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Atstracl: The directed tree structure of the set of Kekulé
structures of essentially disconnected benzenoids is studied.
We deline an operation @ on directed trees Ty T?, cos, and Tn.

1t is reported that the directed tree of the set of Kekulé
structures of an essentially disconnected bengzeno:d can be
obtained by operating on the directed trees of the sets of
Keknl? atructures of the effective units of the essentially
disconnected benzenoid.

In this paper we consider the set of Kekul® structures of
an essentially disconnected benzenoid. In order to simplify the
discussion, a benzenoid is to be placed on the plane s¢ that
two edges of each hexagon are parallel to the vertical line.
The sets of three circularly arranged double bonds in a hexagon
of a given Kelkul® structure (see Fig. 1) are called proper and
improper sextets, respectively.

proper sextet improper sextet

Fig. 1

The sextet rotation R is defined as a simultaneous rotation of
all the proper sextels in a given Kekul® structure K into the
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improper sextets to give another Kekule structure K'=R(K)(see
Fig. 2)

K R(K)
Fig. 2

Let B be a benzenoid and represent every Kekul® structure
K of B by a vertex (point) v=v(K); draw an arc from v(K') to
v(K") if and only if K"=R(K'). It is known thal the resulting
graph is a directed rooted tree T=T(B),where the "root" v, of
7 (which has outdegree zero) corresponds to the unique Kekul®&
structure (the root Kekul#® structure KO) of B which does not
have any proper sextet L (ef. Fig. 2).

An essentially disconnected benzenoid is a Kekul®an with
some fixed bonds. It consists of two kinds of parts: effective
units and junctions 3. The effective units are normal benzenoids
i.e. benzenoids without fixed bonds. In the following we study
the relationship between the directed tree of an essentially
disconnected benzenoid and the directed trees of its effective
units.

Let T1 and T2 be two directed trees. Vi and Ai denote
the point set and the arc set of the tree T (i=1,2), respec-
tively. We say that T is obtained from T1 and T2 by an opera-
tion @ if

V(1)= {(vyuv,) | vye v and v,ev, ]

and there is an arc from point (vi, vé) to point (vq, vg) if
and only if

(1) there is an arc from v; to V? in 'I‘1 and there is an

arc from V5 to Vg in Tz; or
(2) vi=vy is the root of the tree T, and there is an arc

from vé to vg in the tree T,; or
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(3) vy = v4 is the root of the tree T, and there is an
arc from vi to vq in the tree Ty-

An example is shown in Fig. 3.

@ @ © ®

T=T1®T2

Fig. 3

Let B be an essentially disconnected benzenoid. In the
following we use B1,B?,..., Bn to denote the effective units
of B.

Theorem 1 Let B be an essenlially disconncetled benzenoid with



- 290 -

two effective units B, and B,. Then we have T(B)=T(B)DL(B,).

Froof. Since B is essentially disconnected and B1 and B2
are effective units of B, each Kekul® structure K of B cor-
responds to a pair of Kekul® structures K1 and K?, where Ki is

a Kekule structure of B, for i=1,2. Suppose that ik carresponds

i
to Ki (i=1,2). It is reasonable to use the pair (VI'VZ) to de-

note the point of T(B) corresponding to the Kekul€ structure K
of B. This means that the point set of T(B) is as follows:

v(®) ={ (vy,v,) | vy €v(D,) and v, € v(r,)}
Agsume that (v{,v5) and (vq,v%) are lwo points of T(B), where
v{(vg) corresponds to the Kekul® structure K! (KH) of B; (i=

1,2). It is not difficult to see thal there is an arc in 1(B)
from (v;,vé) to (vq,vg) if and only irl
1) R(K;) = KY and R(Ké) = Ky ; or
(2) K} = Ky is the root Kekul@ structure of By, and
R(Ké) = Ki; or
(3) K} = KY is the root Kekul® structure of B,, and
R(K]) = K.

These statements are equivalent to the following:
(1) There is an arc from Vi to vy in T(E1) and there

is an arc from v} to vi in T(Bg); or

(2) vy = v} is the rool of T(B1), and there is an arc
from v} to vi in T(Bz); or
(3) vy = vy is the root of T(B?), and there is an arc
] n o1 [
from v! to v4 in E(B1).

Therefore, by the definition of T(B1)GQT(B2), we have
2(8) = ()@ 1(B,) -
The proof is thus completed.
In the following we give an example. The two effective

units 31 and B? are shown in Fig. 4. We assign to each Kekul®
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structure a number for 51 and B,, and a pair of numbers for B,

2
ag shown in Fig. 4. It is easy to see thal T(B1), T(nz) and

T(B) are just T,, T, and 1 in Fig. 3, respectively.
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Fig., 4
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In general, an essentially disconnected bengzenoid may
have more than two effective units. Therefore, we define an
operaticn on directed rooted trees Ti' T2, ceey I (nz2).
T(V,4) is said to be obtained from L (V,,A,), T5(Vy,A5),...,
Tn(vn,nn) by operation ® if

v = {(v1,v2,...,vn)l eV, i:l,?,...,ru}
and there is #n arc frow point (v{,vé,.‘.,vﬁ) to point
(v§,v4,...,v1) if and only if the set {1,2,...,n} decomposes
into disjoint sets I, J (i.e., IUJ = {1,2,...,n} , INJ =§ )

where 1 # ¢} such that for each i€I, there is an arc from v!
to vg in Ti’ and for each j€J, va = vﬁ is the rcol of Tj'
With the above operation ® , we have the following theorem
generalizing Theorem 1.

Theorem 2 Let B be an essentially disconnected benzgenoid with
effective unites B1, BZ' iy Bn. Then we have

T(B)=T(B)®T(B,)® ... ® T(B).

Proof, 8dince B is an essentially disconnected benzenoid with

effective units B1, Bg, Sileiid Bn, each Kekul& structure K of B
corresponds to a set of Kekuld structures K1, K2, e Kn,

where Ki is a Kekul® structure of B; for i=1,2,...,n. Hence we
denote the Kekule structure of B by Kn(K1. Koy =vny Kn)’ Let
T(nj)aTi(vi,Ai) be the directed tree corresponding to B; for
i=1,2,...,n. Ascume that Ky corresponds to vievV, (dmd ;20w o8]
It is resonsble to denote the point of T(B) corresponding to
ltelkul® structure Ke(Kqyy Kopeeoy K) by (v1, Vor eees vn). By the
definition of T(B) there is an arc in T(R) from point

(vi, v4, «vv, V') to point (v}, v5, ..., VI!) if and only if

(KY, K4 .o, K:} = R(K!, Kby aev, Kﬁ). The above equation
implies that KY = R(Ki) for im1,2,..., n. It is not difficult
to see that Kg - R(Ki) - K{ if and only if Ki is the root
Kekulé structure of By, or equally, v{ = v is the root of
T(n,). Similarly, K! =R(K!) L K! if and only if there is an arc

from v! to vg in T(Bj). Let I denote the set of such i's



= 293 =

satisfying Ky = R(K!) # K!, and J the set of such j's satisfy-
ing K% = R(K"].) = Ki. Rvidently, I §, INJ = ¢ ond IUJ =
{1,2,.,.,n},Then for each i€ I there is an arc from v{ to vy
in T(Ei), and for each je€J, vﬁ - vﬁ is the root of T(EJ).
Now vy the definition of operation@, we have

©(B) = (D) @ T(B,) @ ... DI(B,).

Now we give on example. Let B be the benzenoid depicted
in Fig. 5. It is an essentially disconnected benzenoid with
three isomorphic effective units Il‘, Il2 and B;. It is easy to
get the directed rooted tree T(Bi) (i=m1,7,3). By Theorem 2 T(B)
is Just T(B1)® T(B;) ® T(B) (Fig. 5).

®
o

Fig. 5 2(B)=1(B,)@1(D,)®"(Ds)
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We denote the length of a longest directed path in a
directed tree T by L(1). Note that L{U(B)) is the mwaximum num-
ber of successive rotations needed to reach the root Kekul®é
structure of B. The following theorem describes the relationship
between L(1(B)) and the L(T(B;)).

Theorem 3 Let B be an essentially disconnected bengenoid with
effective units B1,E2,...,Bn. Then we have
L(T(DB)) = max { L(e(m )
181,204 ot
The proof is left to the reader.
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