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Abstract. After a orief review of the important problem (both
for chemistry and for graph theory) of establishing whether two
given graphs are, or are not, isomorphic, it is shown that the
Unique Topological Hepresentation (UTR) resulting from the HOC
algorithms provides a simple means to reach this goal : the
UTR's of the given grapns are obtained, and then either compared
directly (in the manually-implemented procedure), or converted
into adjacency matrices or topological codes (for graphs) and
correspondingly into SHOC codes (for chemical compounds) which
can be processed by computer programs for matching in order to
decide whether the given graphs are, or are not, isomorphic.

Ihe order of the symwmetry group of a graph results auto-
matically from a simple relationship, during the course of the
iterations for the HOC-3 algorithm. One can also obtain easily
the order of the symmetry group for non-planar graphs which are
used as reaction graphs, bxamples are provided both for chemical
compounds (molecuiar or constitulional grapus), and lor reaction
graphs : the highly symmetrical Petersen graph (5-cage) is the
example for the latter type of graphs.

4 list of aobreviations is appended after the bibliography.
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1. INIRODUCTLON

The Hierarchically Ordered extended Connectivity (HOC)
algerithm e succeeds in a simple manner to discriminate unambi-
guously all vertices in a graph according to their topological
equivalence and to order them into ranks (levels) of a Unique
Topological Representation (UPR), by applying the first part of
this algorithm : HOC-1, HOOC and / or HOC-2, HOC-2A. The second
part, HOC-3, succeeds in assigning numbers to all vertices of
the graph ; when topologically egquivalent vertices exist in the
graph, several topologically equivalent numberings (TeN's) are
possible, each of which is reducible to the same UTH. By con-
verting the UTR into its adjacency matrix, one can thus obtain
for any graph a unique form of its adjacency mairix.

It is therefore logical to use the advantages of the HOU
algorithm, which are discussed in a previous part of this
series,2 for recognizing isomorphism in graphs and for deriving
their symmetry properties, in addition to other uses which are
described in the first three parts of this series. In particu-
lar, the second part has presented how to use the result of the
HOC algorithm for devising in linear notation a topological
code for graphs, and a chemical and stereochemical code (SHOG)
for chemical compounds.3

Briefly, the differences between the variants of the HOC
algorithm are as follows : HOC-1 deals with the large majority
of chemical structures and ranks vertices according to their
hierarchically ordered extended connectivities. For regular
graphs, the HOOC algorithm ranks vertices by taking into account
overextended conneciivities which involve more distant neigh-
vours than adjacent vertices. For graphs with peri-condensed
rings of different sizes, the HOC-2 algorithm has as additional
criterion for ranking vertices by sizes of all rings to which
the given vertex belongs. For rare cases of compounds having
more than six peri-condensed rings with additional restrictions
as to ring size, or for strongly regular graphs, one has to use
the HOC-2A algorithm.

Both the above variants (HOC-2 and HOC-2A algorithms) are
topological in nature ; however, for the same types of excep-
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tional graphs which cannot be treated by HOC-1, cone can use the
HOC-4 algorithm whose nature is different : 1t searches the
"pest name" for finding the canonical numbering and the corres-
ponding orbitally equivalent vertices ; the resulting set of
best names is an analog of the TEN's.

Normally, after applying HOC~1 {(or in the appropriate
cases HOC-2 or HOC-2A) algorithm, the numbering of vertices is
eftfected by using the HOC-3 algorithm which results in an unam-
biguous and non-subjective set of TEN's.

2. BRIEF HEVIEN ON THL RECOGNITION OF GRAPH ISOMORYHISM

As expressed in the title of a recent paper by Read and
Corneil,4 {ef. also 5}. the "graph isomorphism disease" gave
rise to a still continuing search for graph invariants which
coula uniyuely characterize graphs without degeneracy and with-
out involving complicated matching procedures, in order to
establish whether a pair of given graphs with the same numbers
of vertices and edges, respectively, are or are not isomorphic,
irrespective of the way they are drawn. Two graphs are isomor—
phic if there is a one-to-one correspondence between their
vertices which conserve all adjacencies. Necessary, but insuf-
ficient conditions for isomorphism are equalities of the numbers
of vertices, edges, and partition of vertex degrees.

That the problem is of interest also to chemists and not
only to graph theorists, is demonstrated by proved cases of
tailures to recognize the identity of bridged polycyclic systems
and therefore to assign correct 1UPaC names to such systems when
using the A. von Baeyer system of nomenclature ; this in turn
has led to erroneous indexing of the same classes of compounds
prepared by different research groups and named differently.6

So far, the search for simple criteria for graph isomorph-
isw has met witn little success when trying Lo use such reduced
torms of the adjacency matrix as the spectrum of the graph,
since 1t was shown tnat the grapn spectrum or the characteristic
polynomial do not characterize unampbiguously the molecular topo-

logy, so that there exist non-isomorphic cospectirai graphs.7

However, Randié argued that the adjacency may be read

sequentially as a binary number with the condition that among
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all permutations of rows and columns, a unique permuctation can
be selected which results in the smallest binary nuunbez-.a_1U
ldeas about selecting uniquely extremal forms of the adjacency
matrix nad existed ear‘lit-.‘x‘,n_l'S but it is the merit of Handit
to have demonstrated the scope of tne smallest binary number
(SBN) algorithm for obtaining a graph invariant, and to have
used it for ordering grapns,14 for devising cancnical numbering
systems,15 and for obtaining symmetry properties of graphs.16
Notwithstanding the theoretical importance of this approach, for
prectical applications it is difficult to implement by hand and
is rather time-consuming by means of computer programs (which
sometimes with pairwise permutations deo not arrive at the SBN
but at false (local) minima,9 S0 that triple permutations have
to be tested).

Many other approaches have been used, mainly by mathemati-
cians, for recognizing graph isomeorphism. We shall not review
exhaustively the literature, but shall give a selective over-
view highlighting mainly the chemically relevant aspects, and
attempting to group together related procedures in some cases.

A. Procedures pased on matchings.

a. To avoid the necessity of the N! possible wappings of
one graph on another, if N is the number of vertices, each time
one tests for isomorphism, an algorithm was proposed for
attempting a vertex-to-vertex matching tor coincidence,17 which
is still time-consuming because the choice of vertices is arbi-
trary, involves considerable back-tracking, lacks criteria in
the decision-making step, and consumes space in the computer
memory for being able to restart from the last point of agree-
ment.

b. Matching of the Fourier maxima to specified entities
of the known graph, also in chemical contexts.1

c. Sussenguth 19 compined a selection of simple graph pro-
perties with a subsequent matching algorithm, and applied it to
chemical problems.

d. Other matching procedures.ao”24

B. Procedures based on comparing global or local charac-
teristics of graphs.
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a. An approach was proposed on the basis of comparing ver-—
tices after ordering them according to their degree and to the
degree of their adjacent vertices.25 Here belongs also Penny's
connectivity code 26 which has been used for describing chemical
structures.

b. The determinant of the adjacency matrix supplemented
with atomic symbols along the main diagonal was proposed as a
preliminary screening in testing isomorphism of chemical sys-
tems.z'7 However, as indicated earlier,T the identity of such
determinants is insufficient.
29

which have a low degeneracy are of assistance in testing iso-
30

c¢c. Topological indices such as J,28 or the superindex
morphism. The tollowing paper in this series, which introduces
two new topological indices, J{ and W , with low and practi-
cally nil degeneracy, respectively, also belongs here. However,
as in the preceding case, topological indices which are of
considerable use in chemical corrclations, are mathematically
not free of degeneracy.

C. Other procedures.

#e list here only a few other procedures and indicate that

more information may be found in some of the references already

cited,4—29 and especially in graph-theoretical papers. 0f con-

sideravle interest are piblicgraphies for graph theory, the
simplest of which is Turner's 3 vecause it employs the "“keyword
in context system", and the most recent of which are Berman's

"forward citations in graph theory" 32

33

and Ruiz's "graph theory

newsletters". Some references on graph isomorphism found

34-39

through these bibliographies follow.
3. RsCOGNLITLON OF 3aabt LfOOMORFHiISM

To find out whether a pair of graphs are or are not iso-
worphic, after testing the simple grapn invariants (aumber of
vertices and the partition of their degrees, numper of edges,

40 for a

number of circuits with 2, 3, 4, etc. vertices - ci.
computer program giving tne numbers of rings with all sizes), we
apply separately the HOC algorilim to each of these two graphs,

in order to find the rank (Gopological equivalence level) struc-

ture, and the canonical numoering. Theun we construct the two
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UPr's. 1f the testing for isomorphism is effected wanually,
visual comparison of the two UIR's «#ill show by vertex—to-vertex
matching if the two graphs as UTR's are, or are not, isomorphic.
The matching should be done for correspondingly numbered verti-
ces, on correspondingly numbered levels, and the UTR's should

be identical if the two graphs are isomorphic.

If the search is made by means of a computer program, the
UTR's should be compared by using a specially devised program
{incorporating also the rules for constructing the ULi's), or
they can be cenverted into their correspondingly ordered adja-
cency matrices, which can be easily compared by the computer. An
alternative approach, valid for graphs and for chemical com-
pounds, is to convert them, through the HOC algorithm into UIR's
and hence into topological or SHOC codes, respectively,3 which
can again be compared symbol by symbol for isomorphism which
must result in the identity of the codes.

Thus the HOC and SHOC algorithms are usetul not only for
organizing and storing information about graphs and molecules,
respectively, but also for comparing such structures. Since
these algorithms are based on objective, clear and unambiguous
rules, their outcome does not depend on how the graph has been
drawn or on its initial arbitrary numbering, and each graph
results in a Unique Topological representation which makes the
recognition of graph isomorphism a tractable problem, at least
for graphs which are relevant in chemical contexts.

4. RECOGNITLON AND ENUMERATION OF GRAPH SYMMETRIES
USING THE HOC ALGORITHM AND THE UIR

Ihe tirst paper in this series,2 describing the HOC algo-
rithm, indicated how the hierarchically ordered extended connec-
tivities and the ranks of adjacent vertices arranged in increas-
ing order can discriminate vertices in a graph till a comglete
ordering results according to their ranks (levels) of topologi-
cal equivalence. 1t was proved ° that 110C-1, HOOC and HOG-2(a)
procedures were necessary and suificient for finding the topolo-
gically equivalent vertices (or orbitally equivalent vertices,
OEV's) and for obtaining a unique topological representation
(UTR) on the basis of levels provided by OEV's. The topmost
level of the UTR thus obtained is occupied by the vertex or
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vertices with the lowest numbering(s), i. e. the highest rank,
as resulted from HOC-1, HOOC, HOC-2 or HOC-2A (which provide the
ranks or levels) and trom HOC-3 {which provides the vertex num-
uerings). To this effect, at the end of HOC-1, HOOC, HOC-2 or
HOC-2A, if there exist OEV's in the graph, HOC-3 introduces
artificial discriminations among OEV's with the highest rank ;
we thus end up in one of the possible topologically eguivalent
numberings (TEN's) of all vertices, so that in the presence of
topological {orbitel) equivalence, the UTR corresponds to more
than one topologically equivalent numbering (TEN).

The levels of the ULR are populated with the vertices of
the graph arranged in increasing numerical order from top right
to bottom left. The position of each vertex is thus determined
by (i) its rank according to HOC~1, HOOC, HOC=-2 or HOC-2A algo-
rithms ; the rank determines the level on which the vertex is
placed, and (ii) its numbering according to HOC-3, which deter—
mines the relative position {(more to the right or to the left)
on the level. If one wishes to avoid as far as possible cross-
ing lines in UTR's, elaborate conventions are necesgsary ; this
problem will be discussed in a separate paper.

The Ul'R is isomorphic with the given graph. Since, how-
ever, the numbering obtained by the HOC algorithms has no appa-
rent order (because it does not conserve the adjacency of ver-
tices, this numbering has hardly any logical order, except for
very simple cases), the UIR compensates this fact by drawing the
given graph in such a manner that the resulting numbering
acquires a logical order : in the UTR, the numbering increases,
ag indicated above, from top right to bottom lelt, regulariy.
Truly, this gives rise sometimes to awkward siructural formulas,
as the exawples in the first part of this series C or in the
present paper show, but the connectivity 15 easy to be recogni-
zed. AL the same time, this manner of drawing the given graph,
although "ugly" with respect to its geometry, is "beautiful”
with respect to its lHOC-dictated topological nature.

#nile the levels of the UTid {corresponding to the zraph
orbils) are non-subjective and uniquely dictated oy the graph
topology, the disposition of vertices on the same level needs

further conventions to make the resulting pgeometricai represen-
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tation of the graph truly unique. Ideally, the UTR should avoid
crogsing lines for planar graphs ; this is feasible (with some
conventions which will be presented in detail in a separate
paper) only for acyclic, monocyclic and bicyclic graphs. For
polycyclic planar graphs, it is still an open problem to devise
a general method yielding UTH's devoid of crossings, or to prove
that this is impossible. At present we think that in such cases
a UTR is useful even if it has crossing lines.

The reason why several TEN's may exist for a single UIR is
the presence of topologically equivalent vertices, i. e. of
symmetry. The number of TaN's depends on the symmetry of each
graph. We shall discuss as an example the constitutional formula
of 2,3,5,6-tetramethylbicyclo [ 2.2.1] heptane (1) , ignoring its
stereochemistry, as indicated in Figure 1, where the numbering
ig according to the HOC-3 procedure.

1

1 1 2
16 4 5% 10%¥5 6*yy g% : 3eg 8%3 : 4%g

Levels 1 =-»—===

[,___._._

Fig. 1. The four TEN's and the UT'R (unique topological re-

presentation) of 1, presented with crossing lines
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tairwise permutations between vertices can be classified as
follows according to several criteria :

A. Vertex permutations between different levels of UTR's.
B. Vertex permutations on the same level of the UTR.

By convention, we start from top to bottom and from right to
left in the UTR.

a., Independent vertex permutations.
b. Dependent vertex permutations, i. e. those caused by
the former cnes and by the connectivity of the graph.

if we admit as valid permutations only those which are

compatible with the graph connectivity and we ignore the permu-
tations which violate this connectivity, we have to reject all
permutations of type A. We exemplify with the UTR of 1, and we
present examples of independent {B.a) and dependent (B.b) valid
permutations of vertices on the same level ; under each indepen-
dent permutation we list the dependent permutations, which may
be either on lower levels, e. g. those triggered by the indepen-
dent permutation (1,2), or on the same level, e, g, the first of
those triggered by the independent permutation (3,4) :

B.a (1,2) (3,4)
B.o ¢ (3,5) and {4,6) (5,6)
(8,10} and (9,11} (8,9) and (10,11)

Fhe product of the number of independent permutations
(B.a - type ones) determines the number of TEN's, namely
2x 2 =4 in the example discussed here (1).

In chemical examples, the independent permutations are of
two types : permutations which correspond to the point-group
symmetry operations (retation, retlection, etc. of the whole
rigid skeleton as in the example 1), and permutations which cor-
respond to symmetry operations involving a molecular fragment
(i, e. a component of a separable, or weakly-connected, jgraph),
e. g. (i} permutation of carbon atoms in an isopropyl group,
corresponding vto rotation of this fragment relatively to the
remaining part of trne molecule, or (ii) permutations in spiro-
compounds, where the symmetry operation involves inversion of

configuration at the spiranic atom.
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kvery TEN will correspond to the same UTr and therefore
will have the same adjacency matrix. This may seem paradoxical
in view of the fact that for a complete numoering we have intro-
duced with HOC-3 arbitrary discriminations of one or several
vertices with the highest rank(s) once, or several times, during
this algorithm., However, the nature of the HOU procedure is such
that the connectivity of all I'EN's is the same, because all
TEN's are derived from one another by symmetry operations
applied to the whole molecule or to fragments thereof , includ-
ing products of these permutations, so that the UI'rR and the
ad jacency matrix of any ThEN are unique and identical for any
given graph.

The order of the symmetry group of any graph results from
the HOU-3 algorithm by counting all topologically equivalent
numberings (TsN's) compatible with the UTR : these TEN's are
derived from the independent vertex permutations of type B.a.
Thus the order h(G) of the automorphism group of a graph G is e

h((})ﬂnpi (1)
k8

in the stepwise HOC~3 procedure for obtaining the UTR and
the TEN's, artificial discrimination of vertices must occasion-
ally be introduced i times between a set of equivalent vertices ;
Py is the cardinality of this current set of equivalent vertices
having the highest HOC rank.

#When the graph has weakly connected components which are
separable by a bridge (cut-edge) or a cut-point, tnen auto-
morphisms involving separately these components aust be taken
into account.

The second example is a molecule where stereoisomerism
would exclude free rotation around tne double vond, yet consti-
tutional isomerism requires a symmetry operation wnich corres—
ponds to such a process : all carbon atoms of 2,3,4,4-tetra-
methy l-2-pentene (2) are numbered from 1 to 9 as shown in Fig.
2. The automorphisms are indicated in Table 1, and they corres-
pond to symmetry operations classified in terms of rotations
(03 and powers thereof), reflections (0 ), or combinations of
such operations. One can see from Table 1 that the number of 12
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automorphisms agrees with formula (1) where py =3, py = 2, and
p3 = 2. The numbers Py and By refer both to sywmetry operations
involving the methyl group ; in this case and in general for
weakly connected components having a total of mj equivalent
vertices in componcnt j, the number of local automorphisms is
m.! For such cases all local automorphisms are expressed by

J
h(G) = Tﬁij! (2)
J

and indeed this formula tcgether with (1) leads tor molecule 2
to n(2) = 2! x 3! = 12,

‘able 1. Automorphisms and
point group symaetry operations
for constitutional graph 2

Uper-
Auvtomorphisnm ation
(1 (2)(3)4(5)(6)(7)(8)(9) E
(1(2)(3)(4)(5) (L) (1) (8,9) L
(13(2)(3)(4,9)(e)(7)(8)(3) oy
(13(2)(3)(4,6)(5)(7)(8B)(9) O,
(12(2)(3)(4)(5,6)(7)(8)(9) Ty
(13{2)(3)(4,5,6)(7)(8)(9) Cy
(1)(2)(3)(4,6,5)(7)(8)(9) o2
y (1(2)(304,5)(6)(T)(8,9) | o, 0,
53 (1)(2)(3)(4,6)(5)(7)(8,9) O, Oy
(1)(2)(3)(4)(5,€)(1)(8,9) Oy O gt
Wi B, ikinaehig ad (1(2)(3)04,9,0)(1(8,9) | vy,
symnetry elements of 2 (11(2)(3)(4,6,5)(7)(8,9) L:3 Ty
For a very symmetric graph we take as a Last example the
Y-cage, also known as the Petersen graph (kig. 3), 3, which
appeared in several chemical contexts as a reaction graph.“-43
fhe retersen grapn is vertex- and edge-transitive, actually it
is j=unitransitive or 3-regular iu Tutte's tetminology.44'45 The

first arvificial discriwination during the HOC-3 algorithm is
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