements are equal numbers.
See the following

Group 1 :ay1,8s5,5;
Group 2 : 231,1,2: G1,2,1, 82.1,1, 05,4,5, #4,5,5, 455 4,
Group 3 : 21,1,3; 61,3,1, 83,1,1, 35,3,5, 33,5,5, 05,5,3,
Group 4 : ay,1,4,G1,4,1,04,1,1, 35,2,5, 32,55, 95,5,2,
a,2,5, 42,5,1, @5,1,2, 35,1,4, €1,4,5) G4,5,1;
Group 5 : 81,23, 82,2,1,82,1,2, 85,4,4, B4,4,5, 04,5,4;
Group 6 : 812,35, @2,5,1,83,1,2, 35,3,4; @3,4,5, G4,5,3;
Group 7 : 01,24, 82,4,1, 04,1,2, 05,2,4) 62,4,5, 04,5,2;
Group 8 : 01,32, 83,2,1,02,1,3, 35,4,3, 64,35, 03,5,4;
Group 9 : @133, 83,3,1,43,1,3, 35,3,3, 33 3,5, 13,5,3;
Group 10 : a1,3,4, 3,41, 04,1,3, 85,2,3, 62,35, 33,5,2;
Group 11 : ai,3,5,83,5,1, 85,1,3;
Group 12 : a1,4,2, 04,2,1,G2,1,4, 05,4,2, 34,2,5, G2,5,4,
Q4,1,4,3Q1,4,4,04,4,1, 92,2 5,82,52, 5 2 2;
Group 13 : a3,43,84,3,1,33.1,4, 05,3,2; @3,2,5) 92,53
Group 14 : ag 2,2, 4,34,
Group 15 : ag23,02,3,2,3,2,2, G4,3,4, 03,4,4, G4,4,3;
Group 16 : a2,2,4,02,4,2,94,2,2, G4,2,4, 32,4,4, U4,4,2;
Group 17 : @33.3,033,2,83.2,3,34,3,3, 33,3,4, 33,4,3;
Group 18 : 6934, 03,4,2, 34,2,3
Group 19 : @243, 34,3,2, 93,241
Group 20 : a33,3;
Group 21 : a1,1,5,82,1,5,03,1,5, 84,15, 05,15, 81,51,
a1,5,2, 01,53 31,54, 31,55, 85,1,1, 45,2,1,

a5,3,1,d5.4,1,355,1-

The numbers 1n Group 21 are equal to 0. By the recurrence relation K(B) =
K(B —e)+ A(B -—u—v)and some known Kekulé structure counting formulas,
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see [7]. we obtain that

a1 = 980,ay,1,2 = 1470,ay,1,3 = 1176, a,,3,4 = 490,
a1.2.2 = 2450, 41,33 = 2352, 41,24 = 1470, 43,32 = 2156,
ay,3.3 = 2352,4ay,34 = 1764, a4 35 = T84, a, 4,0 = 980,
G143 = 1176,83 22 = 4410, a; 3 3 = 4508, a5 4 = 2940,
ay3,3 = 5096, a3 5,4 = 3920,a343 = 3528,(1;,,3’3 = 6272.

We oniit the detailed calculations, and get

D = K(§) — K(T) =980(A" 4 A% J[(A% — A% )2 4 (4" — A**)(A" — 4“1)]
+ 245004 AT — A% AUSY[(A™ — AV ) 4 (A% — A4
1470(A%2 + A" )[(A% — AU )(AY — 4%1) 4 (42 — A")7)
+ 15684 (A% — A")[(AY — A") + (4" — 4")]
+ 490(A% A — A% AM)[(A™ — A%) 4 (A" — 4")]
+ 15684% (A% — A%)[(A% — A% ) + (A" — A™)]

Using the similar linear transformation as above,

T = A¥' — Aus
Ty = A% — A%
T3 = A"
Ty = AYT 4 A%
zy = A% +AMA,
namely,
T 5
A% = ———=
2
uy _ T2 1 T4
A" = =
A¥ = I3
- Ty —Z2
AY = ___‘_3,.__.
Ly — Iy

Av =221
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we can obtain

D =D(zy,13,73,74,75)
=080r1z5(z1 + T2) + 1225(21 + 22)(T2zs + £124) + 1470x274(2)1 + 22)
+ 1568ra(z1 + :2)2 + 245(z1 + 22)(T124 — T235)
=x5[980x, (T, + T3) + 1225x{xy + T2) — 2452,(2; + 3)]
+ r,[1225(z; + x3) + 147025(z; + 23) + 2452, (x; + 23]
+ 1568z5(z) + 23)°
=(980zy + 147074 + 156823)(z) + T9)°.

Since
T5= A" + A >0, 2, = A¥? + A% >0, 73 = A >0,

it follows that D > 0.1

V. Conjecture.

we have proved that K(§) > K(T) for n = 3,4 and 5. This supports us to
conjecture that K(S5) > K(T) foralln > 3.

Acknowledgment: The authors wish to thank one of the referees for sug-
gestions which are helpful for improving our English.
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