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MOLECULAR 1OPOLUGY,9, COMPOSITION RULES FOR SUME TOPOLOGICAL INDICES

Mircea V, Diudea and Irén E. Kacsd
Department of Chemistry, "Babe# - Bolyai" University of Cluj
R-3400 Cluj, Romania

Abstract. Composition rules for the Zagreb, N1 [’.’SGut] , handid ,}f [‘?ESRB.n] "
Wiener, W [A’Ih'ie], Bertz, B [BBBar] and ¥ [QDlJiu] indices, and recursive
relations ror the last two in some particular classes of graphs, are

presented and discussed.

1., Introduction. The fragmentation of & molecular graph and fragmental
topological indices were developed in connection with QSAR studies
[76Kie, B4Bal, 88Uiu, B8Mek] and a theoretical fundament for the frag-
mental invariants is givenm by Mekenyan, Bonchev and Balaban in [saraek].

Thus, the general rule for the fragmentation, stated in [Balflek]:
BFI(F) = I(6) - [IF.I(F) + SIF.I(0 - r)c] (1)
c

defines the external tragment index, EF.I(F), as the difterence in va-
lue between the global index, I(G) and the internal rragment indices for
both the fragment, IF.I(F}, and the remainder of the graph, SEIF.I( -F) ,
which can be a connected (¢ = 1) or & disconnectea (¢>1) ome.
Conversely, the "synthesis" (computer assisted) of a molecule
from precursors would be interested in the composition of the topologi-
cal indices.
Let H1\V1,ET) and H2( VZ'EE) be two precursor graphs which join

together to give a graph G(V,B) with V = V1UV2 and E = E1UE UNE,

2
where NE stends for the newly formed edges.

+ M.1.8. Centricities in Molecular uraphs. The NOLCEN Algoritihm,
M, ¥, Diudea et al. (manuscript in preparation)
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rhe general rule for the composition of topological indices

ne) = 1(}11) + 1(1[2) + E.I(H1,112) (2)

requires the externil interaction between the two precursors, E.I(H, ,H,),
to be anticipated. Jince the summation ol more than two graph indices
I(H1) + K(Hz) £ e ¥ H”k) can be subsequently made as :
{I(H,I) - 1(1-12)] ST I&Hk), ve limit here to the two precursor scheme
Leqed) s

in this paper, composition rules ror some topological indices, ror
which the external interactlon E.I(U1,62J was cerived by us or taken
trom [88Mek, 88Ber], as well as recursive relations in some particular
classes o1l graphs, are presented anc discussed. many examples refer to

the graphs G,I - 04 whose “synthesis” is shown in fig.1.
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PFig.1. The “synthesis" of four molecular graphs
The numbering in @, - G is maintained as in [B8lek] with the aim to
facilitate the comparison between the two symmetric operations : fragmenta-

tlon and composition of the topological indices,
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2. Composition rules for some topological indices

2.1. Composition of the Zagreb index N, [756ut]

i 2
(0 = zdl

€y

.M (H, ) = 2 +1) [saiiex] (3)

z {7, TP o, e

(ipeme &Hy e,
i-i1(G) = M1(H1) + 1\11(}12) + E.M1(H1,H2)

The global external relasion, E.M1(Hi,li2) can be presented as a sum

of "external action" of & precursor over the other one and viceversa, in

the construction of l'l1 index :

E.M1(H',H2) = E.H1(H1/H2) + B, (Hy/H ) (4)

and subsequently (sece [BBuer_]')

2 2
E.M'(Hl/iia) = ﬂus. - d1€H1

5 s (5)
3.l-l1LH2/H1j = d.uj - “aeuz

where & , dc_ are the degrees of the affixing points after the bond
i J

(1))EVE is achieved. Since d;, =d, + 1, from eq.(4) and (5) one obtains
i

the eq.(3) for the global external relation. The composition rule (3) is

examplified on the graphs G, - Gy [Baiﬂek] :
& M1(H1) M1"\H2) E.M1(H1 ,Hz) M1(G)
1 16 6 10 32
2 24 10 10 4
3 10410 24 32 76

2.2. Composition of the Randic index X [T5Rar]

-1/2
X = > (4, x 4,
(1J)€EE
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{{d s 0y + 1)] Z[{(d

E.XL 0, =
(ij)€NE a,i€H,

+|)xdﬂ]_1/ - (a 16)1/2] 2 [[(d {1)xd]

a, J€ll,

- (g = aa)"1/2]] [eatiex ] (6)
)((G) =X[H1) +_)£(112) + E.)C(HQ,HE)

where & represents vertexes adjacent to the affixing points i€ Hl and ;]G_Ha.

The rule (6) 1s exemplified on G,I - GB [BBMek] 3

o | Xay | Xy | e | X

1 2.27006 1.41421 -0,13085 3.553420
2 3.00000 1.91421 -0,07168 4.842535
) 3.82843 3.00000 0.10422 6.932653

Notice the identity between 5.} H, i) and ER,Y(¥) in [oaMex].

243, Composition of the Wiener index W [47Hie]

w(a) = 1/2 E d(13)

(13)ev

B ,H) = 2 > o v +1] (k1€NE (T
1 jem, 36 [ L I

W(G) = H(H,'} + w(uz) + E.H(H1 yH)

2:

where k\l are the afrixing points and dk.'leﬁi\dljﬁﬂz represent the topolo-

gical distance vs, the affixing points, in H1\H2' The cyclization processes
produce supplemental complications, so that we limit here graphs to trees,

For G1 ana G2 one obtains :

G v(u1) WLH,) 5.w(u1,n2; W(G)

1 18 4 43 65

2 27 10 Ba 121
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2.4, Composition of the bertz index B [88Zer]

a
@) =%(21)
E.B(H,,H,) = E (a, +ay) [888er] (8)

(ijjems

B(G) = B(H1) + B(Hz) + E.B(H1,H2)

For 01 - G, one obtains :

3
a aH,) B ) B.B(H, 1)) B(e)
1 4 1 2+ 2 9
2 6 2 2+ 2 12
3 2+ 2 6 4 +1 + 2 22

Notice that the Bertz index, B, is identical with the index of edge adja-

cencles [64Gor] .

2.5. Composition or the Y - index [Qouiul_l

-a(1j)
We) = = b x 10
i,d(1j)€c Gl
=(alky)+1
BLYUCH, ,H) = > [‘-" ¢ 2 Pk, atkg)) * 10 )]I

d(13)€H2

-a(1j)
x 10 + 3 [1.1 + S b(l al13)) x
c‘lUC.'])GH1 d(lj)EHZ ’

dlkj)en,

~tdt13)+1)] -dikj)

x 10 x 10 (9)

¥@) = ¥(H) + Y{Hz) + E.I(H1,H2)

where :
0, 1=}
b(i'd(i.ﬂ) = dj ; 1,366 ; dli]) =

J:dl1j)=const o<dl1j)<d(6)

and stands for the entries in the B (branch) - matrix (the layer
matrix of vertex degrees) [90Diu,'}

bkk,dkkj})\hil,d(l;j)) and d(kj)\d(lj] are the entries {in the B
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and D matrices or precursors, respectively) correspond ing to

the affixing point (k€l \1€l,) rows,

d(G) is the aiameter of graph

For trees, the external (global) interaction or precursors,
E.Yl‘:‘,i ,'1‘2) i3 double of the external (partial) interaction of precursors,

on each other (the same, in this case) :
E.X(T,,T,) = 2 £,XT,/T,) = 2 E.XT,/T,)

30 that the global external relation, E.¥(H H2) becomes

1)
—at kj)) -a(1j)

E.Y(TI,TZ) = 2 E ( S 1.1 x 10 x 10 =

a(13)€T, " alkIET,

=z 2 (LL'& x 10 x 10 (10)

-dll;i)) ~dlkj)
dlkjleT, "all3)eT,

N 3
otice that in eg.(10) the rows bk,d(kj)\bl.dkla) are no more

involved; only the distance rows, d(1j)\d(kj) are needed and only one

term from (G) is to be calculated (by virtue of the operational symmet-
ry). However, if one of the trees, l-l1 and Hz is bonded to a cycle, the
relation (10) loses its validity and the calculation must be made Bcco-
rding to eq.{9). The cyclization processes complicate so much the com-

position of Y invariants, that computations become cumbersone. Fig.2

proviaces four examples of the Y - composition

H, H, BJY(E, /H,) (e
6 EJY(H_ /H,)
5 ‘M° o
4% e W _.." A 1.49343062  24.6995903
3 1.4921841
14,652 7.062 95

Fig.2. Composition of ¥ = indices [90Diu1]
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i, H, E.Y(H, /H,) ¥(6)
B Y(H,/H,)
i 1 8
s = 1.505504 24.921776
6 1.504272
14.652 7.260
5
+ N — y 1.626482  24.965633
1.625151
14,652 7.062
O 3 /k —_— 1.747460 25.405490
1.746030
14.652 T+260

Fig.2. Composition of Y - indices [90viu,] (continued)

3. Composition rules in the construction "point by point" or trees

3.1. General relations

It is of interest to follow the construction ot trees in ad&ing
vertex by vertex and the corresponding construction or the discussed
topological indices. Thus, by adaing a point, P1 (path of single vertex)
to a point, P1 (which can by labeled as a star, K,l 0" ot zero edges),
one obtains the 1>2\!c1,1 tree.

The next aaded point leads to 23\K1'2 and hence the new point
can be arfixed either to a vertex of degree 1 (to give P4) or to one
ot degree 2 (when x1,3 is obtained).

By continuing the procedure of “point by point” construction
the more and more complex trees can be generated, am shown in fig.3

(taken from [88ser]).
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Fig.3. The generation of trees (from [BBHer])
Hext, by keeping in mina that ror an isoleted point (e.g. 91),
the degree intrinsic aistance and I(P‘l) are zero, the above composition

rules eq. (%), (6) — (10) can be drastically simplified :

I(TW,I) = I(TV) + E.I(Tv,1>1) (11
B (T LR =204, + 1) (12)
-1/2 ~1/2
BOUT,2 ) = (4 + 1) + %[[(ai s} za] -
-1/2
-(a; xa) ] (13)
B.B\TV,PI) =4, (14)
BW(Z,P) = > (al1d) + 1) (15)
JeT i
—aiij
E.YLTV,Pt) =2 E 1.1 x 10 (16)

al 1j)ET
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where i denotes the arrixing point and a (eq.(13)) are 1ts adjacent

points.

3,2. Recursive relations

The general relation (11) which calculates a topological index

on the basis ot the preccdent term, can be explicitly tormulated for

some types ol grapns (trees anc cycles).

In this respect we developed recursive relations for the inafces

B and Y as Tollows :
B - inagex

Paths :
Stars :
Cycles :

Complete
graphs

Y - inaex

Paths :

Stars :

Cycles :

Complete
graphs”

BU’V”) = B(Pv) + 1 (17)
B‘K1,v‘+1} = B(K1,v') + ¥ s Vav- {18)
Be ) = Ble)) + 1 (19)
7 v o+ 1
£ B(K\.H—1) il B(Kv) e (V - 2) v
v -3 -V
o R (¢ TS J% 10 +10 ) (21)
Y(K1.v'+1) = Y(K1 ,v‘) + 2111 + 0,11 x v') (22)
ne,, ) (—2]5-]x T I
2k’ = {2k 2k-1 ‘e x 3
Yo, ) = [ 2 ve, ) + 2 x (2%41) 10_k (24}
2x+1’ = \ 77K 2k x &
MK ) o= KK ) + v X103 % v+ 1.9) (25)

The recursive relations (21 - 25) can be used in connection with

the relationsnips that we had presented in [90])11.12] :

Paths :

Stars

v 1-3
YLPV)=2(V—”+:]§_Z4UI-”+2 x 10 (26)
YK y=v'[2 + 0.1 (v + 1) + 0,01 tv' = 1)) (2Y)

1,v*
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Kk 1-j -k
Cycles : Y(2k) =4k x \1+2 = 10 +10 ) ( 28)
Jj=2
kel 1-]
¥aeer) =2x (2 + 1) x (1 +2=>10 ) (29)
1=2
Complete | _ _
v NE) = vx (v = 1) x (0.9 + 0.1 x v) (30)

4, Discussion

As stated in [BaMek]|, an external fragment invariant EF,I(F)
(sctually, the external interaction invariant, E.I(]-[1 ,EZ)) must reflect
the topology of the fragment in the same manner as the correspording
global invariant (topological index) does for the whole graph.

The property we tested was the molecular branching and, from [ig.
2, it is cbvious that the externsl interaction invariants, B,Y, tollow
the trena of global invariants, Y(G). However, this parallelism is pert-
urbed both by the type of precursors and the location of mutual aiffixing
points, The last term also involves two aspects: the vertex degwee and
its distance vs. the local center (s) of complexity. The degree of the
affixing points seems to be declsive In this respect.

Thus in a variant of the "synthesis" of heptane isomers (fig.4),
the 02 fragment can be affixed to show the following E.Y values :
3.1702 ; 2.9524 and 2.7346 (entries 2; 6; 3) as the degree of its affi-
xing point decreases from 3 to 1, irrespectively of the intrinsic comp=-
lexity of its "reaction partper'.

Similarly for the fragment C, : when affixed by a vertex of deg-

3
ree 1, it shows 2,95482 ; 2.73504 and 2.,71306 (entries 7 - 9) whereas
when affixed by the vertex of degree 2 the external values are 3.4320 ;

3.1944 and 2.9568 (entries 1,4 and 5).
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B.Y(H,I,Hz)
/* r 3.43200
. + =
2, /ﬂ s e 317020 /\}/\
3. /‘\- * . i S /{\/\
) r\ 3.19440 )\]/\
4 = =
/l\ k e )\/'\
5. + =
2495240
. N (\ /\(\
T /\T + ~ 2.95482 qN
% /k + N R )\/\/
9, /\. + \/\ 2&. /\/\/\

Fig.4, Construction of heptane iscmers
When one of the precursors reduces to a point, similar regularities
cen be found. In fig.5 we designed the construction of heptane isomers by
edding a point, in hexane precursors, either to a vertex with minimal deg-
ree {path (1)) or to one with maximal degree (path {(ii)), to give one and

the same heptane. The external interactions, in ¥ index, corresponding to



3a

fig.5, are listed in Table 1.
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(11)

+'”/qu_ .t
P PN

PN L N e P e

043y

N

Fig.5. Construction of heptane isomers by affixing & vertex to (i) a

vertex with minimal degree, and (1i) & vertex with mezimal

degree in hexane precursors.

Table 1. Minimal and maximal values of E.Y(T.P1) in the composition of

(G} in heptane isomers

o E.XT,,P,) e,) Y(G) Y(Ta) BY(T,,2,)
nin max
1 2,70600 12,60600 15431200 12, 40800 2,90400
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Table 1. (continued)

2 2.48820 12,60600 15,09420 12419020 2.90400
3 2.44860 12.60600 15.05460 12.17040 2.88420
4 2.46840 12,40800 14.87640 12.17040 2,70600
5 2.66640 12.17040 14.83680 12.17040 2.66640
6 2.46840 12.19020 14.,65860 12.19020 2,46840
7 2444662 12.19020 14.63682 11.95062 2.68620
8 2.44464 12,17040 14.61504 11,95062 2.66442
9 2.44444 11.95062 14.39506 11.95062 2.44444

One can see that path (i) leads to minimal external interactions,
whereas path (ii) gives maximal values of E.X(T,P,). The interaction of
the newly 2dded point with one and the same precursor (e.g. entries 1-3)
is difrerentiatea by the aegree of the affixing point ana its distance
vs. the local branching center. These difrerences we present (for all

tfive topological indices herein discussed) in tig.6 and Table 2.

+o—b/£\/\
“_,/H,\

AN

+0——b(‘\[/\/
+ o—-/k/\,a

¥ig,6, Construction of heptane isomers by atrixing a vertex in

path
1

SERR]

various paths to 2 Me-pentane,
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Table 2. E.I(T,P1) and I(G) in the construction ot heptane isomers star-

ting from 2 .:e-pentane.

path M1 3( : =
IT) EI I(G) EI I(G)[EI I(G)| I I{G) EI 1(6)
m1=20 1 8 28 |0.29060 3,06066) 3 8 |14 46 |2.88420 15.05460
){:2.7700& 2 6 26 |0.41068 3.18074] 2 7 |14 46 |2.70600 14.,87640
B=5 3 6 26 |0.35584 3.125901 2 7 |16 48 |2.66640 14.83680
W=32 4 4 24 |0.53800 3,30806| 1 6 |18 50 |2.46642 14.63682
¥=12.1704 5 4 24 |0,50000 3.27006| t 6 |20 52 |2.44a64 14.61504

In all these indices, EI parallels I, but only the EY ordering

suggests the increasing of activation energy im going rIrom a sterically

nonhindered reaction center to a more hindered one (entries 5 to 1).

Conclusion

The composition of topological indices of a large graph (molecule)

from the indices of its possible precursors is a practical question which

in addition to the fragmentation [Bal"iek] enriches the theoretical and

practical tools of molecular topology.
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