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Abstract. Certain topological upper and lower bounds for

the largest eigenvalue of alternant hydrocarbons are derived.

1.Introduction

The eligenvalue-eigenvector problem of the adjacency
matrix of a graph has attracted the attention of graph
theoreticians over a considerable period of timel. For
certain classes of graphs, within the framework of Hickel
Molecular Orbital (HMO) theory , the graph spectrum can be

solved in a closed analytical form, most frequently using the

symmetry properties of a qraphz. Thus, graph spectral-—

structural analysis was carried out analytically for rinuss,
chainss, stars and other treag 120 etc.
The interval in which the eigenvalues Xj of a

graph lie is limited and given by Frobenius th-ura-2'7.

S e . i= 1,2...N



where, dnax is the maximal vertex degras in a graph.
1,2

Therefore, for the Hickel graphs the whole spectrum lies
in the interval from -3 to +3 . In the linear polyenes and
annulenes the eigenvalues lie in the interval from -2 to +2.
The largest and the smallest eigenvalues of a molecular graph

have been already investigated in some datail.s'q

in the
present study ,topologically dependent alternatives of the

abovementioned bounds are given.

2. Theory.

Suppose, 5 is an undirected planar graph, having v
rinas. e edaes and N vertices such that the dearee (di) af
every vertex in 6 is 1 { d, £ 3 (i.e. 6 is a Hickel

i
qraphl'z!. Furtherwmore, let N be an even number and P(X) be

the corresponding characteristic polynomial ,
N N-1 N-2
Yy = +a X 7+ a, 4 Haa...
PiX X a, X + ay b 4 * * -1 X+ ay 1)

For alternant hvdrocarbons the graph eigenvalues appear in

pairs X . *Xo R . (N and P((X}) can be written in the
1 2 N/2

fora of,

- -
PIX) = (X‘—x‘l‘ POXEXG kT 23

We assume 3 X1 % 12 p HREE T XNI2 - The guantity we are
concerned with 1in the present paper is the largest
eigenvalue, s, Within the HMO theory X, corresponds to the

i 1



energy of the lowest occupied molecular orbital. It is easy

to see that the following eguations hold‘o’ll’iz.
N2
e= 2 Xy 3
i=1
N/Z
a, = xfx? 4)
i<
N/Z .
of = 3 X{+ 2a, %)
i=1
N/2
my = = 3 AR 73
ikt
N2
- X222 o
i< J<k<1
On the other hand, the following holds
N/2 N/Z
$_ x':xz.xi= X‘.;(aq.— xZ(a- xfn 8)
iFi#k » 7 i=1 5
N/2 N/2 N/2 N/2
S_oxhxE a, S xP-ed x4 S xB TH
- 1737k 4 <— "y — i i
iFiFk i=1 i=1 i=1
By using 9.5 , eg.9 is changed into,
N/2 N/2 N/2
S x?xixi: 34(92— 2a) - e xi‘ + x? (10
ifj#k i=1 i=1

Now, squaring both sides of eg.4 one gets,



N/2 N/2 N/2
aZ= > x4+ 25 M2+ 6D
4 =4 3 i3k ’

i<i 1Fi¥k i#3Ek#L

Inserting egs.7 and 10 into eq.li

one obtains,

N/2 r
E: x,x5= Sa; - Bea

143

&

i3 4

N
i /

+ 2e + Lbea, - 2f§fx? - &a

&

i=

Multiplying eqs.3 and & side by saide,

ea, = N !4(3
5 Lo s
a=1
N/2
ea, = a T_‘Y
& qe— "4
1=1

Then «g. 13 hecoamese .,

On the other hand,

x2

2
‘xix

=N

2
xl

2

1§

wne qgets,

and 2ne has,

2 R o
4 @4 £ <a, AHB
?nab + 233

it is evident that,

a

and noting thatl1-

(11)

(12)

(12)

34

(16)

(17)



.
Py
'

N/2 4
E: Xl. Then by using eqgs.16 and S one gets,
i=1

8
. 4 2 2 b _
xl L4 L/a + 4na6 + 2a4 4e a“ Qaa = Xu (18)
X, < \ ez - 2a (19)
1 \ a

The right hand side of inequalities 18 and 19
represent two different upper bounds of Xl of which the

former one is denoted by XU -

N/2 4 4 N/2 4 4
Now, consider eq.17. Since.jn.x X, > EZ:X R oy
== c(— 171
i<d =2
N/2
4.4 2
xlxis ay- 2na& i ZaB (20)
1=2
N/2 a N/2 a Py
Note that, E: . = X, = X . Then ineq.20 becomes,
i= ' ot X
N/2
4 4 4 2
xl(;=;x*— KIJ £ ay Zeab + Zaa (21)

and because of eq.S5 one obtains

2 4 8 ]
(@™ - 234 )Xl— 11$ ay- 2:36 + ZaB (22)

Ineqg.22 can be rearranged as,

8 2 4 2
X‘— (@™ - 2a41x1+ (34— 22;6 + ZaB) > 0 (23)

what implies ,



4 ——— R
2 [a
X, > 0.5(ta“ - 2a,) + \ (e +

Obviously, the raight bhand side of the above inequality

represents a lower bound, Kl for KS‘ Note that, XL is an

upper bound for Xz.
S.Conclusion.
The upper and lower bounds for esigenvalues may be
found by using various topologically irrelevant mathematical
125
approaches . The topociogical bounds Iu arad xl dar ived i the

present wor k astimate the wpper and lower bounda af the

largest eigenvalue X of altarpnant hydiouarbong much hied ber

3

{Tabie 1) . fhe other upper bound euwprassad by ineq.1% is
auch  sasier to avaluaate than X“ {1n@a. 12 ¥ st it %
whiviousiy tess sensitive Yo TopcloQlicel Lhangesn OCOr i Sey
the molecular structurasn. Since ., the coefficients Aomna

may reflect the fine details of the rogolouay of - ¥iMEN

svaetem, X ETIYS I

u ralues should genvrally be differant Far

isomer ic altarnant tedr g ar Lans (see Table 13.
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TABLE 1. The Bounds For The Laragest Eigenvalue, X of

1. v
Various Alternant Systems.

The lower bound, is given by eq.18 and the upper bnund,xu

XL.

by eq.24. The X1 values are excerpted from Ref.14.

s 2 s Ps s ___ %1 *u o 1
/_/ -3 1 o o 1.618 1.618 1.618
/W -5 6 -1 o 1.802 1.813 1.801

_>—<_ -7 13 -7 1 2.095 2.103 2.093
}—C -9 26 -30 13 2.170 2.183 2.151
O -6 9 -4 Q 2.000 2.001 1.997
O/ =T 13 -7 (0] 2.101 2.106 2.0946
OA -8 19 -1&6 4 2.136 2.146 2.127
(I -8 18 -13 1 2.194 2.199 2.18B5
\O/ -8 i8 -12 ] 2.175 2.185 2.165
—O— -8 18 -12 1 2.170 2.183 2.162
)\O -9 25  -25 a 2.193 2.214 2.178
\—O_\ -10 33 -44 24 2.214 2.243 2.1681
O:] -9 22  -i& 1 2.355 2.365 2.350
O:j -1t 41  -65 43 2.303 2.322 2.259
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