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ALL-BENZENOID SYSTEMS:

ADDITIONAL CLASSES OF PERICONDENSED CONJUGATED HYDROCARBONS

5. J. CYVIN, B. N. CYVIN and J. BRUNVOLL

Hvision of Physical Chemistry, The Imiversity of Trondheim,
W-7034 Trondhetim-NTl, Norway

{(Keceived: January 1989)

hbstract: Three classes of all-benzenoids and additional seven related
benzenoid classes are treated. Three dilferent recurrence relations are de-
tected for the number of Kekulé structures (X), viz.

Kn = EK”_l
Explicit K formulas are reported for all the ten classes under considera-
tion.

+ b} £=0,1o0r =1

In our systematic studies of Kekul& structure counts (K) for classes of all-
benzenoid systemsl_3 we have come to the system with 2 (the number of hexa-
gons) = 10 and the smallest X, which equals 100; cf. Fig. 3 of Ref. 1. It
is defined as a member of a class here denoted by AZ(H). The present work
is devoted to the K numbers for Az(n) and several related classes, among
which Ai(n) and A(n) also consist of all-benzenoid systems. Some members of
these three classes are depicted in Fig. 1. The lower members are identi-
fied with members of other classes in consistence with previous definitions

and notation.t’k

It should be observed that Al(n) and ﬂz(n) emerge from
A{n) by a modificatrion on ome end or both ends, respectively. Figure 1 is
supplied with numerical X values for the benzenoids in question. One cbser-
ves lmmediately a regularity for the X numbers of Az(n), say K{hz(n)}. It

is seen that the value is multiplied by five for every increase in # by one
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Fig. 1. Members of the classe



CHART 1. Three all-benzenoid classes

A0

For numerical values, sce Fig. |

unit. We shall find that this really is a general rule. The result was ob-
tained by the method of |inearly coupled rccurrence reiations during a
somewhat complicated analysis. The simplicity of the result suggests that
it could possibly be deduced in an casier way, but we have not succeeded in
this task. In our analysis we found that Al(n) follows the same recurrence
property with multipiications by five; cf. the pertinent numbers of Fig. 1.

It would be a failure, however, to assume the same property for &(n). From



Fig. 1 it is seen that the multiplication of the first number (K = 20) by
five would miss by one; in fact K(A(2))} = SKIACL)T + 1. Similarly one has
KNG = 5KIA(2)F + 1, etc. Also this repularity was found to be generally

valid.,

Definition of Denzenotd Classes. The main classes (cf. Fig. 1) are defined
in terms of the parameter n in CHART 1. They consist of all-benzenoid sys-—
tems throughout,

in order to be able to employ the method of linearly coupled recur—
rence relations we define some additional classes (see CHART 11) obtained
by deleting one terminal hexagon cach time from the members of the main
classes. A terminal hexagon shares five edges with the perimeter. In the
case of '\l(ﬂ) this deletion can be executed in two ways by virtue of the
asymmetry of these systems, namely from the modified end and the unmodi-
fied end. The different classes thus obtained are denoted :\1'(r:) and |A1(")'
respectively. 1f ﬂl(n) is oriented as in CHART I, as may be taken as the

standard orientation, then '

:‘;l(rl) and J'\l'(n) refer to the deletion of a
hexagon from the left- and right-hand side, respectively. The new classes
(CHART 11) are no longer all-benzenoid.

Finally we define the three classes (CUART [II) obtained by deleting
both terminal hexagons from the members of the respective classes of
CHART I.

The Classes Ay(n), A, (), "# () and 1,"(n). By the well-known method of

{ragxm;-ntal:iun5

applied to r".z(n) in two ways cone obtains for the numbers of
Kekulé structures (X):
K[Az(n)l = ZKIAI(n—l)] + X{r*(n-2) 1} (1)
KA, ) = 20008 (=13 |+ kIA* (-1 ) 2)

Here the auxiliary class A*(n) is defined by:

A*(n)

Elimination of A* from (1) and (2) leads to
Klhy o0} = ki, (=)} = 261N (-1} - 2k{"A (-D) ) (3)
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Four benzenoid classes related to those of CHART |

KR ()} = %{9-5” =05

K 00 = 5t

K{Al'(l)} i By

KA o0 = %(99-5"‘2 . 1)

KA () = 11.5%7% 4 5 4

LA ()} NN O LR Ol B{n, o0}
11 5 5
56 25 25 11
281 125 L24 55
1406 625 619 275

7031 3125 3094 1375
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CHART IIIl. Three benzenoid classes related to those of CHART I
A" (n)
ki) = 5™ -
Al"(n)
" o n-1
KA ")) = 7115 1)
I\Z"(n)
K{AZ“(Z)} =B,
KA, ")) = 43(121-5"'3 - 1);
n> 2
n K{A"(n)} k(A" ()} KA, (n) }
1 6 3
2 31 14 6
3 156 69 30
4 781 344 151
5 3906 1719 756
Two additional relations for the same fragments were produced, viz.
X{Al(n)} = 2K{A2(u)} + K{'Al(n—l)} (%)
x{"h b= KM, 0} + k(" (r-1)} (%




It is found that a substitution from (4) into (3) can be made so that Al

and '/ are eliminated at the same time. Hence cne arrives at the following

L
recurrence relation.

] Klﬂz(n)i = SK!AZ(n—l)ﬁ; n o> 1 (6)

With the initial condition K(ﬂz(l)} = 4 (for biphenyl; cf. Fig. 1) it is
attained at the explicit equation for K{AZ(H)] as entered in CHART 1.
We shall show that the other title classes obey the same form (6) of

the recurrence relation. From (5) the following summation formula emerges.
n

Kf'Al(n)J = K{'AI(I)} + E K{Az(i)] (7
i=2

On inserting K('ﬁl(l)] = 5 (for phenanthrene; cf. CHART 1I) and the expli-

c¢it K formula (CHART 1) for hz(i) one arrives at

n-1
KA o) = 5 + 6 Z 5" (8)

i=1

Here the summation is equal to %(Sn_l

- 1) . When inserted above one achieves
the utterly simple {ormula given in CHART II.

The explicit formula for K{nl(n)] is now accessible by inserting the
known explicit formulas into the right-hand side of (4).

For the last ome of the title classes, viz. AZ'(n), one finds from an
another fragmentation scheme for hz(n):

Blhym} = k' (] + KU (e-1) ] (9
On inserting the appropriate (already known) explicit formulas from CHART 1
the explicit X formula of CHART Il for AZ'(n) is achieved (for » > 1).

We emphasize that Az in eqgn. (6) may be substituted by Al' 'Al or A2'.

The Classes ANw), A (n), A" (n) and A"(n). Similarly to (4) and (5) one has:

kihG b = 2xlr o} + KA (-1 ) (10)
KA (n)} = K{ﬂl(ﬂ)} + K0 (n-1) } (11)
From (11) one obtains the summaticn formula
n
KInt(n)} = kAT (1)) + Z K{I\l(i)} (12)
1=2
with K{A"(1)} = 11 (for benzolelpyrene; cf. CHART II) and the explicit for-

mula (CHART I) for K{Al(i)} one arrives at

n-1
KA} = 11 + 9 }:5’“ a3
=1



and consequently the appropriate explicit formula as given in CHART 11.
The explicit K formula for A(r) is now accessible from (10). The re-
sult is entered in CHART 1.
Also the K formulas for the two last title classes, viz. A"(n) and
/\2"(71) are available with the aid of already known explicit formulas from
the following fragmentation schemes.

KAt () | = KIA"(n) ) + Kﬂ'!\l(n)] (14)

KIAZ'(H)} = KMZ"(H)J t K{J‘\]'(n-l)} (15)
The results for K{A"(n)) and for f({f\z"(n)J (n > 1) are entered in CHART 11I1.
The following recurrence relation is compatible with the derived K

formula for A(n).
. KIN) ) = SKiMn-1)} + 1; n>1 (16)

Here A', A" or A2" may be substituted for A. In the case of f\z" the validity

is restricted to n > 3.

The Classes I\l'(n) and Al"(n). We shall find a third type of recurrence pro-
perties for these two title classes.

The explicit formula for K{.’\l‘(n)l is now easily found (for n > 1)
from the fragmentation scheme

K{A](n)? = KU\l'(n)) + KlA(n-1)} an
The result is entered into CHART TI.

The formula for K{/\l"(n)} is found from either of the following two
relations.

KA TGy ) = KA D)+ KA, () (18)

KA ) b= kA G0 b+ BLA (nm1) | (19)
The result is found in CHART II1I.

The deduced recurrence relation reads
» Kml“("“ = 51({!\1"(7:-1)] - 13 n>1 (20)

where f‘,l" may be substituted by J\l', but in that case the validity is re-

stricted to n > 2.

Conelusion. The numbers of Kekul@ structures (K) in ten related benzenoid
classes (sce CHARTS [-110) were studied on the basis of the fragmentation
technique,5 as is employed in the method of linearly coupled recurrence re-
lations. We distinguish three groups of the classes, for which the ¥ num-

bers are mutually lincarly dependent, and which obey the same form of recur-



rence relations within each £roup. The three forms are

Kn = SKn-l + i, where £ =0, 1o0r -1 (21)
We give the following general survey {(disregarding the details concerning

restrictions on n).
=10 for I A o i ®
[ R for A, AT, MM, AZ" s
£ =-1 for AW

From one group to another the X numbers are no longer linearly dependent.

An example of a nonlinear dependency of this kind is furnished by

KA = Hoxin (m) - 1] (22)
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