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ABSTRACT

In the work presented here the metric properties of granhs
are studied. For a graph the relative partitions are introduced
and on this basis the graph layer matrix of the order n is de-
fined (at n = 1 the graph layer matrixcoincides with a distance
degree secquence), which is a basis for the calculation of va-
rious characteristics of a granh. For studying the nath properties
the nath laver matrix of a granh is defined (or the path degrce
sequence). The concept of the graph isotonicity is introduced
and the graph isotopicity criterion is given. The properties of
a vertex set whose deletion does not influence the metric nropner

ties of the remaining vertices are censidered.

A study of metric pronertics of granhs and their use in the
chemical research is an important direction in applications of
mathematics in chemistry. Metric properties provide the wide
possibilitics for describing structural features of molecular
graphs. Widely known are the tonological molecular indices []J
which are used in the studies of the vrohlem for establishing
the "structure-property" relationship. A formal representation
of metric properties in the form eof either indices or other

characteristics can also be useful in the field of sciences ad-
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jacent to chemistry. At present, one can not say that there is
either general approach or a theory for defining or calculating

the topological characteristics of molecular structures. A

theory of graphs enables one to carry out a systematic study

of fundamental properties of graphs and also to consider a set

of structural characteristics, the use of which will facilitate

the development of a more substantiated system for the descrip-
tion of the structural properties of molecules.

In the work presented here some problems of metric analysis

of graphs are considered. The metric analysis of graphs is assumed
to be a combination of the metheds, algorithms and their computer
realization.These mathematical means are used for investigation of
various problems as a study of metric properties of graphs, the cons-
truction of molecular topological indices, a study of variations in
values of indices at local transformations in the molecule structure,
defining ways of evaluation of the relative position of fragments
in the molecule, etc. In addition, the metric properties of graphs
are used for accelerating the calculations in the solutions of such
complicated problems as, for example, finding the maximal common
parts in graphs, etc. Onec should note that together with the natu-
ral metric of graph based on a distance as the shortest path con-
necting a pair of verticies , and search for other approaches for
the definition of the graphs distances that will enable one to
investigate important notions of the similarity in molecular structure
The graph properties based on the distance and path distance between
the graph verticics are considered herc. The metric propertics

of graphs arc baseld on the notions of the reclative partition and
graph layer matrix (2] . In particular., in terms of layer matrix

the condition of graph isometricity is formed [7] . Also consi -
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dered are the usce of metric characteristics for defining the
relative positions of subgraphs in a graph, a set of vertices
of graph is described whose deletion does not change the distan-
ces between the remaining vertices.

The work presented here contains a review and some original
results obtained at the Institute of Mathematics of the Siberian
Division of the USSR Academy of Sciences, Novosibirsk. For the
sake of the work unity the references are given and other results
are mentioned as considered approvriate. It is worth to note that
the work is not an exhaustive review of the studies nerformed
in the field of the granh metric vnroperties. Its main purpose 1is
to make the readers aquainted with some problems of the graphs

metric analysis.
I. RELATIVE PARTITION AND GRAPH LAYER MATRIX

Let G(V,X) be the finite undirected connected graph with-
out loops and multiple edges, V(G) 1is the vertex set of the graph
G, |V(GH=P ,|X(G)|=q/ . The distance Q(U,U) between vertices
u,ur € V(G} is assumed to be the length of the shortest path
connecting W and U . If VoSV(G), then a distance between UreV(G)
and a set Vo is a minimal distance between U and vertices from
Vo in graph G . Let VL(Vo) be a set of vertices of graph G
located at a distance L from Yo
DEEINITION 1 [2]. A relative partition of graph G with respect

to Vo € V(G) is called an ordered partition

BNV (Vo) 1§20,4,2,..., KVp), €V (Vo & A, Vo) = §, ViV =0

with i#} . A sct of vertices VL(VQ) will be called an L -th
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layer of partition and K(Vo) as a length of partition.

Fig. 1 shows a relative martition of the graph G with
respect to Vo={u,u} . Let us consider a set of all the
relative partitions of the graph GG with respect to the subsets
V(G) of the order M using these partitions one should put in-
to correspondence of the graph G the layer matrix of the order
of M .

DEFINITION 2 [2]. As a layer matrix of the order TL of the granh
G is called a matrix A= }LJ" . L=1,2,...,(IP1) 5

j=1,2,.", d(GJ , where Ai} is equal to the number of vertices
in the J -th layer of a relative partition with respect to the

L -th set of the order n,d-(G) is a diameter of graph G .

By ordering the lines Xn(G) with the decrease of a length
(the number of nonzeroth elements) and then by lexicogranhic or-
dering the lines of the same length one can obtain a canonic
layer matrix ).n(G-) . With TL = 1 one can obtain a layer matrix
A(G) for the single vertex partition of graph & . For further
use we take that )\(G’) has always its canonic form. In the ana-
logy of the vertex layer matrix An(GJ one can consider an edge
layer matrix }q;(GJ where the } -th component in a line cor-
resnonding to some relative partition is a valuc of the cut be-
tween the layersvug and\ﬁ, of this partition that is equal to
the number of edges between the layers V}-x and V} . The com-
plete graph layer matrix is represcnted in the form A'I(V,X):
()\n(G),AT;(G)) . Fig. 2 shows the matrices A(G) and }\X(G)
of graph G v

Let the layer matrices.be represented in the lincar form.
For the graph in Fig. 2 A(G)=|l1(2,1,1)s 2(1,2,1); 3,4,5(3, 1,00

or if the vertex numbers arc not necessary, a multiplicity of
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the similar lines is only indicated A(G)=l|(2,l,l]; (1,2,1);
3#3,1,00l . In a slightly changed form A(G) is called a dis-
tance degree sequence of a graph that for the graph in Fig.2

has the following form DDS(G)=¢( (2,1,1), (1,2,1),(3,1,0)"')[3].

Let us show some simple properties of the layer matrix
AG) [2,4].

1. Let AG(U') be the matrix A(G’] line corresponding to
the partition a(lf) . The line length is then equal to €(U)
that is the matrix line lengths form the eccentric sequence of
graph G .

- 2. Let AG(U) be the the i -th line of A(G) . Then
&[ZA-L}=P‘1 A0, dejcew),

3. At least two first lines of the canonic layer matrix
have a length of a graph diameter. The last line length is equal
to the radius of a graph.

First column A(G) is the graph degree sequence,

4.
% )\f_1=2q/.

-

5. A layer matrix is connected with a distance matrix in
the following way - the matrix element A'—J is equal te the number
of elements being equal to J in the line of the distance matrix
for the vertex {

6. bFrom an equality of matrices of the second order docs
not follow an cquality of the laver matrices of the first order.
In fact, )li(Ku'lT)‘”')\z(K.,) s AKy-0) # A (KL

Irom the equality of the laver matrices A(G)=)\(H)

does not follow that G’:H . Figs. 3a,b show the examples of
nonisomorphic trecs [3,5]‘ and Tig. 3,c - the examples of non-

isomornhic granhsiwith an identity automorphism grount with the
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same laycr matrices.

§. An equality of the complete layer matrices AG(V,X)=}H(V'X)
dees not provide that G'L’H . Fig. 4 shows nonisomorphic graphs
with the same complete layer matrices. The same property is
posessed, for example, by Moore's graphs having the same order
and degiee of vertices.

9. From the pair coincidence of the vertex layer matrices
of the same order for the whole family of matrices )\n(G) s =l 2 00
an isomorphism of graphs does not come. Fig.5 shows nonisomorphic
graphs G and H for which /\L(G-)‘—“X'(H) is valid for 4 ¢L €Y
In fact, A*(G)=A"(HY= | 3-(2,2); 2-(3, )] , AN(G)=AT(H)=
I 32,05 7=, A& XM= o=@, A%(G)= A (H)=
=ls-ml .

10. There arc not only single examples but also classes of
granhs that are not defined unambiguously by their layer matrices.
Such a class of graphs, for example, forms regular graphs as G
and H of a degree 1 and diameter two for which the following
condition is valid A(GF)\(H)=I|P-(7,P-’Z-i)ll.

11. There are nonisomorphic graphs G and H for which the
following condition is satisfied XZ(Vyx) = AlH (V,X)

12. There arc nonisomorphic graphs G and H for which
l(G‘{TL)=?\(H'u"_) is valid for all | =1,2,.,p and A(GF)(H)
where graph G‘U is obtained from granh G by the deleting ver-
tex & and all the edges incident to IF

13, It is interesting to define nonisomorphic graphs G ana
H such as the condition A(G‘V,")=)\(H‘ui) is wvalid for all
L= ,2...,p but X(G)?*Q\(H) .

14, In reference [5] the conditions are considered under

which the integer number matrix A given will be the layer matrix
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of some tree and an algorithm was suggested for the construction
of trees having the same layer matrix as A Note, that in addi-
tion to the simplest relations between the layer matrix clements,
the graphic condition should be satisfied both for the degree
sequence of a graph (first column of layer matrix) and for its
eccentricity sequence which is formed by the lengths of the

layer matrix lines.
2. ISOMETRICITY OF GRAPHS

The isometric graphs are defined and some properties of
graphs are considered in Ref. [6]. The relation of isometricity
in the class of equivalence on the metric properties of graphs
is analogous to the relation of isomorphism on the set of graphs.
The necessary and sufficient conditions are established in Ref.[7]
for the isometricity which give a simple with resmect to calcu-
lation and constructive criterion for establishing an isometri-
city of graphs.

DEFINITION 3 fT] £~snectrum of granh G is called a matrix
Q(G) which consists of all the mutually different pairs of
lines of the layer matrix A (G).

The matrix B(G-) has a canonic form similar to that of ma-
trix A(G). The number of lines in E(G’) is denoted as ‘E(GH
Apparently, the graph, for which the condition E(G)=)l(c') is
valid, has the only identity automorphism. If P,(G) consists
of one line, \[(G‘)l = 1, then all the vertices of graph are
metrically equivalent. In Rof.[33 the graphs with t(G) =}\(G)
and 12_((})\"1 are called the graphs with injective and rec-
gular distance degree sequences. Let graphs G and H have the

same order.
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DEFINITION 4 [6]. Granh H is isometric from granh G, G~H,
if for cvery vertex U'EV(G’) one can define a one-to-one
correspondence of V(G’) to V(H) (PLYV(G) = V(H)  such that
tor any ueV(G)  do,u) = d, (9, (0,9, u),

Graphs G and H arc called isometric, if G~H and H™G
which is denoted as G®*H . The isometricity and ¢ -spectra are
related as follows.

tHEoreM 1 [7]. GerH = L(G)=E(H).

Thus, E -smectra ol graphs characterize completely the isometric
graphs. Note, that isometric graphs can have different layer
matrices. Fig. b6 shows nonisomorphic isometric granhs for which:
UGt =11(3,1); 2,21 and A(B)=112,3,4,5(5,1); 12,0,
AHY= 12,3 (3,1) 5 4,4,5(2,2) I

Correspondences \Plr nroduce the permutations on the vertex
set of granhs G and H conserving the property of isometricity.
Such permutations will be called the isometricity permutations of
graphs G and H . A set of all the permutations denote as
IZ(GiH) . In order to define all the isometricitv permutations
it is sufficient to consider all the single vertex relative par-
titions. Let G ,G(U-) be relative partitions and lines lq(u')
and J\H(U-) in the layer matrices be the same, then for the lav-
ers V(W) and Vi(w) , 04L ¢€W) relation P (Vi(r))= Vi (W
is satisfied where for Ue V(G) the value of ‘{’V(U) is defined as
P (V) = & Folw).

The total number of the isometricitv permutations for graphs

G and H is given by the formula

Ki
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where Qi (G), Qi {H) is the value of multiplicity for { -th
line Q(G} in the layer matrices A(G) and A(H) respectively,
Ei’i - the value of }~th element of { -th line E(G) , Ki is a
length of L -th line. For graphs given in Fig.6 | Te(G,H)I=60 .
Tt is evident that an arbitrary graph is isometric to itself. In
this case, the isometricity permutation will be called the auto-
metricity permutation. The number of such permutations is deter-
mined by the svectrum E(CT) . The total number of autometricity

permutations is
161 Ki
1A[(G)l=% 2 : GL(Qi'Pﬂ.) ﬂj,t"t}l- -
=1 i
The value of lA(lG)I takes its minimum when all the laver ma-

trix lines A(G) are different i.c. at f-(G')=j\(G) . In this

8GN K

case,[Ap(G)j=7 N ff;' |Al(G)| takes its maximum value on
(=4 ji=4 .

the graphs wherdé 1£(@d1=4 . In this case {Ap ()] =

d(G)
- L i dG) i i
2P([)+1) n [‘JI . where d(G) is a diameter of granh G .
Jfﬂ.
3. LAYER MATRIX AND METRTC CHARACTERISTICS OF GRAPHS

Many properties of graphs are determined by the shortest
distances betwcen 1ts vertices. Based on a distance concent
d[u’_’(y’) u,U’EV(G) are the granh metric characteristics as
the functions of the granh parameters and the distances between
its vertices. Among the metric characteristics one can distinguish
two classes as the eccentric and distance characteristics [4].

3.1 LCCENTRIC CHARACTERISTICS

This class of graph characteristics is based on the concept

of the vertex cccentricity. Some eccentric characteristics arc gi-

ven in Table 1. Depending on the values of graph characteristics
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Table 1

No Designation Name Expressions for calculation
Vertex eccentri-
1
ew) city [8] ew)y=maz d(u,o)
ueV(G)
"L(G) Radius of a
2 goapts T4l UG)=min ew)
re V(@)
d Graph diameter
3 (G) Bs] d(G)=max e(v)
weV(G)
Eccentricity of
{ €(G) | graph [4] e(&®)=) _ ew
reV(G)
Average vertex
2 em, (@) eccentricity in em,(G)=%5 e(@)
graph [4]
AE(U) Eccentric of AE(U)=ie(U’)~ euv(G)l
6 aew) vertex E4J Bew)-= (W) -Eay(G)
Eccentric of
nG

graph [4]

aAG =% Z: A er)
reV(G)




Table 2

No Designatio& Name Expressions for calculation
1 2 3 4
Distance of a
7 D) vertex [9] (ver- D)= Z d,(l)‘,u.)
tex centrality weV(G)
[10])
Distance of a
2| D(G) |wash 9] Graph | DGY=3 ¥ Do)
integration [107) veV(§)
Minimal distance
5 D*(U) of a graph [4] D*(G.): min D(v)
{unipolarity [10]1) reVv(q)
Distance vertex 5
AD*([)') deviaticn from its aD )= D(U’)-D*(G—)
: minimum [4]
Variation of a o
5| var(G) | araph [4] raz(G)= max aD (v)
ve V(G)
Distance graph de- .
6| AG* viation [4] (cen- QG*=£,5\D*(U')=2D(G)'PD (&)
tralization [10]) reV(G)
Average distance ZD(G.\I
7 Dm,(G) of graph vertices DuU(G)z P
£a)
aD(m) Distance vertex AD(U’)le(U)_Dau(GH
3 deviation from _
AD(W) average [4] ADW)= D -Dey(6)
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Table 2 (continucd)

1 2 3 4
Mean distance de-
9 A D(G) viation of a graph AD(G) = _Z AD(U)
(4] Previe)
Mean deviation
10 m,(r) | of a graph ver- m, ()= i D)
tex [11] I
Mean square de- g
11 mz(u-) viation of a graph m, (‘”‘EZ [d(u,tr)}a
vertex [11] ueVq)
. Graph disper-
12| m : mM, ()= min m,(v)
2 (Q) sion [11] 2 rEV(G)
-4 Converse distance i 1
131 Do) of a vertex [4] D (r D)
D-i(G) Converse distance D (G)=
14 of a graph [4] D@G)
.- Converse minimal
15 D (G) distance [4] D (G)- max D (l}')
veV(q
Converse centrali- L(G)=Z(D*-’(.G)-D-1(V)) =
16 L'(G) zation [4] UEV(G)
-PD (G) 2D (G)
Compactness of a G)= Z- d(U. U)
17 F(G) graph (mean dis- ( )UU’EV(G)
D(G)

tance [12]

P(P 1) ©
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one can scparate in the graph some certain vertex sets and res-
pectively induced subgraphs. Such nonnumerical characteristics
will be called the granh constructions. The well known graph
constructions are the following - center of a graph is a set
vertices UeV(G) for which the relation €(U)=T(G) is valid,
graph periphery is a set of UE V(G) for which @(U)= d_(G—)
is valid and others.

3.2 DISTANCE CHARACTERISTICS

This class of characteristics is based on the concept of
the graph vertex distance. Some distance characteristics are gi-
ven in Table 2.The constructions of a graph include such as a me-
dian of graph that assumes a set of U€V{(G) for which the rela-
tion D(v)= D*(G) is valid, the graph center of gravity assum-
ing a set of UVEV(G) with mz(v)=m;((}) satisfied and
others.

Metric characteristics of graphs have been studied in many
papers with major attention paid to obtaining the upper and lower
bounds for the graph distance D{G) , graph compactness f’!((})
etc. A bibliography of 37 papers on the subjects is given in
Ref.[131.

3.3 LAYER MATRIX AND METRIC CHARACTERISTICS CALCULATIONS

The use of the layer matrix of graph A((}) enables one to
utilize a unified method for calculation of metric characteristics.
A function calculable on matrix A((}} let us call the A -calcu-
lable. From the matrix promerties if comes immediately that the
line length is equal to the cccentricity of corresponding vertex.
The first linc length is equal to the diamcter value and the latter-
to radius of the graph. Thus, the eccentricity characteristics are

)\-czllculahle. Since the distance characteristics are calculated
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through the vertex distances, their A -calculability follows
from the A -calculability of [(u), reV(G).
Let vertex U in matrix )\(G) correspond to the L -th line,

e

then, )
Div) =3 _ j Ay

§=2
This formula can be used both for direct calculation and also for
obtaining analytic exnressions for metric characteristics of
graphs. Let us give some examples. lLet CP be a simple cycle of

the order p , then if P is even, )\(CP)"-“P'(Z,Z,...!2,1)" and

D(CP)=18-P3 , if P s odd,A(CP)=Il P'(Z.z,..“.)_f)a’%ﬁi and
(P-9r2
D(CP)= %(Pz'l)P o KP is a complete graph of the order

p . then  A(Kp)=lp-(p-nll and  D(Kp)=Fpep-1)

For the complete bipartite graph Ky, o, )\(Kmm)ﬂlmv(n,m-i);
n-(m,m-1)  whence D(Km p)=nm+nm-1+mom-1) .
The characteristics can be calculated by the spectrum E(G-)

Such characteristics called as [—sncctral are uscd for studies

of the symmetry nroperties of graphs determined by the isometri-
city relation by the comparison of characteristics obtained with
E(G) and A(G) . In Ref. [14} the granh comnlexity function is

considered for

= ,.E&. l... 1
8(G) 5+3, ?: g .
4,
L}
where 'J‘(L,J) is the number of various paths from the vertex
l to} . It is indicated that E(G) has the following nroner-
tics: monotonically increases both with number of vertices and

edges of a graph; displays the graph connectivity degree; cor

responds to the intuitional concent of complexity by matching



large numbers to graphs which "look" as complex and vice versa.
Let us show that E(G) is not a A -calculable. In fact, for the
graphs given in Fig. 7 A(G)= AH) - N z-z,2,1); 3-(3,2)0,
but E(Gr)f-g(H) since E(G) = 2060.2 and E(H) = 274.3.

4. PATH LAYER MATRIX AND PATH CHARACTERISTICS OIF GRAPHS

One can obtain somc interesting vroperties of graphs by
studying sets of paths of graphs. A path connecting vertices
UA,UKEV(G) is called a sequence of the pair mutually differ-
ent vertices Uy Uy ... Uy, Uy o, (07,05, VEX(G) i=4,2, ., K1,

The length of the longest path connecting vertices W ,U0 € V(@) is called an

elongation ehu,u—) between the vertices [11]. The maximum elongation value

for the graph vertices is called the granh elongation diameter.

DEFINITION 5 [15]. The sum of lengths of all the possible paths
connecting vertices W and U is called a path distance P(U,U')
between vertices W,0 € V(G).

Analogous to the layer matrix X(G) 1let us define the path
layer matrix for the graph T(G).

DEETNITION 6 [16]. The matrix T(G}= |ITLJ, N, i=4,2,...,p
}=1'2,'__, dt(G) , where’t;} is the number of various paths of
a length * coming from L -th vertex, dt(G) is an elongation
diameter ( is called the path layer matrix of graph G .

The length of a line corresponding to { -th vertex let us
call such a maximum value of J, that 'C(,}fo . The canonic form
of a matrix T(GF) and its representation in lincar form is de-
fined similarly to that of the layer matrix A(G) . Fig. 8 shows

the granh and its matrices X(G) and T(G) . 1f G is a tree,





























































































