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The number of Kekul@ structures {X) for oblate (and prolate) rectangles are
treated by means of the John-Sachs theorem. A general formulation for
¥{Ritm,m)} in terms of a determinant is achieved. Finally the auxiliary
benzenoid classes related to RJ{(m,n) are considered.

INTRODUCTION

Combinatorial formulas of X, the number of Kekulé structures, for
oblate rectangle-shaped benzenoids (or simply rectangles), Rj(m,n), repre-
sent some of the more difficult problems in the enumeration of Kekulé
structures. Formulas of K{Rj (m,n)} with f%xed values of m are long known
for the lowest values of this parameter, viz. m=2 [1] and m=3 [1-4]. For
higher m values laborious methods had to be devised before the problems
could be solved. The X formulas for m=4 [5], m=5 [6], m=6 [7] and m=7 [8]
have been reported.

In the present work we employ a newly developed X enumeration method,
which is based on a theorem by John and Sachs [9]. The result is a general
formulation of K{Rj(m,n)} in terms of a determinant. The special cases of
m=4, 5, 6 and 7 give the previous results [5-8] with less labor, and

there is no hindrance against an extension to still higher values of m,

GENERAL DESCRIPTION OF THE METHOD

According to John and Sachs [9] a X number of a Kekul&an benzenoid B
is obtainable as the determinant of a matrix W whose elements Wij are ob-
tained by counting the monotonic paths starting Erom the ©—th peak and

ending at the j-th valley. Gutman and Cyvin [10] increased the practical
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applicability of this rule by identifying the Wij elements with X numbers
of certain subgraphs in B. They are either benzenoids themselves or dege-
nerate systems consisting of or containing acyclic edges. An element may
also vanish, corresponding to the empty graph. More precisely, W?:j is the
intersection of two graphs, the so-called wetting area of the Z-th peak,

R(Pi)’ and the catchment area of the j-th valley, R(vj).

APPLICATION TO PROLATE RECTANGLES

For a prolate rectangle [5], Ri(m,n), which is essentially discon-
nected [4], the X formula is well known [2], viz. K[Ri(m,n)) = (n+l)m.
An ob!ate rectangle [5], Rj (m,n), may be interpreted as a prolate
rectangle Rl(m—l, n+l) augmented with two rows of »n hexagons each at the

top and the bottom; see Fig. 1.

2m-3 ¢ 2m-1

gl (m=-1, n+l) .
R} (m,n)

Fig. 1. The oblate rectangle, RJ(m,VL), generated from the prolate rectangle
RY(m-1, n+l). Figures for m=4 and n=3 are depicted.

Therefore it is reasonable to apply the described method to the pro-
late rectangle first. The further development shows that it will be a part
of the solution for Rj(m,n).

In order to apply the present method the Ri(m—l, n+l) rectangle should
be oriented in a non-conventional way as shown in Fig. 2. In this orienta-
tion it has m-1 peaks and m-1 valleys. Without going into further details

we specify the (m-1)x(m-1) determinant obtained as a result of the analysis:
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n+l
Fig. 2. Orientation of the
prolate rectangle suitable
for the application of the
present method.
2m-3

DR .

n+2
0 0 0 cees AN+l

The value of this determinant is notoriously the X number of the prolate

rectangle in question, viz.

m=-1 %
Dt = (::f) = +)™ ! = gt -1, ne)) 2)

APPLICATION TO OBLATE RECTANGLES

General

The generation of Rj(m,n) from Ri(m—l, n+l) according to Fig. 1 is
reflected in the new determinant, which emerges from Di by augmenting it
with a O-th row and m-th column. A general formulation of the result is
given below, where it is symbolized that D:.l should be inserted into the
(m=-1)x(m-1) elements of the frame. The whole determinant has the dimen-—

sion of mxm,



n+m
n-m+2

(nﬂn—l)
n-m+3 3

K{Rj(m,n)} =

(=]
.

Both determinants (1) and (3) reflect the symmetry of the pertinent
benzenoid iu such a way that they are symmetrical around the secondary

diagonal (from top-right to bottom-left).

Spectal Applications

The general formulation of the preceding paragraph is amenable for
deducing explicit K{Rj(m,n)} formulas, where m has (fixed) small or mode-
rate values., The practical difficulties by expanding the determinants are
the only limitations for these special applications. Below we give the

results for m = 2, 3 and 4.

| (n+2) (n+2) ‘
2 3

| ()]

(5 () ()]

o () (7)

o (n+2) (";2)

i 2
Krd2,me = = (”;2) = (n+2)(”;2) (4)

K{Rj(J.n)] =




- 145 -

I o] )
(nzz) (n;-:i) (n;-!.) (n;h)
k(& (4,m) () (";3) (n;%) (n:.)
) o=
0 (n+2) (HQB) (HZS)
0 0 (n+2) (”;2)
AEEXT) - (D) e e () - ()]

2
n+2\ (n+4
- wa)) 0
For the sake of clarity we include an illustrative example for the
last case with m=4. Fig. 3 shows the wetting and catchment areas depicted

for n=3., They are surrounded by heavy lines. Fig. 4 shows the subgraphs

pertaining to W'ij for the same example. They are represented as black

R(p,) R(p,) R(p,) R(p,)
3 4
R(Vl) R(vz) R(v.}) R(va)

Fig. 3. Wetting areas, "(pi)’ and catchment areas, R(vj), in R"(m,nj for m=4
and n=3.
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W o= - 7
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Wi =0 Han =0 Wy 0 Mg ™= (52)

Fig. 4. Subgraphs (black hexagons and heavy lines) pertaining to W = Eq
R‘](m n) for m=4 and n=3.

silhouettes and heavy lines on the background of the original rectangle.
The expressions (4)-(6) are equivalent to the polynomial forms, which

are summarized (with appropriate references) in Ref. [5].
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Linear Factors

It was conjectuted5 and later proved7 that the polynomial K{Rj (myn)}
for m > 1 has the factors (n+1)(n+2)m(n+3). This property is almost evident
from the determinant form of this polynomial; c¢f. eqns. (3) and (1).

The first row of the determinant has the factors (n+1) (n+2) . The j-th
row has the factor (n+2) for j = 2, 3, ...., m. Furthermore, the sum of the
(m=1)-th and m-th column has the factor (n+3). Hence the above statement is

proved.

APPLICATION TO INCOMPLETE OBLATE RECTANGLES

The auxiliary benzenoid classes B(n, 2m-2, t), where -n < t < n, have
been defined in previous parts of this series [5, 7, 8, 11]. We adher to

the notation [11]
Rn(t)(m) = ¥{B(n, -2, )} %))

for the pertinent number of Kekulé structures.

For 0 < I < n the benzenoid B(n, 2m-2, 1) may be described as an in-
complete oblate rectangle Rj(m,n), where the top row holds I hexagons in-
stead of n; cf. Fig. 5. For l=n the rectangle becomes "complete':

B{n, 2m-2, n) = Rj(m,n).

The present method is effective for an application to B(n, 2m-2, 1)
with the orientation shown in Fig. 5. The result is similar to eqn. (3); in
fact the only difference is found in the first row of the determinant,

where n is substituted by I:

-

Fig. 5. The incomplete
oblate rectangle,
B(n, 2m-2, 1), suitably
n oriented for the appli-
Zm_z cation of the present
me thod.
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The elements in D' are given by eqn. (1).

Special applications of (8) for m = 2, 3 and 4 give:

Rn(l)(z) - (";2)(1;2) - (n+2)(152) o

an‘” = [(nzZXn;]) _ (”"2)("23)](1;2) _ (mz)(n;zXzZa)

’ (n+2)2(3;3) a0

5P PN - o ()] - (] ()
- wal(77) - e )V)

J

N (mz)z(”;z)(l;") = (n+2)3(l;l‘) an

For l=n eqns. (9), (10) and (11) coincide with (4), (5) and (6), respecti-
vely.

For 1=0 the incomplete oblate rectangle reduces to a certain benze-
noid, B(n, 2m-2, Q). Figure 6 shows the three cases for m=2, 3 and 4.
These benzenoids belong to 2-tier, 4-tier and 6-tier regular strips [4, 12],
respectively. Figure 6 includes the appropriate notations for the classes
in question, a parallelogram (L), pentagon (D) and tower (H). Introduce the

abbreviated notation:
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5 @B

B(n,2,0) B{n,4,0) B(n,6,0)
= L(2,n) = D(2,3,n) = HM(3,4,VI)

Fig. 6. Members of the classes B(n, 2m-2,1) for 1=0
and m = 2, 3 and 4.

L= xiLem) =8 @@ -
D = kip2,3,m} = & () i
H o= ki, Gy4,m) = & @ @) -
With these symbols eqns. (9)-(11) reduce to:
nD@ -5 (%) - w(*32) (15)
R P =0 (1;2) - (ns2)L (lf) . (n+2)2(Z;3) (16)
g Pw -n (122) - (2D (123) v ek (124) - (n+2)3(1;4) an

APPLICATION TO ASSOCIATES TO INCOMPLETE OBLATE RECTANGLES

In eqn. (7) allowance is made for negative integer values of t; cf.
the cited references [5, 7, 8, 11]. The class B(n, 2n-2, -1) is referred to

as associate to B(n, 2m-2, 1). By means of the connection
(-1) . 1) — L)
R, (m) =& *"(m) - R, (m) (18)

one easily obtains the determinant form of Rn(-?')(m) = K{B(n, 2m-2, -1)}.

It is identical to (8) part from the first row:
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n

The special applications tem = 2, 3 and 4 give formulas similar to

(9), (10) and (11), respectively. In the form of (15)-(17) they read:

CRlpsy = QALY = (n+2)(1*1) (20)
I
D) =0 @) - ez (132) + (n+z)2(lzz) 21
TR <8 @) - e (132) v ()2 (1+3) = (n+2)3(l;3> (22)

Acknowledgement: Financial support to BNC from The Norwegian Research
Council for Science and the Humanities is gratefully acknowledged.

W0 NN W~

10
11

REFERENCES

M. Gordon and W.H.T. Davison, J. Chem. Phys. 20, 428 (1952).
T.F. Yen, Theor. Chim. Acta 20 399 (1971).
N. Ohkami and H. Hosoya, Theor. Chim. Acta 64, 153 (1983).
Cyvin, B.N. Cyvin and I. Gutman, Z. Naturforsch. 40a, 1253 (1983).

- Cyvin, B.N. Cyvin and J.L. Bergan, Match 19, 189 (1986).
. Cyvin, Match 19, 213 (1986).
. Chen, Match 21, 259 (1986) .

Chen, Match 2T, 277 (1986).
P John and H. Sachs, in R. Bodendiek, H. Schumacher and G. Walter (Edit)
Craphen in Forschung und Unterricht, Franzbecker- -Verlag 1985; p. 85.
L. Gutman and S.J. Cyvin Chem. Phys. Letters 136, 137 (1987).
R.5. Chen, S.J. Cyvin and B.N. Cyvin, Match (PART IV).
S.J. Cyvin, Monatsh. Chem. 117, 33 (1986)

wwmmm
mmuL.f-e



