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Abstract

An explicit recurrence relation is derived for the matching
polynomial of the long hexagonal (benzene) chain. From this several

formulae are derived for the number of various kinds of matchings in

the chain.
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L Introduction

The graphs considered here will be finite and will contain no loops
nor multiple edges, Let G be such a graph, A matching in G is a spanning
subgraph of G whose components are nodes and edges only, 1f the matching
has d nodes, it is called a defect~d matching, If it has k edges, it is
called a k-matching, Clearly a k-matching is also a defect - (p-2k)
matching, where p is the number of nodes in G, The matching polynomial of

G - denoted by m(G), is the following

[p/2]
m(G) = I a
n=0

p~2k k
3. W@

W

k

1 and w2 are indeterminates

associated with each node and edge respectively in G, For the basic

where a, is the number of k-matching in G, and w

properties of m(G), we refer the reader to Farrell [1],and Godsil and
Gutman [3].

There are many interesting forms of m(G), when special values are
assigned to w; and wy. Some of these polynomials already existed in the
Chemical and Physical literatures. An account of these can be found in
Gutman [8] and Godsil and Gutman [4]. Recent applications of m(G) in
Chemistry can be found in Gutman [5,6,7],

We define the hexagonal or benzene chain to be the graph formed by
attaching a finite number n of regular hexagons together in a linear

manner, in such a way, that adjacent hexagons have exactly one edge in
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common. This graph is also called a hexagonal animal (see Harary [9])y.

We call it the benzene chain Ay, Matchings in A, were discussed in Farrell
& Wahid 12]. The iong benzene chain L, is the graph formed by identifying
the two terminal edges (See edges ab and xy in Figure 1(i) below) of A,.
Ay and L, are shown below in Figure 1. It is clear that L has 4n nodes
and 5n edges. Ln is a special case of a rotagraph (See [10]). Its

chemical name is rotapelyacene.

W
a x
A<
&, . .
b v L, ¥
(i)

(ii)
Bigure 1

In this paper we will derive an explicit recurrence for L;. This
will be used to obtain explicit formulae for the numbers of various kinds
of matchings in Ln' Ln will be written for m(l.n), when it would lead to
no confusion, and especially in recurrence relations. We will denote
the generating function of m(G) with indicator function t, by G(t). The
number of defect-d matchings in G will be denoted by N3(G) and the number
of k-matchings, by y, (G). Their generating functions will be denoted by
Ng G(t) and yEG(t) respectively, The notation (Nd1 + ng T - Ndr)Ln

would mean Ng,(Lp) + Ng,(Lp) + .... + Ng_(Ly). Clearly from our definitions
1 2 r

we must have 1. Nd(G) = 0, ford <0
and 2% yk(C) = 0, for k < 0.
Also, ¢ = & = vy
80 b *k(G) ;k(G).

2. Preliminary Results
The following theorem, called the fundamental theorem for matching

polynomials was proved in [1].



Theorem 1
Let Ghe a graph containing an edge xy. Let G' be the graph obtained

from C by deleting xy and G" the graph G-{x,y}, Then
m(G) = m(G")+ Wy m(G")

The algorithm implied by this theorem will be called the reduction
process. 1In order to effectively carry out the reduction process, we need

the Component Theorem, also given in [3].

Theorem 2 (The Component Theorem)

Let G be a graph with r components Hi(i =1,2, ,,., t). Then
r
n(G) = 1 m(Hi) ”
i=1

The following result can be easily proved. It was also given in

[(23.

Theorem 3

Let G be a graph with p nodes and q edges. Then in m(G),

P
v
= ii = i - - i
(i) a, 1, (ii) a; =g and (iii) a, (qz) iEJ( 2) g
where vy is the valency of node i.

Theorems 1, 2 and 3 will be used in the material which follows,
Notice that in applications of the reduction process, the graphs G and G"

will be called the reduced graph and the incorporated graph respectively,

3 Matching Polynomials of Long Benzene Chains
When applying the reduction process to L., we will obtain graphs
which comprise of the benzene chain Ay_)with edges attached to ils

terminal nodes in various ways. These graphs are shown below in Figure 2,



Figure 2

Let us apply the reduction process to Ln (see Figure 1(ii)) in the
following manner. Delete edge ty, In the reduced graph delete tu, In
the subsequent reduced and incorporated graphs delete xy. 1In the next

reduced graph, delete st, This yields the following lemma,

Lemma 1
2
Ly = W lpz + wp Buop + 2wy Ry + oMy p + wy Spop (n¥l) .

By appropriate applications of the reduction process to the graphs

in Figure 2, using the indicated edges, we obtain the following lemma.

Lemma 2

For alln > 0

(1) €= v Sy vy ¥y
(i1) By = wy V,, +wy M,
(iii) Rp=w V“ + wy; T,

. _ 3 2 2
(iv) D = (u_l +2w1w2) Tn—l + v Wy An—l + (Zw] w,tw, ") D



3

) Ml'l Lt Dn +i¥y Bn—l

2 B 2
(vi) Sn wl Vn + (wl W,

2 2
+ S + w
wz) ‘%n w owé Vv

2 -1 12 "n-1

(vii) V, = wy T, + wp ¢

+(w§w +w2)T

(viii) Tn =w Dn + w 2 P

2
wz Dn-.-]

! 1

These lemmas can be used to obtain the following result.

Lemma 3
= 2
Lo = (02 + wy) Sy o+ dwjuy Vo o + 205 M5 + 2w,2 Tpep (021).
By obtaining the associated relations between the generating

functions and by extremely tedious algebraic manipulations, we obtain

the following result for the generating function for Ly-

Theorem 4
C oy b 2 2 6 4 2 2.3 4
Ly = (up + 8wty + 8wy) Ly = (Bwywy o+ 23wy wy® 4+ 47w e, o 28w,) L

6i. &3 4 4 2.5 6
1 %2 + Shwl W, + llfaw1 W, + 56w2 ) L'n—3

“+ (2w18w22 + 23w
& (6u18w2!' + 68w16w25 + 130\41&»126 + 155&112‘«27 + 70w28) Ln-l;
+ (6w, Bu b + 40w 6,7 + 101w A B + 120w 2w, + 56w 10y 1
- (2»718‘.72a + 13w16w29 + 39w1aw210 + 53w12w211 + 28w212) Ln—ﬁ

2
+ (w16w211 + 6wll'w21 + 12w12w213 + Bw-zl&) Loy

- 21 4 w16 1 e,
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with LO = 4 (by convention) and the other initial values of L, as
given below in Table 1.

We note that there are many ways of applying the reduction process
to T, and its associated graphs. Perhaps a simpler recurrence could be
obtained for L, by applying the reduction process in a different manver,

The following Table gives the coefficients of m(L“) for n = 1 up

ton =8, The first coefficient is omitted, since it is always 1.

Table 1

Matching Polynomials of Long Benzene Chains

o M(Ly,)

1 5 4

2 10 29 24 4

3 15 81 191 189 63 4

4 20 158 628 1325 1440 724 128 4

5 25 260 1460 4810 9470 10895 6875 2085 225 4

6 30 387 2812 12669 36738 68993 82476 60207
24846 5013 360 4

7 B85 539 4809 27552 106204 280721 509395
625989 505967 255794 74298 10633 539 4

8 40 716 7576 52734 254328 872132 2148456

3798173 4765888 4153792 2427744 900228 193536

20560 768 4

4. Defect-d Matchings in Long Benzene Chains
The following result is obtained from Theorem 4, by equating
d
coefficients of w3 . (N.B, 1In the theorem we write Nj as an operator

for simplification of the notation),



Theorem 5
L has a defect-d matching if and only if d is even and 0 < d < 4n.

In this case,
Na(T = Mgy + 8Ny + 8Ng) Ty
= (Ng_g + 23Ny 4 + 47Ny 5 + 2BNg) L,

+ (ZNd—B + 23Nd_6 + B&Nd_ﬁ + 116N ) 56Nd) L

d-2 n-3

- (6Ny_g + 4BNy o + 130N, , + 155N; , + 70N) L,

L

+ (6Ny_g + 4ON; o + 110N , + 120N ) L e

4_p + 56N

~ (2N g+ L3N o+ 3Ny 4+ 53N, o w 28N L

+ (N + 6Ny, + 12N

" gy AN L

7
- Ny, + N L g (07),

with the initial values as obtained from Table 1.

This theorem can be used to obtain recurrences and explicit formulae
for the numbers of defect-d matchings in L, for amy specified value of d.
The following theorem is inserted for completeness, It can be easily

proved.

Theorem &

NO(L“) = 4, for all values of m > O,

By putting d = 2 in Theorem 5 and using Theorem 6 we obtain the
following result about the number of matchings in L,, consisting of two

nodes and 2n - 1 edges.
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Theorem 7

(1) Np(L) = BN (L)) = 28Ny (L o) + S6N)(L ) - 70N, (L)

4
- N + 8N -
+ 56N2(Ln_5) 28 2(Ln—6) 2(1."_7) NZ(Ln-B) (n>7) .
with the initial values as obtained from Table 1.

(D MLE = 5+ e -3 Q-0 .

n

Therefore

No(Ly) = n3 + fmz N

By putting d = 4 in Theorem 5, and using Theorems 6 and 7, we obtain

the following implicit recurrence
Nlau"n) =(ii'N2 + SNI.) Lo~ (-'-|7N2 + ZSNA) Loy # (1161‘»12 + 56N!‘) ].n_3

= (155Np + 70Ng) Ly + (120Np + 56Ng) L5 = (53N; + 28N4) L, g

+ (].ZN2 + BN‘.‘) L“_7 - (N2 + Nk) Ln-B + 36 «

By finding the implied relation between NAL(t) and NZL(t) and then using
Theorem 7(ii), an explicit generating function NLL(t) can be obtained. From this,

an explicit recurrence and an explicit formulae for N, (L) can be obtained.

These results can be extended for higher values of d. However the algebraic

manipulations involved will become more and more tedious and forbidding.

5. K-matching in Long Benzene Chains

The following result is obtained by equating the coefficients of wzk in

Theorem 4.
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Theorem 8

L, has a k-matching if and only if 0 < k < 2n. 1In this case,

]

V() = Gy + 8y, g + 81 ) L

= (3 + 23y o 47y _q + 28Yk—4) L2

+

(Zka2 + 237k—3 + BdYk»é + 116ka5 + 56Yk_6) L._3
= Oy F hBYk_s + 130Yk_6 + 155y, 7 + 70vy,_g) L _4

+ (ﬁykq + onk_7 + lOlYk_B -+ IZOYk_g + 56y

6 e

k=10’ Yn-s
= (e F D * Mg * Pagn T Pge) Mk
(a1 F ¥g12 + 123 + B gy) Ly

= Oeas + Ye-1) Lp-g 7D
with the initial values of Yn @s given in Table 1,

The following corollary is immediate from Theorem 3,

Corollary 3.1.1

YU(IT? =1,

5n

[}

v(Ly)

n

and Yszn} %(25n 2— 21n) (n> 1).

By putting k = 3 in Theorem 8, and using Corollary 3.1,1, we

obtain the following result.



Theorem 9

2
T3 = ¥4 L 1) +%(1250° - 335n + 214) (n > 2)

Hence

- 3 2
(12507 - 315n° + 2020) (o > 1)

YB(Ln)

The calculation of Tb(Ln) is a bit more tedious. Theorems 8
and 9 and also Corollary 3,1. must be used. The analogous result is

the following.

Theorem 10

1
¥, (L) =1xv, (L )+ E(GZSHB - 3300n2 + 5669n -~ 3060) (n > 2)
4 n 4 n=1

Hence

1
74(Ln) = 2_2'(62511q - 3150113 F 5363n2 = 3102n) (n > 2) .

6. Discussion

We have given a comprehensive account about the various types of
matchings in the long benzene chain L,. No doubt, cur technique can be
used to obtain results about matchings in other long chains., However
each such chain will involve a great amount of algebraie manipulations,
There seems to be no easy way to shift from the results for one kind of

chain te the results for another.
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