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ghstragk. In the present study , Ffirstly a generalized,
McClelland tvoe %V foermula has been derived then an angle &
is defined . Topeoclogically variable upper and lower bounds

for cas %%_are obtained and then used to get an approximate

formula fer E_ .
7

1.Inkroduction.

Total F~electron energy { Eﬂr! is one of the most
important pieces of information about a cenjugated molecule
which can be cbtained from simple Huckel molecular orbital
(HMO) calculations (1,2) . The investigation of general
properties of Eﬂf has attracted the attention of many
researches and a great deal of sffort has been made to derive
rigorous upper and lower bounds of E_ (Z-18) = The

McClelland s formula was the first of such bounds (3) . There

are nowadavs verv manvy known bounds for the total ﬁcelectron
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energy {(ii-14) . A svstematic studv of all these approximate
formulas revealed that thev are mainly based on numher of

vertices. number of edoes and number of Kekule’ structures

Let En be an n-dimensicnal Euclidean linear space
20,21y and vectors A and B defined as.
ﬁ(xi, XE,....XH) Bililenwmunld
Then. the following eguations are true for the scalar product

121,227} of these vectors.

ih, B2 o £2)

where O is the angle between the vectors & and B.
Mow, suppose G is an undirected planar graph having r
rings. e edges and N vertices such that N is an even number
{ N =2n ) and the decree { di) of every vertex of G is |

di & 3 ¢ a Hickel graph {23 } ) . Furthermore , let P({X} be

the corresponding characteristic polvnomial with the leading

-

coefficient 1 24 }

pex) =Nt w e a kv gy 3

Dencte the graph eigenvalues by Xi’ Koe  wmaes XN {counting

multiplicities). Feor alternant hvdrocarbons the following
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equations hold ({25, 26) .

E =23 X (4)
s )
M/Z
e= 3 X{ (S
i=1

By using eguations (2). {4} and (S) cne obtains,

E = 2 Yne cos B (&)
i 7
Obviously, eguation (&) leads to McClelland’s upper bound for

Erenergy {3) (eauation 7) if one considers that cos G&é 1.

Eg 2 ]/n'e (7}
/e

A lower bound for [ 0
T

n

len

Theorem 1. For alternant hvdrocarbons having e edoes and 2n
2
vertices, cos G%,is preater than (( e + 2 V‘aq }Y/en )"/".

Proof. Sauaring both sides of egs. (4) and (6} and then

eguatina to each other. ane chtains

N - n 5
}'_'xf+2‘£x. X. = ne cos® = (8)
i=t i<i ¥ 3 7

inserting eq.5 into ea.B and solving for cos Bi '

n
cos c;= \/ e + 2_}:_xi X ;¥ /ne (9)

n
On the other hand. 3 _ X; Xy term present in eg.? can be
i<i
expressed as



U3 8. X 12 222 o = 3
(2. X X, ¥ = };‘xixj ORI X X, X X (10

n
i1} b k]

=5
inserting  o_ X;X7= a;  (13) into eq.10 one gets

idi
n 2 n
¥. ) = 2 1
(_};xi X; n, + 23K, KK X (11}
143 idj
k<l
Hence .
n 1/2
X. X » a, ! (12}
T
inserting ineg.12 into 2.9 , ane gets
cos G \/te+2 \agi/me =L (13)
Note that ineq.13 holds for N 3 2 (Appendix I)
fn upoer bo for zos E;7.
Theorem 2. For alternant hvdrocarbons having e edoes and 2n

; 172
- { 2
vertices, cos B-connot be greater than {( e + 2 maq)/ne)

where m is given by eg.14 .
Frogf. Let Em be an m—dimensional Euclidean space {20.21)
and vectors € and D defined as

C{ X, X

n X

X X A

rs n-1 "n

2 s
D fp e swe 5 13

where Xl’ XE, i Xn have the same meaning as stated above.

Hote that .m is the number of components of vectors C and D.

It is given by ea.14 .

m= ¢ n2 - ni2 (14

Then. the scalar product of vectors C and D becomes
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n
€. =3 _ K, X, (15}
11
{C.D) = \{ma4 cos o (14}
Inserting ea.16 into eq.?
cos G”-_ = \[ (e + 2 ma, cos Y} /ne 17
which leads to inen.18 ( see appendix II).
cos [3'?7;6\/(&*-2 ma, }/ne = U (18)

Mote that bv using ineg.1i8 and ea.4 one gbtains the same
upper bound for Ey‘which was previously reported based on a

different approach (13).

Eslimstion of cos & .
7
The inspection of cos Q} values of alternant

hvdrocarbons reveals that they are closer to the upper bound.
[ R Hence . 1if cne takes 2 special type of mean of
averages, alwave keeping the upper bound constant , then
gradually a walue 1ies cbtained which should be a better
estimate of cos g} than the upper bound. The method is
actually based on iteration of the lower limit. . =
Mathematicallv, the formula can be expressed as
y; = (L2 - nuaset (s

where . ¥y is a new lower bound for cos %;. In the next step
it is added tc the upper bound .U . and devided by 2, hence i
which is the number of iterzticns in eq.19 has to be an
integer. This process is repeated until a lower bound very

close to cos 9% is reached. Of course . the methed remains to
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The methcd presented abowve. enables one to estimate Ejr
energies bv using en.& which in form resambles the
McClelland's formula. GSince. the apporoximate value of cos G-
{ea.22) iz the function of the leower and the upper bounds
which have a common feature that both of them are expressed
as certain functions of n. e and ay : then the present method
ie  almost compatible with McClelland’s approach as leong as
the topclogical parameters are concerned. Mote that
calculaticon of 3 is a straightforward precess for alternant
hvdrocarbons (13) (see appendix I ).

Table 1. displavs the enact gy, values of certain
zlternant hvdrecarbens together with the approrimate values
4 EA ) obtained . By the inspection of table 1, one cbserves
that EA values are in most of the cases very close to the
real ones and error is less than S%.

Tables 2 and 3 tabulate the exact %7 and EA values of
some arbitrarily chesen alternant hvdreocarbones tegether with
some lower and upper bounds . respectivelv. One cbeerves
that EA values are less than zll the upper bounds (table I }
in all cases whereas, agreater than all the lower bounds
ftable 2 } except in few cases.

The suppericritvy of the present method lies in the fact
that a topoclogically variable value .cos Bh . {eg.&} is
used instead of a constant fzctor .0.92 . of McClelland’s

approach (3.17) .
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Since. in the oresent treatise. cos q; is estimated by

the topocleogically variant upper and lower bounds { 20,22 ) .

it is enpected that the estimated E values should

7

approximate E better than McClelland’'s lower and upper

bounds.

fuprosimate {EA) and real (E ) +tptal J-electron energy

o

values of some alternant hvdrocarbons.

il o, S TR
Butzdiene 4.472 4.472 Q.00
2-Yinvlbutadiene Pk b &. 700 1.8%9
Decapentaene 12,510 12.05a6 3.76
Cvclobutadiene 4,000 4,000 Q.00
Stvrene 10.503 10.424 3. 75
Stilbene 18.992 18.878 G. 60
Triphenvlene 25.337 25.274 0.25
Hiphenvl 16.393 16£.382 0.08
I-Vinvlihexatriene ?.73% 2.44%5 3.32
2.3-Divinylbutadiene 9.4633 2.331 3.23
Z.4-Divinviheratriene 12.384 11.924 S.85
Dichenviens 16.872 16.504 222
Octatetraens 7.878 7.514 3.80
Fropenyl 2.828 2.828 0.00
Trighenvlmethvl 25.428 25.800 1.44

Tri-m~bishenvimethvl
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On  the other hand, there have been manvy attempts to
estimate the coefficient ,2 . in the Mcllelland = formula,
al ZHe ) 2 %  function . $4N) ., given by  fiN} =
(M/2Y 370 M5 - 1)) is ueed to estimate the value of a (23
which correspends to cos g% value in the present studv. Table
4 tabulates the rezal cos %} values of wvarigus alternant
hvdrocarbone together with the estimated cos e;values {namels

cos Eh Y and F{(N} . It is evident that generally cos Ba

[

values obtained by using eg. 2 are suppericr  to £ IN}

values.

-

Iabile 2
Comparision of EQ values with %r,and various lower bounds

for certain alternant hvdrocarbens.

Molecule B (27) E Some lower bounds
4 i a b c d

Benzens 8.00 7.95 7.72 8.00 6.93 7.866
Hashthalene 13.&8 5 7 12.71 13.48 11.&88 11.5S
Anthracene 1931 12.57 17.3% 18.69 16.53 15.17
Phenanthrene 19.45 12.57 17.90 12.04 1&6.53 146.21
Fvrene 22.51 22.75 20.33 21.80 19.13 17.47
Triphenvlene 25.27 25.33 23.25 24.70 21.39 21.50
Fervlene 28.25 28.5¢0 253.25 27.13 24.00 21.37
Curcnene 34.57 34.890 3t.14 33.32 29.28 27.83
Ovalene 44.50 45.78 41.23 434.24 39.47 34.77

From. > Ref.{3), ° Ref.{15),
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Table 4

The real f(cos %} }, the estimated {cos Bﬁ! and £ IM}

valuss of various alternant hydrocarbons.
) wEas %} M cos Bﬁ £ (N 125;__
1.0000 1.0000 1.0000
Q.9128 G.9128 0.8744
2-Yinvlbutadiene 3.8%07 0.9059 2.8783
I-Ninylhevatriene 2.8925 G722 £.8728
Cotatetraene £.8991 0.2334 9.,8728
Benzene 2.942 0.72370 ©.8783
Naphthalene 0.9223 0.928% 3.8703
Pyrene 2.9129 0.92286 0.8677
Fervlene 0.2116 3.7198 3.84671
Stilbene 2.9211 0.9247 2.8682
Coronene G.?110 DTl 2.86467
&,
The generalized McClelland type formula {eg.s&! 1is

helptul to raticnalize the origin cf the factor. a, {which
stands  for cos i in the pressnt studv) in the ficClelland s
furmula. Its lower and upper bounds  (inegs. 13 and 18
rescectivelv) are determined by the certzain tepoleagical
parameters.

The approsimate formul & ’Eﬁ’ {eg.23) reproduces E
valuss guite well {table 1.). The comparision cf Eé and £

valuss reveals that a&lthouoh the former cne is  generally



in most of the cases. it is less than

the upper bounds wrasent in the literature {table 3.).

Since., cos %; ¢ 1, the right hand side of ineg. 13

Since 2, is exnpresssd as (13}

£
Ho = @™ e gld2 3 o= Y o= T <2 (75}
2 { fe e} /2 ) Y Mo —IR, (235}

where , V,, Y. are the number of vertices havino degree 2 and

In =zdditicsn te this, E4 stznde for the

ruunber of 4-membsred rings. Inserting .25 into ineo.2d and
rearvanging one chtains

s

1~ 2/e g n” - 2

Pl a
which is true for & 3 1 , then ineg.13 holds for every

lternant hvdrocarbon moleculs.

Fearranging. one ogets

ioma,

v U T R (26}

beth =ides of inea.Z4 and then inserting eg.14 .
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Inserting £g.25 intc inec.27 and rearranging,
-

’ I % = e Y /2

42 - HVS # 2R4 > i€ en}/2n

Since, for a chemical graph ( Hickel graph),

Vo # V= 2n = ¥
2 3

H
holds then,
Zn -V, + g + R, 3 (e” - en)/2n (28)
I,
2n- W - VLY {e” = en)/Zn {29}

hulds then ineg.28 ie fulfilled.
Let, Vi - 2V, = k and insert it into ineg.29. then one
-

gets

a

=
4n™ - Znk + en — &7 3 0 (30}

sglving for n.

fyp=t-te=-21) illce - 202 + 16 1/8 (31
On the other hand, it is topologically evident that the
maximum value of k is 2 for linear hwvdrocarbons and as the
number of vertices having depree three ( VB) increaes ., valus
of k decreases ( see Fig.1 ). For k=2 , the discriminant of
e9.31 becomes 1722 - Be + 16 . Since.

17e? - Be + 16 ¢ 18e°
for e 3 2 . the positive root becomes n = 9.40e + 9.5. On the
other hand, inec.30 is valid for values cf n which are
areater than the positive reocet { negative wvalues are
chemiczlly meaningless) that ic

2 3 0.80e ¢ 1 (32}
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AP 2

k=1

k=0

PN
\{

Fig.t The topclagical variation of the wvalue of k.

which is a sufficient condition for linear hvdrocarbens. In
a similar wav . it can be proved that for k = i

2n 30.80e + 0.5 3

and for k & O

2n 3 0.78e {34)
Mote that inegs.33 and 34 are valid for svstems having rings
and branches. Although, inegs. 32-34 are much simpler in form
as comparsed to ineg.27 and fulfilled by manv compounds ,the
prioritv has to be given to inea.27 for the test of the upper

whether it is a realistic bound ¢ U & 1}
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