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ABSTRACT

The isomorphism problem in the framework of the
structure generation is discussed. A new approach
aiming at avoiding most of the isomorphic structures
is suggested.

The graph isomorphism problem following Read' is
"to devise a good algorithm for determining if two graphs
are isomorphic”. However this definition is impractical in
the particular case of structure generation. We shall
re-define it as: "to devise a good algorithm for an a
priori avoidance of generation of {fsomorphic graphs”.

The difference between the +two definitions s
essential: whereas the former implies a comparison of each
newly generated structure with the canonical
representations of the structures previously generated,
the latter leads to a straightforward construction of
non-isomorphic structures.

In the present paper we report a new development of
our structure generation approach2'4 leading to a further
substantial reduction of the number of generated
isomorphic structures.



FORMAL THEORY

Chemical structures are mathematically treated with a
special class of graphs: 7irregular (with vertices of
different degrees, corresponding to atoms of different
valences), colored (vertices corresponding to different
types of atoms) multi graphs (having multiple edges but no
loops).

A graph g = (V,E) is defined as a combination of two
sets: the set ¥V of the vertices (nodes) v, and the set

i
E of the edges e,, where E € V x V . The Cartesian
product ¥V x ¥V may be deemed as producing all the pairs of
vertices (% Ja), As only some of these pairs result in

edges we can re-write the graph definition as follows:
g=(V, F¥xWV (1)

Here £ is an incidence operator which selects only those
pairs (v1,v ) forming edges e,y

There is one-to-one correspondence to chemical
structure which can also be defined as s = (A,B) where A
is the set of atoms g and B is the set of bonds q i

An adjacency matrix |g| can be juxtaposed to each
graph. It is defined as a matrix whose entries obey the
following relations:

9,3 =0

=1 1if (v1.v ) =¢e,, ek

9y 19

gij =0 fif (vi.v.) ¢ E

As we shall discuss bellow other representations may also
be employed.

Let Sn is a symmetric group of operations and U e Sn
then the graph g" is isomorphic to g if |g'| = v.]g|.u"".
The operation U Jleads to equivalent permutations
between two rows and two columns of |g|. For example the
two graphs (a) and (b) with their adjacency matrices in Figure 1
are obviouslty isomorphic. Note that the matrix (b)
is obtained from matrix a by simultaneous permutaticns of



.

rows 1 and 3 and columns 1 and 3. So long as there are N!
permutations in total a combinatorial explosion of generated
isomorphic graphs will result in the generation process.

i j
1— 2 — ? — 4 3—2—1—214
|
6 6
1 2 3 4 5 6 1 2 3 4 5 6
1 0 1 0 O o 0 o 1 0 1 1 1
2 1 0 1 0 0 0 1 0 1 O O ©
3l 0 1 0 1 1 1 o 1 ©0 0 0 0
4/ 0O O 1 O o o 1 0 0 O O O
s| 0 0o 1 © 0 0 1 0 0o 0 0 ©
s|] 0 0 1 © 0o 0 1 0 0 0 0 o
(a) (b)
Figure 1 Two isomorphic graphs and their adjacency
matrices.

To avoid the perception of the isomorphic graphs in
the course of the generation the following approach was
suggested:s'ﬁ‘7

Consider the set of isomorphic graphs 815. One out of
all graphs g € §s is selected as canonical and the
generation process is further directed to generation of
canonical graphs only.

This rule can be expanded to incomplete structures.
Hence the structure examines itself whether the
continuation is canonical or not during the generation
process. Thus, all branches of the generation tree
leading to isomorphic structures are pruned and the
generation problem alleviated.

To achieve this scheme a predicate for canonicity
must be defined. It is usually related to the adjacency



matrix. Thus Faradjiev et af suggested # -dimensional
vector (gs‘.giz,g|3,...,gnn). where n is the dimension of
the matrix [g|, and the entries g, are the matrix
elements ranked column-wise. In this way all the matrices
g € G1smay be compared lexicographically. The greatest
matrix (having the greatest vector) s considered
canonical.

For example the characteristic vectors of the two
structures from Figure 1 are:

| 010000 101000 010111 001000 001000 001000 |
(a)

| 010111 101000 010000 100000 100000 100000 |
(b)

Evidently, the structure (b) will be selected as canonical
in this case. However, in the case of the complete set Bis
other structure may appear canonical.

Kudo and Sasaki®'’ have introduced connectivity stack
as a canonicity predicate. Thus, the relation between the
adjacency matrix elements (g, ) and the position in the
stack & is given by the following correspondence rule:

k=171+(j]- 127~ 2)2
Here again the greatest connectivity matrix is considered
canonical.

This approach shows two substantial drawbacks:

First, all possible permutations of the segments
corresponding to a given component must be carried cut at
this step. Only one of them produces the canonical form.
(For definitions of the notions "segment” and "component”
see ref.7)

Second, as written in ref. T "the method for detection of
isomorphism may accommodate only components which have
bonding sites of single nature”. This makes impossible the
treating of the partial structures (fragments) in the same
manner as the single atoms. They have to be examined
whether or not they are contained in the structure after



construction, 1.e. first combinatorial operations are
carried out for their construction from simple segments,
then a time -demanding substructure search procedure is
applied for their pruning. This makes the whole procedure
too much computationally demanding.

Our efforts to the development of a new method for
structure generationz“ were directed toward the solution
of the above problems:

First, we do not favor the generation of the numerous
isomorphism detection error-and-trial permutations;
Second, the treating of the fragments must be in the same
way as the single atoms and groups, f.e. no combinatorial
operations should be carried out for their construction
and no substructure search procedures used afterwards.

FUNDAMENTALS OF THE METHOD

To implement these requirements into a practical
algorithmic form a different view on the structure
representation and generation and related to them
isomorphism problem was necessary.

First, we consider directed graphs. A structure represented
by a directed graph can be drawn as shown in Figure 2.

H H H H
st b ad s s
H— +C— +C+ee—C+«—0+eC+ e H
1] !
H 3 H H
H— +C+ ée—H
!
H

Figure 2. Drawing of directed graph.

One can see that there are two types of bonding sites
{bss): «— and +. In ref. 4 they were called Saturating



valences (svs) and Saturation Sites (sss). The following
rules can be drawn from the representation given in Figure 2:
(i) all the atoms but the first have n-1 sss. and one sv;
(i1) the first atom has n sss and no sv. Here n is the
number of bss ( free valences) of a given vertex (atom).

One can see from Figure 2 that a chemical bond is formed
from the pair (svi,ss ) i.e. we can define the set of bonds
(edges) as a subset of the Cartesian product E € SV x 3%
where ss € 5% and sv € V.

The atoms forming multiple bonds are considered
varieties of the basic atoms. Thus, carbon, oxygen and
nitrogen atoms forming double bonds are represented as
newly defined =C, =0 and =N atoms, having n = 3,1,2
respectively, and atoms forming triple bonds: #C, #N, with
n=2,1. The are subjected also to the rules i and 1ii.

The practical implementation of our method is
illustrated in Figure 3 with the generation of the
structure from Figure 2. The forming of the SUBS and GRAPH
arrays is presented in Figure 3 (a). Here the first row
elements of the GRAPH array are the bss and the second row
"+ " elements are the free unsaturated valences. The svs
form the vector array SUBS, and the sss a two-row array
GRAPH. Following rule i the first atom has four sss and no
sv, all other atoms providing one sv in the array SUBS and
n - 1 sss in the array GRAPH according to rule ii (n is
the atom valence: n = 4 for carbon and n = 2 for oxygen
atoms). A permutation of the m sss selected from the L (m
=%, amd L = 17 im aur case) SSe withoott repetdition and
their substitution with the m svs leads to a chemical
structure as shown in Figure 3 (b).

A juxtaposing of a first row with a second row element
give the bonding between a sv and ss elements. Thus, all
the mPL permutations of the second row elements in Figure
3 (b) provide the full set of structures.

After the generation of the structure skeleton
(Figure 3 (b)) the remaining "+" elements are saturated
with H atoms (Figure 3 (c)).
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If we have spectral information about the C-H
adjacency, e.g. from off-resonance '>C NMR or DEPT
spectra, the second row GRAPH sss may be filled with H
atoms. Hence the number of sss will be reduced and the
combinatorial problem alleviated.

The reason that we use bss (svs and sss) instead of
single atoms is the need of treating fragments (partia!
structures) as superatoms. Following ref. 8 the fragments
are considered superatoms when they possess any number of
free valences (bss). The inner structure of the fragment
(atoms and their saturation valences) is "invisible™ for
the combinatorial process, only the bss participate in it.
Here the valence of a fragment n is equal to the number of
its bss. The same rules as for single atoms are applied to
them:

iii n-7 bss of each fragment but the first are of the ss
type and one bs of sv type;
iv the first fragment has all its n bss of ss type.

However, a peculiarity in the treatment of fragments,
is that their bss are no more equivalent as it is with the
single atoms and chemical groups. Hence each nonequivalent
bs of any but the first fragments is selected once as sv
while the other bss are sss. Only one of the equivalent
bss must be selected as sv.

Further, in order to reduce the combinatorial
operations we treat the multiple bonds as multiple bond
fragments such as C=C, C=N, C=0, etc., rather than single
atoms =C, =N,=0. They obey also the rules iii and iv.

The treatment of fragments is illustrated with the
generation of two isomers of the gross formula g q ﬂ2 in
Figure 4(a and b). Two fragments: CH(CH )., CH,0 and one
chemical group CH, participate in the generation., The
first isomer (a) is constructed by taking the sv of the
second fragment from atom C and the second isomer, by
taking the sv from atom O (b). Note that the second
fragment has changed its direction from e CH + « 0 to
«— 0 + «—CH.
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ISOMORPHISM TREATMENT

The use of directed graphs reduces the number of
permutations between the bss from N¥! to mPi = L1/L -mt,
where N is the total number of bss, m is the number of svs
and L = (N - m) is the number of sss.

However, a great part of the structures generated in
this manner are either disjointed or isomorphic. The
sources of isemorphism were studied in ref. 4. It was
shown that isomorphism is a function of the automorphism
and the following rule was devised:

To avoid the generation of isomorphic structures any
permutation between bss from equivalent C(automorphic)
atoms must be avoided.

Following this rule two interrelated schemes:
Hierarchical Saturation with Equivalent Svs (HSESY) and
Hiearchical Selection of the Sss (HSSSs) were developed.®

The former consists of a partitioning of the svs
according to the topological equivalence of their atoms:
8 € W1, v € Wz, wivae € Vn- » & € Vn. It was shown

1 2 n-1 1
that to avoid permutations between equivalent svs ni

C

combinations are generated hierarchically between element;
of each equivalence class. Here mi 1is the number of
equivalent svs in the i-th class W and Li are the sss
selected through the HSSS approach from the L - ¥ ) sss

left from the previous saturations. Thus

ﬂ’)‘lc mzc m3 Mn (2)

L° CL=mit Cleprem2tttt CL-Pmn-1
combinations are generated in total. This approach is
illustrated in Figure 5 with the generation of the

structure from Figures 2 and 3.
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Here the svs are partitioned into 2 equivalence
(automorphism) classes (HSESY approach): the former
containing the sole O atom sv, and the latter 5 C atom
SV¥s.

17 sss can be selected (HSSS approach) for the first
level in Figure 5. However one ss of them is at the 0 atom
and it must be avoided because it leads to bonding of the
atom to itself. A1l other 16 sss emanate from equivalent C
atoms. Since we have one 0O at this level only one ss
(according to the HSSS aproach) must be selected and
saturated. Thus, we have only one combination for this
level.

5(:15 combinations will be generated at the second
level of Figure 5, each time saturating 5 sss selected
from the 15 unsaturated sss with the 5 svs. Thus all the
structures are generated.

Note that the structure generated in Figure 5 is
isomorphic to the structures from Figures 2 and 3, but it
has different numbering. In contrast to the latter the
numbering of the eguivalent C atoms in the former is in
alphanumerical order (2,3,4,5), and no combination
violates this order. The isomorphic structure from Figure
3 is due to inverse permutations. Thus the use of
combinations within this hierarchical scheme ensures an
automatic obtaining of the <canonical form of the
structures, the non canonical forms being simply skipped.
The advantage of this methed is that it avoids most of the
trial-and-error permutations generated to determine the
canonical form.

However the number of generated combinations ® (‘;5 S
3003 is still rather large, for such a simple case and
there still remain a number of isomorphic structures. In
ref.4 we solved this problem by employing spectral
information. The '*C - "W direct multiplicity from '>C NMR
spectra provides the adjacent C -H connectivity which
leads to a further partitioning of the C atoms into CH,
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CH,, CH, groups. This partitioning reduces our probltem to
the real case, hence the combinatorial problem 1is
alleviated.

It is obvious that a number of combinations from the
product (2) leads also to isomorphic structures which are
due to combinations of two or more svs to two or more
equivalent sss e.g. from the three isomeric substructures:

?H = T - CH CT - N- CT CH - T = ?H

0 CH2 0 CH, 0 CH,

the first and the third are fsomorphic.

Further we report our efforts to develop a
graph-topological approach to the reduction of the product
(2) hence to a further reduction of the isomorphism
problem.

To achieve this the following generation scheme was
developed:

(1) A1l the atoms are partitioned {into automorphism
classes: s, € W’. s, € W}, ce.om € Wh. This is carried
out by assigning each atom with a LOocal Topological Index
(LOTI). The nature of this index will be discussed bellow.
The svs and sss follows the partitioning of the
corresponding atoms.

(2) The svs are ranked according to their LOTIs forming a
hierarchical system of levels, the greater is the LOTI of
a given sv the lower level it occupies. Only one sv is
placed on a separate level. The svs of the same LOTIs form
a set of classes (cells) of equivalent levels.

(3) The structure generation {s a hierarchical depth
-first procedure of dynamical execution of the steps: LOTI
-determination, sy -partitioning into different levels,
ss—- selection through a modification of the HSSS approach,
and saturation of the sss with svs.(ss- saturation). The
first two steps are carried out only when the program
execution passes from one cell of eguivalent levels to
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another. The modification of the HSSS consists of a
selection at each current level of sss for the higher
level which obeys the following rules:

(i) if the higher and current level are of the same
equivalence cell then the selection of the higher level
sss starts from ss saturated at the current tevel. Thus,
the equivalent svs follow the arrangement that the lower
level sv number is always preceding the higher level sv
number. Conseguently, the generated structures have the
greatest adjacency matrix i.e. they are canonical.

(ii) In cases that the current level and the higher
levels are not equivalent then the ss selection starts
from the first atom, hence inverse permutations between
non- equivalent svs are also generated.

(iii) Only one (from the atom bearing the lowest
number) out of all sss belonging to a given automorphism
class is selected for the next higher level ss -saturation
step i.e. the selected sss are of atoms belonging to
different automorphism classes.

For example, 3 sss are to be selected for the higher
level O atom sv of the substructure given below:

1 2 3
*CH, - CH - CH,+

As the sss of atoms 1 and 3 belong to the same
automorphism class only sss from atoms 1 and 2 will be
selected at this level which will result in the following
substructures:

2 3

1 1
Oi== CH2 - CH - CH2+ + CH_ -

3
H - CH_+
i 2 2

o—an

which are obviocusly non-isomorphic.

The work of our algorithm is depicted with the
flow—chart in FIGURE 6. and exemplified in FIGURE T with
the isomer generation from the gross formula CoH, . The
corresponding matrix representation is provided in Figure
8..
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[ Gross formula Tnput |

[ Input  of Fragments ]
cC =0
repeat

— [ LOTI - determination ]

(sv—partftr'om‘ng. and Tevel ]
ranking

|

T =C+ 1 C-equivalence
v

Tevel cell

E-—‘——r-—-—-;—] i !
ss-saturation ! (ss—saturation] |

1
ss-selection ] [ss-sei’ection]

% 1]
ss-saturation L

ss—saturation

[ IF 7 = highest level THEN —1
ELSE )
| IF no more sss THEN C = C + 1 !
— ELSE n =n -1
Complete structure I
generated
IF no more sss THEN BACKTRACKING
ELSE 1
Le=g-1
————
UNTIL C = O

FIGURE 6. Flow-chart of the generation process. 7 is the
levels rank, C - equivalence ceil number and n -

number of levels in a given cell.
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figure 7 Generation of isomers from the gross formula
CsO1H14. A number indicates a carbon atom.
Number and atom identifier a heteroatom.
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Figure 8. Matrix representation of the generation process
depicted in Figure T.

The only 0 sv at the first level is bonded to the
ist atom ss. Only one ss is selected for the sole O atom
sv, because all the C atoms are equivalent. Next are the
five equivalent C atom sv levels.

Two sss from the two non-equivalent atoms of the
substructure are selected for the second level saturation.
The latter produces two substructures. The former 2—1<T70
provides 3 sss from the two non-equivalent C atoms, and
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from the only O atom, and the latter 1¢— 70¢«— 2, one ss
from atoms 1 (atoms 2 is equivalent to atom 1 therefore
the program selects ss from the atom with the Tlowest
number). In the same way only one ss is selected from the
three equivalent atoms 2,3,4 of the first substructure at
the third level.

Thus, following rules i..iii the program constructs
the full structure in such way that the numbering of the
equivalent atoms follows an arrangement: the sv of the
higher numbered atom saturates the ss of Jower numbered
atom. In case of non-equivalent atoms e.g. the O atom in
our case, this arrangement 1{is violated. Thus the
generation process s directed toward the building of
canonical (having the maximal adjacency matrix)
structures. It should be pointed out though that even in
this case some duplications still appear, e.g. the two
substructures 2—s1¢«—70<—3 and 1e—T70«—2+-3 at the
second level. These duplications are recognized as early
as possible and pruned. Their recognition is discussed
bellow.

CYCLIC STRUCTURE GENERATION

While the construction of acyclic structures might
be independent from the current numbering, the generation
of closure bonds forming the rings depends both on the
equivalence of the atoms and on their numbering. For
example if we take a given spanning tree the rings formed
by two closure bonds incident tc two equivalent pairs of
atoms, might have different sizes. Therefore the following
hierarchical approach for the cyclic structure generation
was adopted:

First, the spanning tree (acyclic skeleton) of the
given cyclic structure is generated following the method
described above, e.g. the acyclic structure generated at
level 5 in Figure 7 may be used in Figure 9.

Second, a hierarchical scheme of generation of






























