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Abstract

The reconstruction of the characteristic polynomial

of a graph from the characteristic polynomials of its edge

deleted subgraphs is examined. Two results along these

lines are given, showing that the reconstruction is possib-

le in the case of all acyclic and all non-alternant mono-

cyclic molecular graphs.
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Introduction

Randi& recently1 proposed a new technique for the
calculation of the characteristic polynomial of a graph.

Let G be a graph, VirVyreessV its vertices and Ch(G) =

n
= Ch(G, x) its characteristic polynomia12. According to
the method of Randi&, in order to calculate Ch(G) one

has first to determine the characteristic polynomials of

G—v1, G—vz,...,G-vn and then to use the well-known rela-
tion2'3'4

n

B Ch(G-vi) = Ch” (G) 13

i=1
where Ch” (G) is the first derivative of Ch(G) with respect
to the variable x.

The characteristic peolynomial of G can be now obtain-
ed from the expression
X

S Ch(G-v,) dx + Ch(G, 0) ,
10 E

Ch(G, x) =

[ o =]

i
provided the constant Ch(G, O) is known. The difficulty
of Randit&”s method lies just in the fact that Ch(G, 0)
needs not be known and that in the general case we are
(at the present moment) not able to calculate Ch(G, 0)

from the polynomials Ch(G—vi), i=1,2,.¢.,n.



The question whether Ch(G) can be reconstructed from
the knowledge of Ch(G-vi), i=1,2,...,n (and without exploit-
ing any other information about the structure of the graph
G) was first considered by Cvetkovié and one of the present
authors4. Although several particular results along these

lines have been obtained4’5,

a general solution is still
missing.

The reconstruction of the characteristic polynomial
of a molecular graph and problems related to eq. (1) have

been discussed in some detail in the chemical 1iterature"6’7.

A new reconstruction problem and some partial solutions

In this paper we shall be concerned with another vari-
ant of the reconstruction precblem. Let the edges of the

graph G be labeled by RPN

Problem. Does the collection of peclynomials Ch(G-e.),

1
Ch(G—ez),...,Ch(G-em) determine a unique polynomial Ch(G) 2
Is it possible to calculate Ch(G) from the knowledge of
Ch(G—ej), =12 500 vl ?

For m = 2 the answer to the above questions is negative.
Namely, the graphs G1 and G2 have identical edge-deleted

subgraphs, whereas their characteristic polynomials are dif-

ferent: Ch(G1) = x4 -2 x2 " Ch(Gz) = X4 -2 x2 + 1



o—0—0 o o0—-o0 o0—0

For m > 2 we offer the following two partial answers

to our guestions.

Proposition 1a. If we know that G is an acyclic
graph, then Ch(G) can be reconstructed from the polynomials

Ch(G—ej), J=1 02 psis s s

Proposition 2a. If we know that G is a monocyclic
graph whose cycle has odd size, then Ch(G) can be reconstruc-

ted from the polynomials Ch(G-ej), i=1,2,...,m.

Before proving these propositions we shall describe the
actual method by which the coefficients of Ch(G) can be cal-

culated from the coefficients of Ch(G-ej).

= n n=1 n-2
Let P(x) = aj x + a; x + a, x +eaet a, be a

polynomial. Then we write: coefk P(x) = a, -
Let p Ga +q Gb denote a graph having p + g compo-
nents, p of which are isomorphic to Ga and q of which are

isomorphic to G Let in addition Pn and Cn denote the

bt
path and the cycle, respectively, with n vertices. (For

example, G, = P + P and G, = 2 P

1 3 1 2 2 +}



Proposition 1bk. IfGis an acyclic graph with

m edges, then

s il
coef Ch(G) = a—x coef,,

N8

Ch{G-e.
(G ej)

j=1

feor k > 0, k # m, and, of course,

coef2k+1 Ch(G) = 0

for k > © . 1In addition,

coeme Ch(G) = 0O

except if G =m Pz + (n=2m) P1 .

From the collection of polynomials Ch(G—ej), =152 44+ :m

one can easily recognize whether G has the form m P, +

(n-2m) P1 or not. In this exceptional case, coef2rn Ch(G) =

= (—1)m . The conly molecular graph which belongs tc this

exceptional class is, of course, PZ.

For example, consider the molecular graph G3 of 2,2-di-
methylbuthane, whose characteristic polynomial is Ch(G3) =
x6 =5 x4 + .3 x2 "




-e. Ch(G3—ej)

L
B 'K/ () (x> - 4 x> + 2 x)
4 >//- x? -3 %2 -1

5 x . (x> - 4 %) (x)

6

(5/5) x® - (20/4) x*

+ (9/3) x% - (0/2)

Ch(G3)

Proposition 2b. If G is a monocyclic graph

whose cycle C is of size r and r is odd, then

m
- 1 =
coef,, Ch(G) = = coef,, j£1 Ch (G ej) (2)
for k>0, k #m,
coefk Ch(G) = 0
for k=2 m and k =1,3,...,r-2, and
1 m
coefr+2k Ch(G) = et coefr+2k j£1 Ch(G—ej) (3)
for k > 0, k # m-xr . In addition,
coefzm_ Ch(G) = 0

r



except if G is of the form Cr + (m-1) 92 + (n+r-2m) PT g
From the polynomials Ch(G-ej)r j=1,2,...,m one can
easily decide whether the graph G is of the above form or

not. If this is the case, then coef chig) = =2 (=% .,

2m-r
The only molecular graph which belongs to this exceptional
class is Cn.

From Proposition 2 we see that it is possible to re-
construct the characteristic polyncmial of all graphs which

represent non-alternant monocyclic molecules. For example,

consider the molecular graph G4 of methylcyclopropane,

whose characteristic polynomial is Ch(G4) = x4 - 4 xz -
-2x+ 1.
1
2 3
G4
4
j Gq'e3 Ch(Gq—ej)
.
1 (#HE -3 % = 2}




4

b Ch(G4—e.)=4x4—12x2-2x+2
re )
j=1
chic,) = (a/a) x* - 1273 ¥+ (2/2) - (2/1) x
Proofs

Instead of Proposition 1 we shall verify a more general
statement, namely Proposition 3. This result has been first
deduced by Farrell and Wahids. Nevertheless we will repro-
duce the entire proof of Proposition 3 because its details
are later needed in the proof of Proposition 2.

The matching polynomial of a graph G will be denoted by

Ma(G). It is known9 that

2k

¥ piG, k) (4)

m
Ma(G) = & (-1

coef,, Ma(c) = (-1* p(e, K . (5)

In the above equations p(G, k) denotes the number of selecti-
ons of k independent (i.e. mutually non-incident) edges in
the graph G.

If G is an acyclic graph, then its matching and charcte-
ristic polynomials coincideg. Therefore Proposition 1 is an

immediate consequence of the following

Proposition 3. The matching polynomial of a
graph G can be reconstructed from Ma(G-ej), T2 siwe 40

(m # 2). Moreover,



| &
coef, Ma(G) = —— coef,, j£1 Ma (G ej)
for k=o0,1,...,m-1, and
coef2m Ma(G) =0

except if G =m P, + (n-2m) P,

Pr oo f. The matching polynomials conform to the following

) . 9
two recursion relations™:

Ma(G) = Ma(G—ej) 3 Ma(G—(ej)) (6)
and

Ma(G) = x Ma(G—vi) - E Ma(G—(ej)) (7)
3

where G—(ej) denctes the subgraph obtained from G by dele-—
tion of the edge ej and both incident vertices. The summa=
tion on the right-hand side of (7) goes over all edges ej
which are incident to the vertex V- In addition, the match-
ing polynomial satisfies an identity10 which is fully analo-
gous to eq. (1), viz.:

Ma(G-v,) = Ma" (G) . (8)
1 3

I3

&l
Now, summing eq. (7) over all vertices vy of G and bear-

ing in mind (8), we get

n Ma(G) = x Ma"(G) - 2

=R

Ma(G—(ej))

j=1

Because of (6),



m
n Ma(G) = x Ma"(G) - 2 I Ma(G—ej) + 2 m Ma(G)
j=1
i.e.
m
7 Ma(G—ej) = (x/2) Ma’ (G) + (m-n/2) Ma(G)
J=1
and because of (4),
m m
I Ma(G-e.) = & (-1N¥ (m-k) p(G, k) K . (9)
i=1 B k=0

Proposition 3 and therefore also Proposition 1 follow now
by combining (9) and (5).

P ikt @ 10 E o f Proposition 2, If G is a mono-

cyclic graph and C is its cycle, then.|1

Ch(G) = Ma(G) - 2 Ma(G-C) . (10)

If the graph G has n vertices, then the subgraph G-C
has n-r vertices. Hence the number of vertices of G and
G-C have opposite parity. Then as a consequence of (4},

for all k > 0O

coef2k Ch(G) = coef,, Ma (G) (11)
and

COEfr+2k Ch(G) = = 2 coef2k Ma (G-C) . (12)

If (10) holds and ej is an edge of G, then also the fol-
lowing recursion relation is valid

Ch(G-ej) = Ma(G-ej) -2 Ma(G—ej-C) . (13)

TE ej is an edge of the cycle C, then G-ej is an acyclic
graph. Consequently, it is not possible to delete the cycle

C from G—ej and the symbol G—ej—c is meaningless. In order



to maintain the validity of eg. {13) we have to assume
that Ma(G-ej—C) Z O whenever ej is an edge of C. Then
(13) holds for all edges ej of the graph G.

For similar reasons we have to define Ma(G—C—ej) =0

if the subgraph G-C does not contain the edge ej'

Hence if ej is an edge of the cycle C,

Ma(G—ej—C) = Ma(G—C—ej) 0. (14)
If ej is an edge of G which is independent of the cycle C,
then

Ma(G—ej—C) = Ma(G—C—ej) . (15}

If, finally, ej is an edge of G which is incident to the

cycle C (but does not belong to it), then

Ma(G—ej—C) = Ma(G-C) (16 a)
whereas
Ma(G—C—ej) = o (16 b)
Taking into account relations (14)-(16) we conclude that
m m
5 Ma(G-e.-C) = I Ma(G-C-e.) + m, Ma(G-C) , (17
Gl . i=1 < N

where m, is the number of edges of G which are incident
o €4

If m, is the number of edges of the graph G-C, then it
is easy to see that M + m, F = m

We are now prepared tc deduce egs. (2) and (3). In or-
der to do this we have to sum the identity (13) over all
edges of G. Since the subgraphs G—ej and G—ej-C have n and

n-r vertices, respectively, according to (11) and (12) we

have



m m
coeka _E Ch(G-ej) = coef2k _E Ma(G-ej) (18)
j=1 j=1
and
m m
coefr+2k .£1 Ch(G-ej) = =2 coeka jia Ma(G-ej-C).(19)

Eq. (2) follows now by applying Proposition 3 to (18).

Combining (19) with (17) and then applying Proposition

3 we get
m
coefr+2k j£1 Ch(G—ej) = —Z(mo - k) coef2k Ma{G-C) -
-2 m coef2k Ma(G-C) = -2 (m-r-k) coef2k Ma(G-C) .

Eq. (3) follows now because of the relation (12).

This completes the proof of Proposition 2.

Proposition 2 can be extended in the following manner.
If G is a polycyclic graph whose all cycles are odd, have
equal size and no two of them are independent, then Ch(G)
can be reconstructed from Ch(G—ej), j=1,2,...,m. For other
polycyclic graphs the reconstruction problem remains un-—

solved.
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