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Summary: 4 polynomial algorithm is presented which in many
cageg ylelds the orbits of an undirected, connected, finite
digraph. The algorithum has been programmed in Turbo Pascal
and checked with many examples.

1. INTRODUCTION )

An automorphism of a graph G = LV,E] is defined as & bijec-
tive mapping @ : V + V, a permutation of the vertices,
which always transmits edges into edges l.e. which trans-
formg G into itself. The set of all the automorphisms of G
forms a group E1J . Related to this group is a partiticn

of V into classes, called the orbits of G. Two vertices

X, YEV belong to the same orbit if and only if an auto=-
morphigm existe, which transmits x into y. Therefore an or-
bit exactly includes all thoge vertices which have the same
properties relative to G. In this sense the orbits can be
regarded as the "Tinest classification" of V.

It was shown in [ZJ that the following two decision problems
are polynomially equivalent:

(1) Given a graph G and two of its vertices x,¥y.

Decide: Are X,y numbers of the same orbit of G 7

(II) Given two graphs G =[TV,EJ and G' = [V',E'] , each of
which has n vertices and m edges. Decide: Is there an iso-
morphism & : V -» V' which transforms G into G' ?

Knowing the orbits we can eagily determine automorphisms of
the graph. If the orbite ol {fwo graphs G, G' are known it



ic omot divricult to daecide, whether or not they are izomor-

¢y and igoiorphisms can be determined expliciuely il de-~

red.
sach necblens aleo occur in chenietry, for instance when
izomers are studied, or it one hae to examine whether or
not a given structure is already containecé in a databace.

pbug to thiz equivalence of problems, algorithme are wanted
which are capable of determining the orbite of a given
graph. The present paper is intended to make a contribution
to this problem. An algoritim is presented (divided info
rour subalgorithms) which is polynomial in time. Tt was
applied mawy times to a comprehensgive class of graphs
(characterized in the following), and in all caseg the or-
tite were found. But up to this time no complete proof
could be given. Therefore the algorithm etill nust be cal=
led neuristical.

in the rollowing the four subalgorithms are described. i=
gure 1 shiowe nov the individual parte co-operate.

2. gubalgoritiua Ts 1

\ie assume that graph G = [V,ﬂ] is given, where
Vo= i, = {1,4,...,n} is the set of vertices and i the set
01 edges. Let my ) be the set oz all vertices, the distance
of which to vertex i i A, i =4{i} . We will call u;)
the "level A of vertex i*. If 1, ie the highest level, then
. &) & Fi - i ' : g
sy £ @ tor 0 At 1is and sy = @& for /\)li. Let my\ o
the cardinality or “il .
dow we foruw tlie sequences
" o
W= Gip ) 0w 2= gy ) (1)
A=o(1)1, , i€l
are called "eduivaleal oi 1zt stage" if
« By this relation a classgilication
the classes of which nay be arbitrar-
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A
A KH,...,I-(“C]} : (2)

Obviously, an algorithm Ti I, perioriing these operationg

(=5
(&)

polynomial in vinee

3. subalgorithm A IT

Now the case ft having more than one class is conzidered
(k ’). starting fron «&1, ve sucessively produce a zequen-
ce

;gz (&'r) ¢ 8= 1019, (3)

< - . v o
= ro-‘l clagsification £r+1 is finer than

where for 1 s B
(fr. The sequence obviously ends after at most n-2 steps

£ ae
(r, =n 1
The equivalence relation correspending to the claseiiication
Ct“ iz called "equivalence of stage r". The sequence ,?' is
generated by subalgorithm T4 II, which works as followg.
Assume that clagsification (ﬁ' has already been produced. The
classes of ﬁr may be arbitrarily numbered from 1 to Kr,
£’r = {‘{rl’ Kr2""’Krkr} « iow each vertex § is assigned

a label q?:

-k = JEK,, - (4)

ifter that, in each m A the vertices J are substituted by
the labels q,., thereby transforming the setg i.ii) into fa-
o
milies Fi-\ . W/e then have for each vertex i & ln a gequence
>SN o _ -
e oe= (T) 0 A= u(DLy (5)
of li-:-‘l familieg instead of the lormer zequence 'HL = (LiiA )s

™o vertices i,] are said to be "equivalent ol stage r+1"



= A9 s

it and only ii‘dwvz - aufg ; 1 and j will then belong to the

game clase within the classification 6?r+1 (this is also va-
lid for r = 0). As loung aa dtr+1 ig finer than dtr (i.e.,
al least one class K?k- of ﬁfr ig divided into at least two

L 1
clagses of m‘r+1) the procedure is repeated. Finally we get
a classification
¥* df :
&= =4{K K, _yanigk (6)
Ls { I'01' 102’ S rokoj

with at least two classes.

After Th II is finished the second part of subalgorithm T4
III follows, see also figure 1. The two sections of TaA III
will now be described.

4. Subalgorithm TA IIT

We consider the case of claseification dt1, gencrated by

TA I, having only a single class. As can be seen from figu-
re 1, TA II is not applied in this case, because it would
yield nothing but this single class again.

‘t1 = {K11f means that all vertices i1 € I, are equiva-
lent of 1st stage, i.e. AM»E =M ?, Vi, j e I, see (1).

Thereiore, in the case under consideration, each sequence
QTLi has the same number 1 of levels, and

[ug | =] s,p| =eve= | Boxl 5 =0(D2. (D)

such a praph is called "regulor in distance”.

The sequence of levels q"a = (mio,...,mil) can be regarded
ags a claggsification of V due to the relation "equal distance
to vertex i". For a graph which is regular in distance we
therefore have a gystem of n classifications

SI = {mp{mzo"'smny (B)

ag g starting point for a subalgorithm TA 1II which could be
able to refine Jtl' TA 1I1 is divided into two sections the
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firet of which will now ke described.

4.1 Piret part T4 1II1

starting from 5, for each vertex 1 & I, a epecific echens Di,
and from thie a conjugated clsgsilication '}i is generated.
vatrix ot = (d& ) correspording to vertex i is congtructed
as eghown in tigure 2:

FIGURE £:; structure of matrix Di

vertices ol G vertices of] vertices of

ordered corregponding level 1, level A ,

to the levels of 1 arbitrarily arbitrarily

ordered ordered
—_— 2 & &
Mio| iq i\ by

£

vertices of G 1

in natural 2 .

sequence '

i| o A Avwns 4 . it
n
Element d; liee in the croseing point of row & ana the

column of vertex B. dﬂﬂ = 8, if vertex & is a number or

level “B (ana vertex B a number of d )+ Obviouely, d¢“ =Q
and dﬁB = dﬁa . liatrix D* can be regarded ag a nodified ad-
jacency matrl}, the latter being represented by the 1-ele-
ments in DT. Finally we asslgr the sequence (hio,u11,...,“ll)
as the "top row" to matrix D*. Within the sete 1A the ver=
tices can be ordered arbitrarily. For grephe regular in di-
stance the following property ie characteristic. ilet A be
an arbitrary element ol I, = {0,1,...,1} « ken, in csacix

row aad in each column of Dl, ié IJ, A oceurs i, times.



Jocates vne game column etands under {the same vertex 6 oi e
vojr cow 1n eash oY it is suificient to etorc‘l)] and all the

Loy 2ove ouly. Mrom this data all mairices D* can be obtainsd
ting the colunmns oi D1. The coluwan under vertex § in
the Top row denotes in which levels of B all the other verti-

levele of k in which the vertices of the top row exist.
Guing vt a partition }i ot V is formed and assigned as a
claggirication to vertex i. To thie end we use the criterion
"equality ol rows". Two rows Jj,k of p* are said to be equal
it aud»only ir under each eegment il \ of the top row ihe
rowg j and k coincide in the numbers of O0-, 1-,...,1-cle-
nentes we then say that in ' the vertices Jsk have "equal
rows" or "equal row patternv.

he resulting classification %i correlates with a certain
vertex i, i.e., to each vertex i é& I, a partition of V is
asvigned. In such a case it is called a "1=t kind claveifi-
cation" (r.k.c.). On the other hand a partition ot V, which
doeg not correspond to a certaiu vertex, is called a "Znd
Zind clazszivication" (s.k.c.)}. For example in T4 I the mi
are i.k.c., whereas &1 ig a s.k.c.

seturning to T4 IIIM, }i is in general iiner than mi pro-
duced by TA 1. We then have a new system of r.kK.c.

831 = {}1’062""’31;3 (%)

in P4 I the pertinent s.k.c. was &1 (which in the case un-
dor coagideration has a single class only).

Wi 1II1 algo leads to a s.k.c. using the criterion “equality
i partition". 1wo partitions 39 %;i are zaid to be equal
ii and only iy there ie a bijective mapping oi the classes

Ji %i LG tuoge ow }., <o what every itwo corrcsponding clas-
are equal in cardinality and in row pattern. The g.ke.c.
gotaived in this way is denoted by f .

JouCe It

the nwsbering o1 the classes in apy ¥e now
i
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ectablish zome rulez (cee table 1):

PiBLE 13 Systows .o, 5o 0Ff fokec. (#.21, Vie1,)
T ———— HE J.I e p4 8

vertex i W . 3, i

1 i.;10 L{H e Ly Z10 Z.” e Z'II‘1
2 M20 m21 cee by ZZO 221 ces erz
! gy Sy
i Lﬁo ;&1 cve mil Zio 211 cer Liri
n o .;Im cee iy Zno f—— Zm_n

I A O m i A B ; .
In all cases 4;, _{J.} . The other clagmes Ljqsees,Zy, can

be numbered arbitrarily, but ensuring that, if i 33-1 are
equal in partition, every two corresponding classes have the
game second index. Then the following is true. If two clas-
geg correcpond to one another, then they have the same second
index, but if the second indices are equal, the classes do
not necegearily correspond. I ri=i, Vi & In’ we call SII
e reproduction of Spe Then ﬁ*.—_ £'1, i.e., the new s.k.c.
also has only one class, no refinement hasg resulted irom

T4 III1. Otherwise SII ig finer than 51 and ag a consequell-
ce ot*haa at least two classeg. Jote that each new class
obtained from TA III1 is entirely contained in one ol the
old classes of Sq, i.e. the old classes always are junctions
ot new classesg.

As just mentioned the s.k.c. fff resulting from TA III1 either
again has only one class or gives a refinement in parti-
tioning V. In the first case, the subalgorithms described

in the following also are not able to find any finer clasgssi-
fication, the analysis oi the graph cannot be coupleiec with
our algorithms. In the other case, vihere E*has at leagt tw
claszee (resulting from D4 III1 or Zrom Pi II), a zecond

70

part or Tia III ie applied. o can be czeen in iiguve 1, ihe
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branches TA 1 ~ TA II and TA I - TA III1 of the whole algo=~
rithm converge at this point.

4,2 second part TA IIIZ2

To gimplify matters TA III2 is described here by means of an
example. Pirst we number the r classes of d*arbitrarily by
natural nunbers:

&= LBy Bresngie § (10)

/
It is obvious that in a (posgibly existing) f.k.c. 3 i
which ig finer than i only those vertices can form a class,
which lie in the same class also in dt¥ . Therefore a finer
partition can result from i by cutting each class zij in
turn with all the classees of dt* . Let us look at an example,
where G has 15 vertices. Aessume that from TA III1

31 ={Z10,---,Z135 ={{1& ’ {2,3,4,5,6,7} ’ {8'9& )
{10,11,12,13.14,15}}

wag obtained, and that the corresponding s.k.c. is

ﬁ*={;:1”‘,,..,1<;3 & {{1,5,55 i Dsseaman agk ; L%,
{158, 146,13 ).

The cutting procedure then yields the following finer parti-
tion [rom 3—1 :

35 - {09, 159, L3y, Laead, oy, Loy,
L1088, UEY {14,155}.

!
Note that the sequence of classif in 3 1 is uniquely fixed
by the numbering within }'1, ﬁ and the cutting procedure
deacribed above.

verforming the same procedure with all 31’ i=1(1)n, leads

to a new syetem sil of fekeCe & SiI ig either equal to

511 ("reproducting of Jll") or can be finer than SII’



e AR

it the last
tion" to st
I

3

cage, applsicg the criterion "equality in parti-

a3
a3

i
obtainec. Paking
¥ */ ‘ g
€&, 3, = 31, e (1)

the procedure described above iz repeated until

[o]

1 8 LW BefeCa i

Sty = Brpe
Theu Ta III2 is finiehe‘d. The final recults may again be
¢enoted asg Sy 3i’ 05: .

Note that, if the branch T4 I - P4 IT - T4 IIIZ is usged,

the clasgifications (dni take the place of i

Atter TA II12 is finished the procedure is continued by
subalgorithm T4 IV, described in the following section.

5« subalgorithm T4 IV

One can see from the following description, that after all
subalgorithm T4 1V ie nothing but a modification of T2 III.
It starts with the system of f.k.c. 511 and the s.k.c. ‘gt’
obtained by TA IIIZ2. Now the tirst operation is to number
the clasges of S.LI’ i.e. of the f.k.c. %'p ag follow; In
the clags congisting of vertex p itself is alwaye
denoted by number 1. 41l other classes are nuubered arbi-
trarily in succession, but the following rule has to be

obgserved: If the classifications B are equal in

partition, every two corresponding claseiqmust have the
gane number. After nuwnbering the system shall be denoted
asg EII' Now for each vertex i & In a "label column vec-
for, (lec.ve)" w'l ig formed,

wlDT (wsi) e wii)), i=1(1)n ,

where wf{i) i1g the number oi that class in 3}: to which
vertex i belongs. Therefore the conmponents oif vector w(2)
state the classes of the different classitications }k’
k=1(1)n in which vertex i lies. With the help of these
l.c.ve we now form 2 "label" scheme, (l.s.) Ai tor each

vertex i. AT = ((‘:}lch is & matrix (analogous to »*  in



W III) Gith n41 rowg and v(i) columns, where v(i) ieg the
aumbey ol usighboure of vertex i in G. At is arranged ag
the top row (k=0) containe all the usighbours of
voertex 1 (in an arbitrar{ order), and under each uneighbour j
the partinsnt l.c.v. w(J) is located. Therefore it iz gufti=-
cient to store all the l.c.v., the sets of neighbours are

_ollows:

already given by the levels hi1’ obtained in Ta I.

sg already mentioned, Zsi takes the place oI Di in TA II11.
Therefore in an analogous manner the criterion "equality of

rows" can be applied and yielde a f.k.c. ; for each ver-
tex i, which is =ither equal to 3—1 in the old esystem SII
or is a relinement of 3-1. 4s long as a refinement occurs

for any the procedure is repeated.

i
Let be Er the system finally obtained.

0
AN SekeCa E. is generated, as in TA III1, ueing the crite-
rion "equality of partition".

Concerning the form of Sr and dt ,» the following cases are
o
possible;

(1) Sr consists of n different f.k.c., and therefore
0

has n classes. Then each single vertexz ot G also ie
an orbit of G

(11) Er congigts of n equal f.k.c., and therefore dz

lias a ¢ingle clase. Then G has only one orbit, viz.
the complete set V of vertices.

(iii) 5, coneiete or at least two and at most n-1 diffe-

(¢} —

roent feke.co o Then every c¢lase or d? is an orbit of
G

#3 already mentioned at the beginning a complete proor can-
not be given at this time. llany examples have been treated.

F e
Tie algorit

nae aucceesaiul in all caseg without any ex-

zption, whei all levels produced by Wi I were divided into

o, L1 = 5, AV




Jigure 1:

yes

R

Flow gheel or tie completoe alporithm

Ta L = d?

1
¥

lias &‘1 more than
one clase ?

yed

oA III1 = K¥
no

T4 II = &*

¥
n L = 3
r4 III2 > &, Brg

A IV
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i i
o

1

Have all levels pro-

duced by @4 I been re-

fined ?

ne

of graph G

The classes oi the <2nd
kind classitfication & are
identical with the orbits

The levels not refined
must be ifurther exami-
ned to find thkeir or-

bits
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icloxat, ol the slgorithu

1
Lalili

)

SILTH

i

1)

<)

3)

]
el

0§

I
Wik

fhe

1)

ailly o roupgh estimation concerning the running time of the
sowitive will be made (the demand ior memory ie not congide-
2
J e

I: The iollowing operations muet be periormed:

detablishing the syetem §. o I.k.c. qﬂli, i=1(1)n:

Vertex i itself gets nuwnber 0, ites neighbours number 1,
tie n2ighbours oi tnese number 2 and so on. Using a list
ol edges U(uz) steps are gufiicient to find the levels re-
lative to vertex i. since there are n vertiices, O(nj) is
an ﬁpper bound ror determining all lcvels of SI'

Calculation oi the sequences 4wa§ , 1=1(1)z:  In each
clags of 51 the members have to be counted. The cxpense

: 2
ie 0{u") .

Determination of the s.k.c. £r1: To find the classes of
df1, we have to compare %(n—1) vectors mg. since n is
the maximum number of components, this step of Thi I is
limited by O(n°).

Humbering the claeses within éb1 is a process with 0(n).
summarising the demand of TA I yields 0(n”).

II: vle suppose that by T4 I the levels of SI are storcd
the toril or a liegt (containing n2 natural numbers):

[:41)] ...lug)[ {2482y ... {,.iﬁz); eee {ngful®) ...[1,1}({2){.

il isg applicable it Ti I yields at least two classes.
n the tollowing operatione mwet be performed:

The clemeuts of the clagses of 51 have to be gubstituted

z ) the efrort

, i < o
Ly the corresponding class numbers ol &
)

being  O(n



2) bomg1.;son ol the gequences of Tamiliee to get the new i
SeKeCo d’r+1' #or every two sequences the demand is O(n )
In the worst case z(n-1) guch palws have to be compared.
Therefore gtep 2 iz ol order O(u Jw
It followg that Ti II ag a whole is limited by O(n Ye

III 1 IMleceseary arrangementa:

Forming matrix b* demands O(na) steps, thererore O(n3) ie
the order for arranging all matrices.

=y

B
~—

2) Application of the criterion "equality of rows". O(ng)
comparisons of vectors with n component i.e. O(n”)
steps, are necessary for each b , 80 O(n ) resulte

3) Determining the g.k.c. dr*with the help of the criterion
"equality of partition" analogous to (2) in T4 II, leads
to the demand O(n").
ks a whole we have O(n") as an upper bound for 74 III 1.

1I1 2 Operations to be done:

Pl
=

-
~

Cutting the classeec of Sy7 v1ith those of ‘? results in
a demand of n-O(ne) = U(nB).

x
2) Building up the new s.k.c. & , analogous to (3) in
P4 III 1, leads to 0(n%).

3) It may be necessary to repeat the operations just men-
tioned, which gives 0(n’) az an uppayr dound or i IIL 2.
o
It follows that Ti III as a whole is limited by 0(n’).

T4 IV: Decauge this subalgorithir egsentinll, ie a modiiied
torm ol T4 III, O(HD) can also be piven az an upper houwil.

Pinally, it can be ciated ihad the whola olgoritis: (9i I-IN

P A,

presented Lere ig of tha ordex O(n’) and tTherciors a _oly-
nomial one.
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civelly a2 osxample ior the application o1 the algoritis

Geeeribed avove will be pgaven:

»aph O ie gdven by its adjacency list, see table 2.

vertex neighbours

<
@
s

tex neignbours vertex neighboure

1: 4,410,13 1M: 4,9,12,17 21 2,14,20,25

2t 3k 12,21 12; 2,11,13,28 22: 10,14,23,29
33 2,4,5,16 13: 1,8,12,26 23: 19,22,24,27
4 1,3,11,14 14: 4,15,21,22 243 9,23425,28

1 3,0,10,25 15: 14,16,19,27 25s 5,18,21,24

N 547,8420 16: 3,19,17,20 261 13,17,18,27
s 152,618 17: 11,16,26,29 27: 15,23,26,28
St 0,9,13,29 18: 7,19,25,26 26:  12,24,27,29
G 8,10,11,24 19: 15,18,20,23 29: &,17,22,23
102 1559522 20: 6,16,19,21

Pabls Z: Adjacency

[
|-
0
ot
o
=
]
k=]
j=2
L2

3
T4 1 yield a 2.k.c. ¢-1, the four classes of which are
siven in table 3a.

clace clage K14 corregponding sequence
number 1 - m ©
1 11,4,7,10,13,14,17,18 (1,4,12,2)
21,22,25,26,29 ¥
z &2,3,5,5,6,9,11,12 3 {1,4:12,11:1)
3 145,19,23,27% (1,4,10,12,2)
4 {16,20,24,28% (1,4,11,12,1)

Table 3a: Results of 74 I

Hecaugo ér1 nag more than one class, Tia II must be applied.

¥
inie rezults in & new s.k.c. & with o classes, cee table 3b.
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clasag ienbzre ol c¢lass 1 claue wemberg o1 clags i
nuuber 1 nwiber i

1 1 5 34659,12

2 %5 T, 10513 6 25,8511

3 17,21,25,29 7 15,19,23,27

4 144,18,22,26 8 16,20,24,28

Table 3b: Results of T4 LI

Application of T4 ITI 2 and TA IV finally yields the orbite

of Gs

L1y {2,105 {7,13% {3,9% {e,2% {17,25% {21,29% {14,22%

{18,26F f2,8Y {5,111y {15,234 {19,27% (16,24% (20,28Y%

In thig example there is only one nonidentical automorphiem

of G, viae.

15 16 17 18 19 20 21 22 23 24 25 26 27 8
23 24 25 26 27 238 29 14 15 16 1T 18 19 20
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