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1. Introduction

For particular pairs of topologically related isomers (= topomers),
S and T, the Topological Effect on MO (TEMO) predicts an interlac-

ing of the MO energies according [2,3] to

canie. . X

2k-1 (1

X

T < S <48 S T S 4f <
2k~ %2k T f2k+1 T C2k+1 T T2k+2 T

s
Xok+2: "t
where XE and XE are the MO energies of S and T, respectively, and

k= 1,2,...,n. This interlacing is a consequence [2,3-6] of

A(x) = T(X) - S(x) = 0, XE&(-w, +=) {2)

Here, S(x) and T(x) are the characteristic polynomials of the graphs
corresponding to the topomers S and T, respectively, and A(x) is
called the difference polynomial. Evidently, in order to satisfy
eq. (2) A(x) must not have any real zero of odd multiplicity. This
requirement is met by particular modes for the construction of the
topomers; some examples for such topological models are found in

12,3-11].

Since eg. (1) is derived by nothing other than the topologies of
the S and T topomers, at the time it was first tried [2] it was an
open question whether that purely topological principle would be
recognized within physical reality. Fortunately, eq. (1) can be
examined experimentally by means of photoelectron (PE} spectra
provided Koopmans theorem holds for the topomers considered. Be-
sides some other evidence as UV absorption energies [2,3,8], the
inspection of some hundred PE spectra [2,3,8,12] shows that eq. (1)

is satisfied with astonishing accuracy.
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The strict demand of eq. (2), i.e. that the difference polynomial
A(x) has to be non-negative for any value of x, is obtained for only
a few particular topological models [2,4-11]. When the characteri-
stic polynomials of a pair of topomers do not satisfy eqg. (2), then
the sequence of MO as expressed by eq. (1) is inverted within some
intervals, namely in those where A(x) = 0. Such inversions are to-
pologically induced because the characteristic polynomials of §

and T are topological invariants.

Thus there are two classes of topological models for the formation
of topomers: The one class includes all those models for which
eq. (2) is obtained while all the other models are collected into

the other class.

When the pattern of the PE spectra of a pair of topomers is examin-
ed and does not agree with eqg. (1), then, in the case that the
characteristic polynomials of the topomers also do not satisfy eq.
(2), these discrepancies may be either as a consequence of the topo-
logy of the topomers or due to physical reasons, such as have been
identified in a few particular examples of small molecules by means
of SCF calculations and variational perturbation theory [13-15]. In
contrast, when the characteristic polynomials of the topomers satis-
fy eq. (2) but nevertheless the pattern of their PE spectra indi-
cates a deviation from the sequence given by egq. (1) then this can
only have a physical cause. Since by use of topological models
belonging to the first class, violations of eq. (1) are always

due to non-topological reasons, there is some need for further

development of models of this class.
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The present paper meets that necessity. After a recapitulation

of the so-called "model 3" [7,9-11], a procedure called "C-formation"
is introduced. By means of this procedure a broad variety of topo-
mers may be generated, the characteristic polynomials of which satis-
fy eq. (2). A kit of structures useful for C-formation is present-
ed and some examples illustrate its application. Finally, some

earlier results are discussed from the new point of view.

2. Model 3

Within this model the topomers S and T are constructed according

to the following scheme [11]:

Here we consider only a particular variant of this model charac-

terized as follows:

[M3-1] The terminal moieties are isomorphic, A = B, and the vertex

k€A corresponds to pEB and similarly €A to gE€B.

[M3-2] The central moiety C exhibits a symmetry such that the ver-
tices a and b are equivalent as are also the vertices e and
f; i.e., a non-identical automorphic mapping of C compri-

ses the bijections a ++ b and e «» f,

[M3-3] In order that S and T are connected graphs, at least the
vertices a and e and the vertices b and f are connected
by disjoint paths; due to [M3-2] these paths have equal

lengths.
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Under these conditions the difference polynomial takes the follow-
ing form

k 2

A= (A" - A )2

af _ caey

(C (3)

where ak = ¢ (A-k,x) denotes the characteristic polynomial of the

graph obtained from A by removing vertex k, etc.; for details of

the concise notations used here see [10].

Within this variant of model 3, TEMO without inversions, i.e. a
MO sequence according to eq. (1), will result if

caf _ cae

v

0, XE(-w,+x) . (4)

Thus, the problem of finding structures for S and T satisfying eq.
(2) is here reduced to that of finding a central moiety which is
in accord with eq. (4). Although some particular examples for such
structures of C have already been given [9-11] in the next section
a procedure is developed which enables their systematic construc-

tion.

3. C-Formation

In order to prepare the induction of the C-formation procedure we
have to consider some modes for the partitioning of a given C-moiety.
But as a preliminary step we examine two isomorphic C-moieties,

¢ = C, as shown below:
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Because C = C, the two graphs may be isomorphically mapped onto
each other. <uch a mapping, C <> C, obviously includes the fol-

lowing bijections:
a-»a, b «= ¢ , e «+ a , f «+ b ; (5)

from which it is easily derived that

caf | cae _ gaf _ gae (6)

; " af ae, ._ . 2 ;
This means: Tae expression (C - C77) is invariant under the simul-

taneous interchange of the vertex labels a with e and b with f£. Thus,
within model 3 a given C-moiety according to [M3-2], where the vertex
pairs {a,b} and {e,f! are non-equivalent, may be used twice, once
in its original form, say C, and then in its C-form. We call C the

side-inverted form of C,

We now consider scme modes for the partitioning of a given C-moiety
into two subunits. From [M3-2] some equalities are derived for the
characteristic polyncmials of different subgraphs of the subunits;
they lead to the cancelling of particular terms in the result ob-

tained by the partitioning.

Mode 1: The following structure of C is assumed:

EIE C=DUEU {(a,e),(b,H)} .

Obviously, the graph corresponding with Caf consists of two com-

Caﬁ _ p2pf

ponents; hence, D"E” is obtained. The graph corresponding

with C2© is connected. The removing of the edge (b,f} leads to

2t = H9ES = DabEef. Thus one has here

af ae

c = i - p2gf - page + pabgef
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As a consequence of [M3-2] Ef = Ee: thus the first two terms can-
cel each other and one obtains finally, in the case of the par-

titioning mode 1

Caf - cae _ DabEef . 7

Mode 2: Let C have the following structure

O FO o eQ
E c=DUEU {(a,n),(b,B)}
o O P fo

A straightforward calculation, analogous to the above one, leads to

Caf _ cde _ Dab(Eaf - g%y | (8)

Mode 3: For the following structure of C

Ca €0+ O e
D E C=DUEU {(e,e),(0,5)}
ob 60+ of

one obtains

- ¢3¢ _ (pa® _ pagygef (9)

either by a similar straightforward calculation or by applying

eq. (6) to eq. (8).

Mode 4: Here, the following structure of C is assumed:

Oa EO+—10a eO

E C=DUEU {(g,a),(0,81 .
ob 80+—+0B fo
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Removing the edges (e,a) and (6,B8) from Ca*, where the star stands

either for e or for f, one obtains

c3# - pap® _ pAfpix _ DaBEB* " DasBEuB* - 2p? E;B

eb E
As a consequence of [M3-2] ES = Ef, Eaﬁe = Euﬁf, Ezﬂ = Egﬁ,
EBe = Euf, and Eﬁf = Eue: hence, the final result can be simplified
to
Caf - cae _ (Dae _ Das)(Euf - g%y (10)

It is worth noticing that the two factors of the right hand side

of eqg. (10) are of the same type as the left hand side of eq. (10).

A C-formation is that graph operation which is inverse to the par-
titioning modes described above and here it will be indicated by

the following symbols

C=D@E . (11)

This notation may be understood as follows: The graph D is drawn
to the left of E. From the crucial vertices of D and E the right
hand vertex pair of D is connected with the left hand vertex pair
of E by two edges which do not cross each other. From this it is

obvious that the graph operation is non-commutative, i.e.

D®EF#E®D (12)
provided D and E are non-isomorphic graphs, D ¥ E, and the vertices
{a,b} and {e,f} are neither equivalent in D nor in E.

This graph operation is only defined upon graphs which belong to
special classes {Fj} and {Hj}. Representative members of these

classes are given below:



ol

The bijections noted above are required in order to satisfy [M3-2];

they express some symmetry of these graphs which is schematically

indicated by the broken line. The four crucial vertices of any Fj

are always labelled by a, b, e, and f; those

two of Hj by u and v.

The graphs used above for C in the partitioning modes 1 - 4 may be

expressed as follows: H1 =] H,, H @F, F@&H,

and F, @ F

1 5r respec-

tively; the results obtained for Caf - c2® are then as follows:
H?VH;vr Huv(Faf - F29y, (Faf - F2%) 4%, and (F?f _ F?e)(Fif _ Fge}_
It is noteworthy that although the graphs C1 = H @ F and C2 =

F & H are in general non-isomorphic, C1 7 Cz, they generate the

same polynomial

uv(Faf _ e af ae

) = H F%%) = (7%~ F¥%)n

uv af ae

= (C = &

It is easy to verify that C-formation is an associative graph ope-

ration, namely

Cc = (G1 (] GZ) 8 G, =G, & (G2 @& G

3 1 i =G

o 1

where Gj' j = 1,2,3 stands for any member of

may be illustrated by the following example:

Qa e 0+ Oa €0

ob  tof ob | fo 1

® G, e0G

2@ 63 (4

{Fj} and/or {Hj}. This
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af

Caf ae af _ rae X

~ ¢ = (F] B Fge)ﬂuv ; (15)

The associative character of the C-formation leads to the following
consideration: Suppose a C-moiety is formed from n subunits, name-

ly m Fj and n-m Hj subunits, then one obtains

m n
2t _cae . g p2f L g3 . 4w | (16)
j=1 j=m+1 J

This equality offers the construction of C-moieties from a collection
of a few subunits Fj and ”j’ Because in eq. (16) Caf - ¢®* is fac-
torized it is relatively easy to select the subunits Fj and Hj S0

that eq. (4) is satisfied.

It should be noted that from a collection of m Fj and n-m Hj in

m-in! non-isomorphic C-moieties can be formed, provided the

total 2
collection does not include any pair of isomorphic subunits and
in all Fj the vertex pairs {a,b} and {e,f} are non-equivalent.

According to eq. (16) the polynomials Caf - 2 coincide for all

these Zm-1n! different C-moieties. Clearly the factor n! repro-
duces the number of different sequences of the Fj and Hj used
whilst a factor 2™ arises from the fact that the m subunits Fj may
be inserted in a C-moiety either in their original or in their
side-inverted forms Fj as explained at the beginning of this sec-
tion. The collection of these 2™n! C-moieties also includes the

m=1

side-inverted forms, thus finally 2 n! non-isomorphic forms result.

n—1n!

The number 2 increases rapidly with increasing n as may be

seen from the first few members of this series:

n | 1 ’ 2 | 3 | i | s | 6 | 7
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In practice, however, one will construct C-moieties for topomers
which correspond to molecules which are synthesized and the phy-
sico chemical properties of which are well investigated; thus,

only small values of n will, in general, have relevance.

4, Some Simple Structures for Fj and Hj;

The only requirements which must be satisfied in principle by any
graph Hj is that it must consist of at least two vertices and must
have a symmetry as expressed by u ++ v, Thus, one may think of an
unlimited number of structures appropriate for Hj. In practice,
however, this number will be reduced by the demand that S and T
correspond with fully conjugated systems. Then the degree of the
vertices u and v in S and T must not exceed the value of 3. Since
u and v represent bivalent sites of the subunit Hj they must be
univalent in the subunit Hj itself. There are only two types of

graphs which agree with all these demands; they are shown below

For these types of graphs one obtains

B =g, (17)
I 1
HY = g2 2 0, x€(-=,+w) . (18)
II e
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since YV = O, in regard of eq. (16) a graph of type H

IT . will al-

i &
ways agree with the demand of eq. (4). The same is not true in ge-

neral for graphs of type H_ but is achieved if Gi is either an

I
even-membered Mobius cycle for which Gi = [y(x)]2 holds or the
empty graph where Gi = 1: in the last case HI consists only of

“he two vertices u and v, either connected or disconnected.

The subunits Fj exhibit more variations in their structure as the
subunits Hj' A great many of them may be derived from the follow-

iny guite general graph G, by specifying its parameter k,i,4,j,k =

Q

1 & “w a 1 2
;
7JZ’
] L3
L 2 % 12 X 1 2 "
oy B il sy
o t

=0,1,2,... . The choice 7 = 0 corresponds with two situations, na-

A e 1 2 N
S

1

2

Go=

mely there is either an edge between the vertices a and b or there
is no edye between these vertices; the same is true for k = O and
tihe vertices o and f£. Due to [M3-3], however, A = O always means

that the vertices a and e and also b and f are adjacent.

As may be easily verified in the case of GO one obtains

af ae _ 2 2
Gg - Gg = Pj Py B BE . (19)
where P.‘-| = ¢(Pj,x) etc, designates the characteristic polynomial of

a path consisting of j vertices. Eq. (19) may be obtained either

by a straightforward calculation involving a partitioning of Ggf
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Table 1: Some families of graphs GT derived from GO'

. f
i k.ow, W, G+ Gctl ‘G%e

0 0 0 O Gy 1




i,

Table 1

(cont,)

Gy

P, P}

Pj PZPA

Pkpi

P, P2

Py P2 P2

Pij
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Is X, Table 1 (cont.)
. a A e
- - - Gia k Pj Pk P4
v b A f
a A e p
- -0 Gis ] l" Fi PuPg
b A f p
* a A e H
: 22
& = G1ﬁ j k PJ PkPKPu

a l] ?\2 e
G17 1 P!;
b N A, f
a 11 ?\2 e
b Ay Ay f
a A A, e
G e L 2 P, P
b A, 1y ¥
a A\ A, e
O ®
PR (I (2 (R R
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at the vertices b and e and that of Gge at the vertices b and f
or by means of C-formations using the following subunits:

H and A subunits Hj’ o 2eBuciind Bl

1 = Pysoengr Brin ® Prigyen
each one consisting of two vertices only. In this eg. (19) is de-
rived from eq. (16); this illuminates the reason why the result,

2g. (19), does not depend on i, namely, because H?v =1 for j =

[I%]

+344.44 A + 1. As a consequence of this Go(j,k,x.u) represents a
particular family of graphs, the members of which are characterized
Ly a distinct value of A. In the following the term "X-degeneracy"

vill refer to that complex of circumstances.
From GO several families, G1 to G16' of subunits may be derived
by taking scome of the parameters j, k, «, and y to be zero. Each

family of graphs obtained in this way exhibits i-degeneracy:; they

are listed in Table 1. Since PO = 1, the expressions G?f

r=1,2,...,16 are simply derived from eg. (19). The families

ae
- G2%,
T

G to G also included in Table 1, are obtained by C-formation

g 573 20"
in accordance with

Gyp = Gg BGy
Gig = G139 Cq «

(20)
Ghg: =Gy 8 6ym
Gyg = 613 ® Gy .
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Concerning the property

(def) G?f - G?e 2 0 for all XE (=00, +o0)

A.G_C
an inspection of Table 1 shows:

(i) 86 Z 0 holds for t = 1,2,3,4.

(L) RoE = Buby easqg 12 177 AGT consists of some non-negative fac-

tors and Pn' ne{j k,2}; AG_ 2 0 is achieved if n = 0 is taken.

(Lii) For T = 13,14,15,16,18,19 AGT contains, besides some non-nega-
tive factors, the product PHPL' n.z€{j,k,2}; with equal values
for the two parameters, n =¢ = 0,1,2,..., one arrives at
66, = o.

{iv) AG20 = PijPE will be non-negative if two of the three para-

méters j,k,2 equal each other and the third one is zero.

From these families of graphs a series of small subunits Fj may be
derived. They are listed in Table 2; this table also contains some
further subunits generated by C-formation from the former ones. In
all these graphs the vertices a and b are marked by open circles,

the vertices e and f by full circles. All these graphs are arrang-

ed in Table 2 in such a way that those Fj are grouped together which

coincide in their polyncmials AFj = F?f = F?e. Since any Fj is iso-

morphic with its side-inverted form, fj B Fj‘ the latter ones are

excluded from the table.

All the subunits Fj given in Table 2 may be generated by C-formation

from a few H-type graphs, denoted by J.I to JS; they are shown below:



Table 2: A structural kit of subunits Fj for the production of

C-moieties within the model 3 by means of C-formation procedure, eq.(16).

{By definition: ,gFj = F?f . F?e)
o AFj
o—e
of e
1 2 3
SPRO
o _»
4 5 6 7
<
a_p s ,
8 9 10 " 12 =
14 15 : 16 17
L 13 20
ca GO
OO "
26 27 28
C QO .
29 30 N 32
Sqes
34 35
(x2-1)2

36
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ou Iu u
oV v v

41 42 J3 Ji Jg Je
J?V: 1 1 x x? x?2 x4

The first twenty graphs, 1 to 20, are constructed exclusively from
the appropriate numbers of duplicates of Iy and Jyi
to eq. (16), they all have AFj = 1. For the generation of the sub-

thus, according

units 21 to 28 one J; and some J, and J, are used; hence, there a

2 ] JS while the graphs

30 to 33 are made from two I3 and some J, and Jyi
case AFj = x2. The subunits 34 and 35 contain one Jg, graph 36 two

AFj = x exists. The species 29 accords with J

hence, in this

Jgr hence their AFj are (x2—1) and (x2-1)2, respectively.

Table 2 represents a kind of a structural kit for the construction
of the central moiety C of model 3 by means of C-formation. In
order to generate a C-moiety satisfying eqg. (4) one may use an
arbitrary number of subunits which have AFj 20 and/or an even
number of subunits which coincide in their AFj. In this way from
the kit represented by Table 2 numerous pairs of topomers, S and

T, may be constructed which agree with eq. (2); hence, their MO
pattern is compatible with eqg. (1). Some examples of pairs of topo-
mers produced by means of C-formation using the subunits of Table 2

are collected in Figure 1; they all agree with egs. (1) and (2).
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Figure

13

(S) (T)

Some pairs of topomers S and T according to model 3,
which satisfy egs. (1) and (2). The possible C-moieties
are indicated by rectangles; they are generated by
C-formation using the subunits given in Table 2.
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Figure 1 (cont.)



In an earlier paper [11] of this series it was observed that within

£

some series of C-moieties the polynomial 2% o g8e does not alter,

From the series given there we cite here the following one for

which Caf - 8 = 3(x2-1):
K'|: KZ! K3' K‘o' K5’

It was said there: "In each member of a given series a certain

'kernel structure' is present which seems to determine the analy-

ae

tical form of (Caf - C%%)." Now, this observation is explained by

the C-formation formalism: The graphs K2 to K5 may be generated

from K1, Jj, and J2 by C-formation as follows









