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ABSTRACT : An approximate variational solution of the
Thomas-Fermi eguation for atoms is proposed
in order to obtain some a2tomic properties
like total ionization energy of atoms and
diamegnetic susceptibilities. The results
obtained by the suggested function describe
the behaviour of medium atomic number ele-
ments, while those ones from Csavinzky's
and ¥esarvweni= Varshni's are better for

light and heavy atoms respectively.
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BETWEEN CSAVIREEY'S MWD KESER :NI-

VARSHENI'S "TRIAL DERSITY FUNCTICKS

I. INTRODUCTION

The statistical theory of the atom /1,2/ is very useful in

dealing with a lot of physical problems where a more fundamental

gusntum mechanical approach is not feasible. Historicaily, the

density functional formalism initiated with the idea trat locally

the behzviour of a collection of particles, the electiren cloud ,

could be represented and

approximated by that of a free electron

gas of the same density at that point. The Thomas-Fermi (TF) model

/3,4/ was in many aspects very successful and showed thes tasic

stepts to obtain the density functional for the total erergy,that

is to say by using standard guantum mechanics based on wave func-

ticns it is eesy to find
relationship between the
The TF theory ,providing
consistent detlerminatiion
priate procedure for the
associaled wave function

been renewed interest in

out,from a well- defined model, a direct
total energy and the electronic density.
a differential equation for the self-

of the charpe density,siznds 23 an appro-
sivdy of a system instcad of vsing the
/5/ to carry it.out, Recently, ihere has

the approximate analytical soiution of the

TP equation. One of these solutions hes been oblained ty making

use of an equivalent variational principle /6/, on the ciher band.

it hes been rigurously justified /7/
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Csavinszky /8/ has proposed the trial function :

¢1 = ( aoe_ch ¥ boe-ﬁgx)2 (1)
where

a, = 0.7218337 , (X, = 0.1782559

b, = 0.2781663 ,ﬂo = 1.7593%39

while Kesarwani and Varshni /9/ have suggested :

+ be—@( + ce"’rx)2 (2)
where

0,52495 , O = 0.12062
0.43505 ,: [3 = 0.84795
c = 0.04 . ¥ = 6.7469

th=n they are used to calculate some atomic properties, the function

a

]

b:

I

of Isevinszky is more suitable for light el nts, while that one of
Fesarwazni and Varshni's is wore adeccuate for high atomic number ele-
ments

Jt is the 2im of the present pa2ner Lo present an intermediate
variational solution of the TF equation which gives better results

for properties of wedium-atemic-number atc:s. A corparison among

the three trial density functions is then made,

IT. THECRY

[ st [t is a shortcoming of the TF thecry of the atom that it leads
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to 2 redial electron density which decreases in ithe =zme way as
the inverse fourth power of the dirstance from the nucleus does,
whereas the ilarirce zpproximation , its cuantum mechanical equiv-
alent,gives an exponential decrease. The drewback mentioned above
can be eliminated by making use of the flexibility in imposing
boundary conditions when the TF eguation is replaced by an eguiv-
alent veriationzl principle.

The TF differential equation for a neutral atom is

a?p fax? = p>/24-1/2 (3)
x being a dimensionless variable defined by :

x = 4(22/ 9qr? )1/3(r/eB) (4)

r is the distznce from the nucleus, in units of the Rohr radius )
znéd Z i5 the aiomic number . Eguation (3) has to be solved svbjected

to the boundary conditions

g(0) =1, ¢ (00) =0, f'(00) =0 (5)

snd the subsidiary normalization condition

fpdv =N (6)

X is the clectron nuwber,dv is the volume element , end f)is the

electron density, which is related to the screcning function @ by
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P =28 /x3 1y (1)
«ith

W = (977%/2z )‘/3aB/4
Choosing

FB %) = (a8 /ax)2/2 + (2/5) 8772 x~1/2 @)

in conjuntion with the variational principle

oo
10 [ I dx (9)

is the equivalent of equation (3) since substitution of equation (9)

“ir the Fuler Lagrange equation (10)

d aL) e 0 (10)
dxc)ﬁ' é)ﬂ

r23ults in the TF equation .

We must now select a trial density function ﬂa which satis-~
Sies the boundary conditions in equation (5). So, we are going to
szs0se a Corm which allows computational simvlicity in connection

~l%h the inteyral in equation (9). The proposed trial is os follows
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W, B s A%y - LR § (11)

a,b,c,CX,ﬂ?,}’ and 6 are unspecified variational parameters . In
order to satisfy equation (5), it is neccessary to fulfil the

relationship :

a+b =1 (12)

with equation (11) it is possible to calculate F in equation (8) and
then to evaluate the integral in equation (9). The resulting expres-
sion is then extremalized as regards those parameters subjected to
the subsidiary condition that the electron density must be normalized.
It is important that the electron density be normalized when one
calculates specific physical quantities for a neutral atom on the
hasis of approximate solutions of the TF equaticn .

It 1is convenient to write L es :

L=5,+L, (13)

with -
2
L, = fJ__f_i_ Ax (14)
2 dx
o

and =

pom [ 2= 6772 51 20x (15)

s 5
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All integrals involved in equations (6), (14) and (15) can be
evaluated analytically. Details of calculations are given in the

Appendix. The results can be summarized as follows :

a = 0.70110 & = 0.17029321
b = 0.29890 B = 1.6041808
¢ = -0.00243 d - et

¥ = 1.3180541
I1+ 2+ To test the validity of the approximate TF function of equa-
tion (11) some atomic properties are calculated, such as the ion-
ization energy of several neutral atoms and the diamagnetic suscep-
tibility of noble gas atoms. The energy neccessary to remove all
electrons of an atom is calculated within the T# formalism by the

expression /1/ :
B = (12/7)(2/371%) 3 pr(0) 27/3(e?/2p) (16)
The susceptibility is given as follows /1/:

X = -5 (e2/ome?) {2y (17)

whera L i3 the Avcgadro's nuzber,m  is the electron mass and ¢ is the

speed of light, while for a spherically symnetric electron distribution
0
2 4
< Ty > o 1/}3]‘!1? (1)
°

lising egnation (11) we find :
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<zoP= (15/8) /2 % [33( 3007712 4 34y (204 f3)771/2
+ 5‘3b2(a+ ?ﬁ )-7/2 + b3(~58)—7/2* 3ae [ (&Y )_7/2

- (20+Y +0 )‘7/2] + Gabc[ (a*/};}«)"’/? (@ BY S )-7/2]
+ 3vle [(2,&7 y-1/2 (28 7 +5 )-7/2]+ 3a2 [ (s 27 )12
2@ 27 8717 s ot 27 25)'7/2] + 3bc? [(B+ gy y2
2B+ 27482 (B4 27+ 28 )-"/2] + c’[ Yy 2

=367 +8 M2 3057+ 2812 - (374 38 )"’/2]
(19)

III. DISCUSSION

In order to compsre the approximate solution of the TF equa-
tion with the exact solution, the ratio of these quantities as a func~
tion of x is listed in Tekle I. Due to the fact that the proposed trial
function has an exponential behavicur, the largest devintion occurs
only at large x values.

The ionization erersy ,from cquation (16), for seversl atoms
is listed in Table II, For the zake of comparison, the same property
calenlated through equatica (1) and equation (2) are shown together
with the standard values obtained from an experimental way or from
liarirec-Fock theoretical “azta /11/. 1t ig cvident trat for light

crimation is convenient, for medium 2 ele-

elenonts Csavinszky's a2
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ments our formalism is better than the other approaches, while for high
Z elements Kesarwani-Varshni's results are the best as regards
Hartree-Fock calculations.

The diamagnetic susceptibilities for the noble gas atoms, Ne,
Ar, Kr, Xe and En have been calculated from equations (17)-(19). In
Table III the results are compared with those ones obtained by numer-
ical TF approach /1/, by Kesarwani-Varshni's and Csavinszky's trial
density functions and by experimental form /12/. The present proce-
dure represents a significant improvement over the original TF theory,
since the latter greatly overestimates the magnitude of diamagnetic
cusceptibilities. This is attributed to the fact that the radial TF
electron density goes to zero in the seme way as the inverse fourth
power of the distance from the nucleus does. This behaviour is seen
througn the integral in esuation {18) over< ro?7 and hence X comes
out to te too large. In spite of this wrong situation, the present
solution cives good results for medium Z element diamagnetic suscep-
tibilities.

To conclude with, we have found that for medium Z elements,
the suggested trisl dersity function ,eguatien (11), zives a more

stisfaciory ~pnreximation to thz axact zolution # than those from

2]

Csavinguzky's and Kesarwani-Varahni's.
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1v. AFPFNDIX
Substituting ecuation (8) into equation (9) and then

introducing the notztion

T =
e 5

and uvsing

=7 +0

a siraightforward evaluation of the integrals leads to :

L, = 0.5 {J%ﬁ ‘n"‘-‘§+ (@) (A+3) +(ac)? (XY ) + (ac)? (X +f)

) (B )« 0e)?(B48) sebels o BBy 9

2 ?

+ 11.____.@"'%"0((&*& " JF‘-SF‘[O( () (CV+9}} " ?(eb)?aﬂ
sote 8 o R G o 2] a+f
+ 4a?bc[ g*y - B* 9 :IC(+ ?(ac)2 oy
?aﬁ;r ?Q+B +6 (X +Y )

2 u;—mr[ou@;z*) IO L PN Iy )Y 294
(}‘a+9 +7’ a+9 2ab£f7

(A1)

(4 2)

(A 3)

(a 4)
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_ wthe@.8) | 1B B) | amn’e@ BB )

2C¥+B+9 A+ ‘iB a+ 7047
_aav?e (f8)B+0) , aavc”T @+f3)  aavclta L) 0.7 )
A+ ?ﬁ+9 C(+B+2-)’- G+B+7’ +9
4 4ab029ja+§)_ _ 4(ac) (X +) )(O(+Gl N dab?clg(a’;r)
0’+8+2 6 ¥y +9 C('i-fﬁfr
" 4abc2(a'+7’)(g+'>’) _ Aabc?(a';r )(0+9) " 15':-57 (O(J’)
Q’*BQY cnﬁﬂf +0 X +5)
_ dac2(OY 30847 3 + aged Beely - 4ab2c8(a—9_)_
oY r."g + 39 A+ ?Q+Q
e’ (B (2.8 . 4one” (s (5.8 ) fao f (00 )
Cf+‘8+7+9 Q’+.Q+ 26 - a+9+ ?_—r
. flac}(a+g)(’)’+9) i 4ac39(a+6) 5 4b3cé}_(_@_ Y)
asY + 20 -+ 30 Tt
2B(B.0,) . 2000)?BY _ 4000)?BB.7 ) . 200)? 080
3B+9 B+’T ?B+9+‘r B+9
1) (BT B8 = w3Y By wI3BYHYBLY)
2G+T+9 2B+Q+T Q+9+ ?-r
+ﬂm " 4bc37(0+9 ) + 4bc3§,8+9 ) ( GT_)_ _ 4bc39(ﬁ492
ﬂ*y*‘ 29 ﬁ+9+ 2Y B+rr+ 29 B+39
I 'NS, 5 B! Y ) 4c49(9+7)} (A 5)
6+3Y g+Y 50 +Y
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2V7T[ a” P ca’y X 108702 . 102"b°

s (a2 o) a2 poes)V?

5ab? b2 salc 205 ke

+ + + +
(a2 Y2 e )? GalBary'?

30a2b2c 20@b3c 5b4c 534c

+ + -
(2O(+2ﬁ+’}’ )1/2 (Q+3B+T )1/2 (£B+T )1/? (¢ Q'+6 )1/2

20a7be 30ab%¢ 202b ¢

(3C(+‘G+9)1/2 (2+ 2ﬁ+9)1/2 (O(+':—;Q+9)1f2

4 5.2 i@
S5b'c N 1Ca“c . 3Cz“be

(43+8)"/? (3042 )1/2 (20t+ B+2Y )2

) spaplil L 103 ) 2032
(s 23427212 (3B427)V? QY +§)1/?
(.(‘,egbc2 EOab2c2 _ 2Ub3c2

('thB-Q’«»@)”Q (aﬂﬁf)’i@ )A]/2 (36+7+9)1/2
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4 1Oa3<.‘2 = 30:-121302 3Oah2c2

‘
(204 + 28 )1/2 (2a+‘8+29)1/2 (CY+ ?ﬁ+ 26 )1/2

1w00%e? 10a2¢> . 20abe’ . __ 10v°c’
(3B:20)2 2o Y2 (@ B3IV (23457 )2

+

3 2.5
3032c3 60abe 300°¢c

{?CY+27’+9)1/2 (O£+B+2]’+9)1/2 (ZB-r 27{-9)1/2

30a°c0 60abe . 30b°c _ _10a%?

_(‘2'0({7’+29)1/2 (Q+B+T+29)1/g (?ﬁ+7+29)1/2 (2(},’1-36)1/2

202bc> _qop?e 5act spet

s + +
(e Be39)72 2B+ 30)V2 (@ Y)V2Z (LY V2

2nact sopet , _30ac! sonct

(3T +G212 (BesY @12 (a2 20312 (Be2Y 4292

_ 20304 _ i 2 5304 " Sbcg1
@Y 30077 (BaT 077 (02?2 (1012

-
20be

- CS ~ ‘3(:5 . 10{!5 o 3 ‘IO'_‘5
YN a7 Y ) Y g)?
5¢°  _ ¢° (16)

(Y (59)17?
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In order to evaluate the integral of the subsidiary condition, equa-
tica (6), equations (11) and (7) are used , then the following

expression is obtained

.§3 " 332b 5 3ab2 . bj " Ea?c
02 3?2 (ae3)32 (63132 (2atsy )32

6abe i 3p°c o 35°¢ _ 6abe
QLY 3137 a2 (s Be0 )2

jbzc 5 Eac2 Eac2 Bac? . 3bc2

23+0)%2 (a2Y )2 (740032 (420032 (B427 )2

2 2 5) 3 3
6be 3be " c 3c e 3¢

(B +0)%7 (B3:20)%/2 5732 Y 0)¥? (Y202

(A7)

el o oL
(39)%/2 var s

for neutrsl atoms (MN/Z) = 1 and, for this rocason, the solution of

the TF equation remeins universal.

To extremslize L in eauation (A1 ) subjeccted to the subsidiavy
sonditions in eaguation ( A 7), the following procedure is carried

out. Some values for &Y ,[} ,7’ and 5 are picwked at random. Thsn a

vzlue for ¢ iz h2ld and modified in order that for ¢ach v=alue of ¢

a perticular a salisfies equation (A 4 ). lizing the fived (¢, ‘Q,'T ,5)

and the different ¢ and 3 values, L is calculated. When that value
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of ¢ is found which makes L a minimum, then it i3 kept constant
and X is varied. This method lowers the magnitude of the minisunm.
This cycling is regeated with the other parnmetersﬁ,T anda and
continued until ths minimum of L as a function of a,c,O(,B,Y and

8 is found. The numerical values are displayed in the text.
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TABLE I

5 678,
0.00 1.000
0.05 1.004
0.10 1.006
0.50 0.994
1.00 0.999
1.20 1.000
1.40 1.023
1.60 1.039
1.80 1.056
2.00 1.073
3.00 1.142
4.00 1.164
5.00 1.137
5.50 1.108
£.00 1.072
6.50 1.018
7.00 0.923
7.50 0.924
8.00 0.£81
8.50 0.521
9.00 G715
2,50 0.717
10.00 0.671
i5.00 0.271
20.CC 0,074

50,00 0,603



241

29689¢¢ ProL- v LLE0L 6'g- 04¢c1¢ Lrgl- ViLlLle 0oL nT
306L¢e L*6- LTL004¢ 9'g~ CLhSe 5 9L~- Yogee zh n
geese L*g- £riggle 9* - L6Lee QreL- AT 98 uy
Level [ k*brogl g ¢~ svisl L*GL=~ L0S9L 08 Fu
LLBYL g G- S LLLyL L = BaY9yL gel- S06¢L 2, b
Levl 6 2= 6 LieL 60 LeYL AR G659 F 3y
2¢06 G 0L96¥ €z P6LG 5%6= Lesy 9f pI
98.L2 60 L*008e by 606¢ Lra- L93e 7 Xy
6L5L 92 8'LEGL €'g 8.9 2r9- et gz T
¥62¢% 6" Y 09.°66¢ 0°6 ¢ LLS % L4808 =1 Iy
L°6el 2'6 Lo ovL ARt an:1at ¢t 0= 6Tgel ot m%
98"LE 6*el og eV A Lyt oy ) rARd 34 9 o}
Cob*¢ G el 862 ¢ 6Ll aev¢ B8 & 910%¢ 7z ad
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TABLE III

Aton g g%pt. X%F )Lpresent A%Sav? )i-vﬁ
lie 10 -6.74 -67.0 -16.7 -15.1 -24.2
Ar 18 -19.6 -81.0 -19.8 -18.4 -29.4
rr 36 -28.8 -102.0 -24.9 -23.1 =3T7.1
Xe 54 -43.9 -117.0 -28.5 ~26.5 -42.5
Rn 86 ——— -136,7 -33.3 -20.9 -49,6

# Csav. : Csavinszky ; K-V : Kesarwani-Varshni
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CAPTICES FOR TABLES
TABLE I RATIC BETWEEN THE PRESENT $ AND THAT FROM THE THOMAS -FERMI
EXACT SOLUTION
TABLE..II COMPARISON OF TOTAL ICNIZATION ENYRGISS ( UNITS OF eZ/aB)

TABLE TII DIAMAGNETIC SUSCEFTIBILITIES FER GRAM ATOM (UNITS OF 10”60m3)



