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Abstract. For the success of Aihara’s theory of cycllic conjugation it
is essential that the zeros of the graph polynomial B(G,C,x) are real-
-valued numbers. It has been conjectured that, indeed, for all graphs
G and all circuits C contained in G, all the zeros of B(G,C,x) are
real. In this paper we show that the conjecture is true for the graphs

of the type G(pi.pz.ps.ql,qz,qyr‘).

Introduction

In 1977 two closely simllar, but not equivalent theories of cyclic
conjugation have been independently put forward by Aihara [1] and Bosanac
and Gutman [2,3]. Both were aimed to express the contribution of an indivi-
dual ring to the resonance energy or total m-electron energy of a polycyc-

lic conjugated molecule. Both employed the mathematical apparatus of graph
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theory and both utilised a reasoning based on the Sachs-graph formalism
[4-6B].
In order to describe the basic features of these two theories denote
by G the molecular graph of a polycyclic conjugated m-electron system and
2

by C1’ G ,...,Cr its circuits. Then in Alhara’s approach the energy-effect

of the i-th circuit is measured by the difference
ef (G,C ) = E(0,0,...,0,1,0,...,0) - E(0,0,...,0,0,0,...,0) (1)
whereas in the Bosanac-Gutman approach the respective effect is
efEO{G,Cl] = B[, %0 L Boles o) = BULA e o L0 b 1Y 0 12D

In the above formulas E(tl'tz""'t etk ....,tr) is a total-m-elec-
tron-energy-like quantity in which the parameter tJ is the extent by which
the effect of the j-th circuit contributes to total m-electron energy; if
tj = 1 then the effect of CJ is completely taken into account; if tJ =0
then the effect of CJ is completely neglected [7,8]. Accordingly, in this
notation E(1,1,...,1,1,1,...,1) stands for the actual total m-electron en-

ergy of the conjugated molecule considered.

We note in passing that the difference
E(l, Ly rn X Xilnis 53 ) = BLOG0: o 0500000, i@

measures the overall energy-effect of all cycles in a conjugated molecule;
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this quantity is found very suitable to serve as a resonance energy [9, 10].
The terms occurring on the right-hand sides of egs. (1) and (2) are

computed as follows:

n

E(0,0,...,0,0,0,...,0) = ¥ g x (a) (3)
Pl B
n

E(0,0,...,0,1,0,...,0) = ¥ g x,(8) (4)
=1 J J
n

E(Li 1. oo 1l dycad) ® F @ x.(@) (5)
s
i=1
n

E(1,1,,...1,0,1,...,4Y = £ & s @) . (6)
e

In egs. (3)-(B) gJ is the occupation number of the Jj-th molecular orbital,
corrseponding to the graph eigenvalue xJ(é] [5,11]). Further, xj[u), xJ(ﬂ),

xj[;b) and xJ(n.!l), J=1,2,...,n, are the zeros of the polynomials
«(G, x) = the matching polynomial [12,13]
B(G,C,x) = alG, x) - 2 «(G-C, x) (7)
¢(G, x) = the characteristic pclynomial [11,14]
w(G,C,x) = ¢(G, x) + 2 ¢(G-C, x)

respectively.
For the success of the theory of cyclic conjugation it is essential

that the quantities ef‘A and ef‘Bc are real-valued. This, of course, will be
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the case if the zeros of the polynomials «, B, ¢ and ¢ are real. The reali-
ty of the zeros of the characteristic polynomial ¢(G, x) is an elementary
and well-known result [14]. The reality of the zeros of the matching poly-
nomial «(G, %) has been proved some time ago [13,15]. Herndon discovered
cases in which the polynomial ¢(G,C,x) has complex-valued zeros [16]. This
cbservation eventually required a slight reformulation of the ef‘ac-concept
[17].

The only polynomial in the above list for which the problem of the
reality of the zeros is not resolved in B{(G,C,x). In splte of the fact that
the reality of the zeros of the B-polynomial has been verified for several
classes of graphs [18-20] (among which are all unicyclic and all bicyclic
graphs), a general proof of this property has still not been found. Never-
theless, it has been conjectured that [19]

for all graphs G and all circuits C contained in G, all
the zeros of the polynomial B(G,C,x) = alG,x) - 2 al(G-C,x] (%)
are real-valued numbers.

In the present paper we show that the above conjecture is true for one
more general (infinite) class of graphs, namely for the six-membered
circuit of the graph G(pl,pz,pa,q],qa.qa.r) with arbitrary values of the
parameters pl, P

5 Py 9 4 9, and r.
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The Graph G(pi.pa, pa,qi.qz,qa,r) and Its B-Polynomial

The matching polynomial of a graph G is defined as [12,13]

n/2
alG, x) = ¥ (-D)* mG, k) x
k=0

n-2k

where m{G, k) 1s the number of ways in which k independent (i.e. mutually
non-incident) edges can be selected in G.

For the B-polynomial, eq. (7), we need both the matching polynomial of
the graph G and of its subgraph G-C. Here G-C denotes the graph obtained by
deleting from G the vertices belonging to the circuit C. Whence the degree
of a(G-C, x) is n-|C|, where n is the number of vertices of G and [C| is
the size of the circuit C.

Suppose that the size of the circuit C is an even number and that in
the graph G it is not possible to select more than v = |C|/2 independent
edges. Then the conditions m(G, ») # 0 , m(G, v+1) = 0 are obeyed and

v
B(C,C,x) = x™IC! [ T (D% n(G, K AT - 2] . (8)
k=0
From (8) is immediately seen that B(G,C,x) has real-valued zeros if and
only 1f the polynomial
v
B(G.Cox) = E (-1)* n(G, k) * -2

has real-valued zeros.
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In this paper we consider the class of graphs possessing three inde-
pendent edges (v = 3) and six-membered circuits C.. A diagram indicating
the structure of such graphs is depicted in Fig. 1. We show that the state-
ment of the conjecture (%) is true for the circuits C. and for all graphs

from the class examined.

G =

6(P1,92:P3,q1,q2,q3,r)

Fig. 1

In Fig. 1 the large circles represent sets of mutually disconnected
vertices. The number of vertices in such a set is indicated by the inscri-
bed symbol. Each small circle represents an individual vertex. Hence, the

graph displayed in Fig. 1 and denoted by G(pl.pz,ps,ql.qz.qa,r) is assumed

to possesses R p:’ g, > qz + q3 + r + 3 vertices. For example,

the graph for which p =p =p =3, q =¢q

a i 2=q3=2andr'=‘iispre—

sented in Fig. 2.
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G(3,3,3,2,2,2,1) =

Fig.2

In particular, in this paper we prove that for an arbitrary six-mem-
bered circuit C. of G = G(pl,pz.pa.ql.qz,qg,rl the zeros of the polynomial
,B(G.C'.x) are real for any choice of the parameters A A (1 =1,23),
such that P, z 0, q, z 1, r = 0. By this we generalize a previous result,
reported in [20), establishing the validity of the conjecture (%) in the
case of the graphs G(p,p.p.q9.9.9.7), p20, g2 1, r = 0.

In the sequel we will use the following shorthand notation:

(p,.q,,r) instead of (p,,p,. P .q,,q,.9,T)

a(x) or m(p‘.ql,r]ix) instead of a(G(p“pz,pa.ql,qz,qa,r-), x)

»
B(x) or B(p ,q ,r)(x) instead of B(G(p,.p, P, q,,9,q,r),C ,x)

m_or mk(pl,ql.r) instead of m[G(pi.pZ,pa.qi.qa.qs.r) k).
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Using the above introduced notation, the matching polynomial of the

graph G(pi,pa,ps,qi.qz,qa,r) is of the form

where

n n-2 n-4 n-6

alx) = x -m x +m_ x -m, X
) 2 3

1

P, + P, *+p,+2q *+2q,+2q, +3r (9)

PP, * PP, * P9, * 2P 9, * P9, *2pr +pp, *PA ¢
2
P,dp* 2PA, * 2p,r * 2P, * P, ¥ PA, * 2Pt g =gt
2 2
3,4, + I, YALIE Q) TG WA n g, =gyt
4qr + ar? - ar (10)

pIPQPQ & p1p2q2 % p1p2q3 & plp2r & plpaql % p1p3q2 i

PPgT * P9, 9, * P, T, H R AT+ P9, — 1) v pag, ¢
2P, 9,7+ Pa,r * (e = 1) 4 ppg, + PPA, * PPt
qulqz o pquqa = qu,r * quzq3 62 paqzr * qus(qa =1} »
2p9,r * prir - 1) + pq,(q - 1) +pq4q, +Pqq,+
2pq,r * P99, * P

29,7 * Pgr * par[r - 1) + q1[q1 - Uq2

*a e, - g, + qlq, - e % q,q,04, = 1) + 29,99, +
3q1q2r + q[qe(q3 -1) + Sqiqar + 2q1r(r -1) + qz(q2 - i)qB
+q,lq, - Ur + q,q.(q, - 1) + 3q,q,r + 2q,r(r - 1) +

qa(q3 - 1r + Eqar(r - 1) + r(r - 1){(r - 2) (11)
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-
and m = 0 for k = 4. The matching polynomial of the subgraph G-C is equal
o, -
to x" % because G-C is a graph with n-6 vertices and with no edges.

Consequently, the corresponding S-pelynomial is of the form

_ _n-8 & _ a 2 _ _
B(x) = x (x mox +m, X n, 2)

Whence the question of the reality of the zeros of B(x) is reduced to the
finding the roots of the polynomial
Bo[x] = ao(x] =52
where
3 2

o (x) =x"-m x"+m_ x -m
0 1 2 3

Note that by the Descartes sign-rule if the zeros of Bﬂ(x} are real, then

they are necessarily positive.

An Auxiliary Result

Proposition 1. For any real numbers x and s and for any value of the

parameters P9 (1 =1,2,3), the following relations are obeyed

(1) ao(p1+5.q1.r)(x+s) mD(pl.ql,r)(x)

(i1) B0(p1+s.ql.r)(x+s) = Bu(p‘.ql.r)(x)
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Proof. From the definition of the polynomial ao(x) we have
_ .3 _ 8 2 e
u:o(p!-ws,q!,r)(x] = x moxT 4w X - m (12)

where m° = m (p+s,q.,r). Bearing in mind the relations (9)-(11) it is
k k1 1

easy to see that

m=:=35+m1 (13)
M =3s+2m s+m (14)
2 1 2

m:=ss+mlsz+mzs+ma. (15)

By substituting m: (k = 1,2,3) back into (12) we immediately arrive at

the statement (i). Relation (ii) is proved in a fully analogous manner. -

Dencte by Xr Ky Xy and Yoo Vo ¥y the zeros of the polynomials
me(pl.ql,r](x) and Bo(ps'qi'r)(X)' respectively. Then by using the rela-
tions (i) and (1i) in Proposition 1, we immediately have that x]+ s and
yJ* s, J = 1,2,3, are the zeros of the polynomials ao(pl+s.ql,r](x) and
Bo(p|+s.ql.r)(x). respectively.

We are now prepared to prove the main result of this paper. It is

based on Proposition 1 and the fact that the polynomial «(G,x) has real

roots for any graph G [13,15].
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The Main Result

Theorem 1. For any choice of the parameters P,+4,.T the zeros of the

polynomial ﬁo(x} = ao(x) - 2 are real and nonnegative,

Proof. Let G be an arbitrary graph from the class G(pl,ql.r), and let
s be any real-valued constant. Then the polynomial ao(pl+s,ql.r)(x) satis-

fies the relaticn (12). By taking into account eq. (13) we choose R such

that m1° = 0 .Relations (14) and (15) now reduce to

m° = —(m1]2/3 +m, (18)

n°=2m)327-n n/3+m . an
1 1 2 3

s
By means of the condition nﬁ°= 0 the polynomials ao[x) and Bo(x]

are transformed into their respective canonical forms mo[x) and Bo(x) where
oO(x) = ao[pl,qlr](x). BD(x] = Bc(pi.qi,r)(x]. Consequently, the problem of
the reality of the zeros of ao[x), Bo(x) is reduced to the determining the
zeros of the corresponding canonical polynomials. From (12) it immediately

follows that these canonical polynomials are represented as

8 s
0 " o _ "o
o (pi,qi.rl(x) =X +m x-m
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8%(p .q,, M) (x) = «®(p ,q .T)(x) - 2

s
o

s
Now, if we define A(pl,ql,r) = and B(p‘.q‘.r) = m3° then by

(18), (17), (9), (10) and (11) the following two relations are deduced:

2 2z oz
AP T =By S B B B S BB - BB VRG-SR B

piqﬁ i pqu E quE - 2p2q3 - 2p3q1 % p3q2 ¥ p3q3 *
2

2 2
9, * 9, * 9, - 9,9, - 49, - q9,q;, * 34, + 3q, * 3q,
+ 9r
P e - B 1 el - 2
&7 Blp,,q,:r) = 2p, ~ 3pp, = 3Ipp, ¥ 3pjq, g, * 39, - 3PP,

* 12ppp, ~ 12p,Pq, + EpPY, + EPPQ, - Spipg %
€p,p,q, * Bp,Pd, - 12p,p.q; - Splq? - Bpq,q, *
12p,q,a, + 9,9 + Gpiqz - 6,49, - 18p,q, -
3p1q§ * Sy, 2p: - 3p:p3 * 3p;q1 * 3p§q2 - Ep:qa
- 39293 v Bppya, - 12p,pd, * Bppa, - 3p2qf &

2
12p, 4,9, = BP,9,q; * 9,4, ~ 3,4, - 6p4,q, +

2 3 2 2
9,4, * 6p,q, - 18p,q, + 2p, - 6p,q, + 3pq, +
2 2 2
3p3q3 = Bpaql BpaqlqE 6p3q1q3 1Bp:-lql. 3p3q2
2 3 2
* 12p3q2q3 % gpan 3p3qs ¥ stqs - 2q1 * Bqlqa *

2 2 2 2
3q,q, + 184 + 3q,q, - 129,q,q, - 18q,q, *+ 3q,q,
3 2 2 2 3
2 i 3q2q i 18q2 i aqzqa 18q2q3 zqa

1Bq1q3 - 2q i

+ 1qu + Bar.
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The latter two relations imply

A(pl+s.q1+t.r~+u) A(p..q‘.r) - 3(t + u) (18)

B(pl+s,qi+t.r+uJ B(pl,ql.r‘] +2u (19)

Consider now the polynomial aotpl.ql—l,rﬂ)(x]. Its corresponding

canonical polynomial is

8 B8
o _.3, =o__-%
@ (p,g-1,r+1)(x) = %" + m - x - m

s 8
where r-n;J = Alp,q,-1,r+1) and .'IT'ISO = B(p,,q,~1,r+1). From (18) and (19)

we now immediately get ﬁzo= rn: and ﬁao = mao + 2. From these condi-
tions it follows

0 _ a0

o (pl.q|-1.r+1)(x) =B (p|,ql.l‘)(x] . (20)

Since the zeros of the polynomial ao(pl,ql,r‘)(x) are necessarily real

for all values of the parameters P, =0, q, 20, rz0, the relation (20)

implies that also the zeros of the polynomial Bo(p‘.ql.r)lx) must be real

for all P, = 0, q, = 1, r 20, 1 = 1,2,3. Proposition 1 (ii) leads now to

the conclusion that the zeros of the polynomial Botpl.ql,r)[x] are real for

any choice of parameters pl,ql,r.

This completes the proof of Theorem 1. a
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Let, as before, ¢(G) stand for the characteristic polynomial of a
graph G. If ¢(G1] = ¢[G2] for two nonisomorphic graphs G1 and Gz’ then we
say that G1 and G, are cospectral [14]. Let further 0_ denote the graph

with s vertices and without edges.

Proposition 2. Let q = min {qi,qQ.qa}. Then for any choice of the
parameters P,- 49, T (i = 1,2,3) and any s € {1,2,...,q}, the graph
G(p!.ql.r) v 0s is cospectral with the graph G(p1+s,qi—s.r+s).

Proof. It is easy to see that the characteristic polynomial of the
graph G(pl,qi.r) has the form

_ _n-B 8 _ 4 2 _
¢{G(pl,qi,r).x} = X (x a x +a x a3)

A straightforward, yet somewhat tedious calculation yields:

a
1

n

p. + Pa +p + 2qt + Zqz + 2q3 + 3r

1 3

a2 = p1p2 * plpa * piql i 2p1q2 = p1q3 + 2]311" i p'apa x pqu t p2q2 t
2p2q3 * 2P21"' g 2p3ql * p:in * quB * 2p3r i Bqqu * Bqlqﬂ *

2q1r + Sqaqﬂ + 2q2r + 2q3r

aS = pl p2p3 & p:pzqz % p] qus * p1 p2r t pl qul K p1p3q2 % p] pﬁr ¥
plqlqz s p1q1q3 * plqlr ¥ pquqS i plqﬂr & pzpﬁql . p2p3q3 %
pEPGF e pquqz ¥ quIqB i p‘aqir 4 p2q2q3 * p2q2r + p3q1q2 *
p3q1q3 * p3q2q3 * p3q2F & quBr . 4qil q2q3 ¥ qlqzr * q1q3r #

qzqar E
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If we consider B asa function ak(pi.qi,r] of the parameters P, 4T,

then it is simple to check that for k=1,2,3,
ak(pl+s,ql—s,r+s] = ak(pl,ql,r]

Proposition 2 follows now from the well known facts [14] that ¢[Os) = x°

and 'MII:al u Gh) = ¢(Ga) ¢(Gb) g
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