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Abstract. The simple topological index of a hydrocarbon is
the product of vertex degrees of the respective molecular

graph. It is shown that two 1somers have equal simple topo-
logical indices if and only if their meclecular graphs have

identical vertex degree sequences.

Introduction
Let G be a graph and vz.va,...,vn its vertlces. The degree
cil = dl(G) of the vertex vl is the number of vertlices adjacent to
v, The vertices of G can always be labelled so that d‘ £ d2 £ Gal
= cil1 . Then the ordered n-tuple tdl.dz.....d“) is called the
vertex degree sequence of the graph G and is denoted by d(G). Two
graphs G and H with equal numbers of vertices are sald to have

identical vertex degree sequences 1if di(G] = di(H) for all i =

1,2,...,n. Then we write d(G) = d(H).
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Graphs representing saturated hydrocarbons (elther complete

molecular graphs or skeleton graphs) [1] have vertex degrees less
than or equal to four. This is, of course, due to the tetravalency
of the carbon atom. Further, molecular graphs are necessarily
connected and, consequently, they do not possess vertlces of
degree zero (l.e. 1solated vertices). Therefore for molecular
graphs d1 = 1 and dn =< 4.

Several topological indices defined via the vertlex degrees
of the molecular graph have been proposed 1n the chemical litera-
ture. A recent systematic examination of these indices has been
undertaken in the paper 2], where also references to the previous
works in this area can be found. Three topological indices which
are fully determined by means of d(G) are M(G), I(G) and S(G),
first introduced in refs. [3], [2] and [4], respectively. They are

defined as follows:

2 2

M(G) = = d (1)
i=1
n

IG) = £ 1/ (2)
i=1
n

S(G) = W d (3)

The quantity S defined via Eq. (3) is called [2,4] the simple
topological Index.

We note in passing that according to Euler’s theorem
n
£ d =2m (4)

where m denotes the number of edges of the corresponding graph.
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From Egs. (1)-(3) it is evident that if two graphs have
identical vertex degree sequences, then their M, I and S indices
coincide. It 1s somewhat less stralghtforward to see whether the
reverse of these statements are also obeyed, namely whether
non-identical vertex degree sequences imply different M, I and S
values.

As a matter of fact, 1t Is quite easy to design pairs of
molecular graphs with non-identical vertex degree sequences,
having equal M, 1 or S indices. Below are depicted the simplest
such examples. Observe that M(Gl) = M[Gz]' !(Ga) = [(G‘). S(GS} =

S[GE} ¢

The natural obJection to the above examples is that they
correspond to pairs of non-isomeric hydrocarbons. On the other hand
the topological indices M, I and S, as well as the great majority
of other graph invarlants considered in the chemical literature,
are usually applled for the study of meolecular propertles of groups

of isomers. Therefore one may ask the question whether there are
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pairs of molecular graphs with equal numbers of vertices and edges

(which correspond to isomers), but with non-identical vertex degree
sequences, whose topological Indices M, I or S colncide.

In the case of the quantities M and I the answer to the above
questlon 1s confirmative. This 1s 1llustrated by the following
examples. By easy calculation one can verify that M(GT) = H(Gs)'

M[Gg) = M(Gm) and ](G“) = ”Gm)' I(GlaJ = I(Gu)'

n %A

&
o1 ’ Gq Gro

GIB GILI

A method for the construction of examples of this kind is outlined

in the Appendlix.



The Main Results

The main results of this work are the following two
statements.

Let G and H denote two connected graphs with equal numbers of
vertices (n) and edges (m). The maximum vertex degrees of G and H

are then dn(G] and dn(H], respectively.

Theorem 1. If dn(G] s 5 and dn(H] s 5, then S(G) = S(H) holds

if and only If d(G) = d(H).

Bearing in mind that molecular graphs have maximum vertex
degrees not greater than four, we arrive at the following 1mmediate

consequence of Theorem 1.

Corollary 1.1. Isomeric saturated hydrocarbons have equal simple
topological indlces if and only if the respective molecular graphs

have lidentical vertex degree sequences.

Corollary 1.1 means that the simple topological Index has the
highest possible isomer-discriminating power among topological
indices based (sclely) on the vertex degree sequence of the
molecular graph. In this sense the simple topological index Iis
superior to other previously proposed indices of the same kind [2],
in particular to the quantities M and I. Thus Corecllary 1.1 can be
understood as a Justificaticn for the usage in chemical studies of
the recently introduced quantity S [2,4]. It also provides an
argument agalnst inventing furhter vertex-degree-sequence-based

topological indices.
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Proof of Theorem t. Denote by n the number of vertices of G
whose vertex degrees are equal to i. It is clear that the numbers

R determine d(G) and vice versa.

2
Suppose that dn(G) s 5. Then

+ + + + N =n 5a
n o+n, +n +n y ( )

n +2n_+ 3n_+4n + 5n_ = 2m (5 b)
1 2 3 a s

2°374 57 =58 (6)

Recall that (5 b) is Just another way of wrlting formula (4).
Since S is a positive Integer it has a unique decomposition

into prime factors, viz.

s=223"5° 7

Comparing (6) and {7) one deduces

n2+2n‘=a (5 ¢)
n,=b {5 d)
n_=c (5 e)

The relatlons (5 a)-(5 e) provide a system of five linear equations
in filve unknowns [n1 to nS). This system has a unlque solution,
implying that 1t is Impossible to find another graph H with n
vertices and m edges, such that d(H) # d(G) and S(H) = S(G).
This proves the "only If" part of Theorem 1, Its "if" part

should be obvious from Eq. (3). -



The below examples G and G as well as G and G show
15 18 17 18
that the value § for the maximum vertex degree in Theorem 1 is the

best possible.

Gy Cys

Note that d (G )= 6, d (G ) =4 as well as d_(G_) = 4,
10 15 10 16 T 17

d (G ) = B.
R )



= P e

The construction of the graphs GIS' G , G _ and G“3 is based

18 17

on the following reasoning.

Suppose that dn(G) = 6. Then instead of Egs. (5 a), (5 b) and

{6) we have
n +n_+n_+n +n_+n =n (8 a)
1 2 3 ] [ 8
nl+2n2+3n3+4n‘+5n5+6n5=2m (8 b)

223%4'5%°%=3 (9)

Bearing in mind Eq. (7) we now conclude that

n_+2n +n =a (8 c)
2 1 ]

na+n9=b (8 d)
n =c¢ (8 e)

Relations (8 a)-(B e) represent a system of five linear equations
in six unknowns (n1 to nB). This system must have one solution in

which n to n_ are non-negative integers (corresponding to the

6

graph G), but may have other such sclutions as well.

Egs. (8 a)-(8 e) imply

nl+2nB=2m—n—(a+2b+4v:) (10)

Frem (10) is seen that if the choice n, = 2p, n, =q satisfies

(8a)-(8e), then also the choice n, = 2q, n,=p will satisfy the

same system. The simplest pairs of non-negative integers satisfying

the system (8) would thus be n = 0, n, = 1 and n = 2, ng = 0.
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Making a further simplification, namely assuming that B = 0, we
easily find pairs of graphs G, H having equal S wvalues but

different vertex degree sequences.

Appendix: Constructl Molecular Graphs with 1 and I

Consider a molecular graph G with n vertices and m edges,
whose maximum vertex degree 1s four. Then, using the same notation

as in the proof of Theorem 1, we have

n +n, +n +n =n (11)
n o+ 2n, +3n +4n = 2m (12)
n o+ 4n2 +9n3+ 16n =M (13)
n o+ n2/2 + n3/3 +n/4 = 1 (14)

From Egs. (11)-(13) we obtain
2n_+ 6n =M+ 2n - Bm (15)
3 4

which means that if n_ = 3p, ne Sy satisfies Egs. (11)-(13),

3
then alsc n, = 3q, b = p is a solution of the same system.

Choosing p=0 and q =1 we immediately arrive at the palirs of

graphs G'r' G_ and Ga' G

8 10
In a completely analogous manner Egs. (11), (12) and (14)

render

4n3 + Sn‘ =121 + 12m - 18n (16)
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Bearing in mind that 12I is necessarily an integer we see that the
system of equations (11), (12), (14) has two sets of integer
solutions given by n, = 9p, n, = 4q and 0. = 9q, n‘ = 4p. The

choice p =1, @ = 0 results then in the examples Gn. (';12 and

Gw, Gu.

It is clear from the above analysis that if the maximum vertex
degree of the molecular graph G is equal to three, then both M and
I are uniquely determined by d(G). In this case d(G) # d(H) would
imply M(G)} = M(H) as well as I(G) = I(H).

If Egqs. (13) and (14) are to be obeyed simultaneously, then
the system (11)-(14) has a unique solution. This makes possible the

formulation of the following result.

Theorem 2. Isomeric hydrocarbons have equal topological indices M
and in the same time equal topological indices I if and only if the

respective molecular graphs have identical vertex degree sequences.
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