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The familiar (or 'Shannon') entropy is not sufficient for comparing
two probability distributions. A more general notion is the entropy
of a distribution with respect to a reference (a "measure'). Given
two distributions, a set of references ( or measures) which is
sufficient is defined. Using this set one can compare the two distri-
butions, that is establish a partial order relation. The set of
measures is necessary and sufficient for deciding whether one distri-
bution is more mixed than the other or that the two are incomparable.

INTRODUCTION

The need to compare two distributions arises in many branches of
physics. An obvious example is nonequilibrium phenomena where one may wish
to know which distribution is further away from equilibrium. There are
however other situations. Take, for example, the distribution of intensi-
ties in the absorption spectrum of a mnlecule[l,Z]. The example is in-
structive since on physical grounds it was argued[],Z] that the measures
(in the technical sense discussed below) to be used depend on the distribu-

tion itself.
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That a partial ordering of distributions can be introduced is shown
by the concept of mixing character[B,&]. Given two discrete normalized
probability distributions p = (pl,...,pn) and p' = (p;,...,p&) we assume

them to be arranged in descending order (pi+] < pi)' Then p' is said to be

more mixed than p, in symbols
m[p'l > m[pJ 1)
if and only if all the partial sums satisfy
A A
2.8 & 2w @
i=1 =1

for all r between | and n. The analogous definition for continuous distri-
butions is given in section 2 and for quantum mechanical states we refer

the reader to the literature[S,ﬁ].

The concept of increasing mixing character is meant to convey increa-
sing disorder with the uniform distribution being most mixed [3—6]. There
is however no obvious relation between the condition (2) and the familiar

notion of entropy. To be sure, (2) implies

sle')> 6] m

where § is the usual entropy,

M
sl = -/, p;lnp; (4)
=1

but the converse does not hold. It has often been conjectured that (2) is
equivalent to (3) if (3) holds for some ‘'complete' set of entropies. But

at least for the Renyi entropies [7] that apparently is not the case [8].

The entropy (4) is however a special case in that it is the entropy
relative to a uniform measure. In general, the entropy of a distribution p
relative to some normalized reference distribution q is given by[7,9-12J

the non-negative quantity
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m
ps{p)a)= 2. p;1n(p; /a;) (5)
A=

The reference distribution q can be understood as a measure [I3]. An even
more general interpretation is provided by the 'grouping property'[lb] of
the entropy (4). Consider the usual case where the index i does not refer
to an 'elementary' event but is a grouping together of several such events.
(By elementary events we mean those which are equiprobable at the most sta-
tistical distribution). Then each elementary event carries two indices

(say i and j), the first identifying the group (i) and the second index (j)
identifies the state within the group. The probability of any state i, j

can then be written in the obvious notation Pij = pip(j }i). Then

- ZZ; P..lnp..
3 ij ij

'Z(Pi“'l’i * Pi<-ZP(j | Dinp(j | i)) (6)
i 3

S[p]

n

= - ] pyin(p;/8))
1

where the non-negative measure ;>

lng; ==/ pG| DinpG (1), &
)
is the 'effective degeneracy' of the group of states i (gi is bounded from

above by the number of states in the group). Introducing the total effective

number of states, N = Zigi and normalising q; = gi/N

s[p] = 1oN-DS[plq]. (8)

For a given distribution q, InN is the maximal value of S[p]. Hence
DS[p|q]measures how far the entropy is below its maximal value. For this
reason it is sometimes known as 'the entropy deficiency'. Note that the

measure DS is a special representation of a mixing distance[]S].
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The question posed in this paper is: given two distributions p and p'

arranged in descending order, can one determine a set of measures q(r) such
that

m[p'] > m{p](‘é DS[p]q(r)] > DS[p'}q(r)_], all r. (9)
THEORY

We consider continuous distributions on the interval [D,l]. The ex-
tension to other intervals can be performed by a suitable transformation.
The discrete distributions are then a special case (step functions). The

partial order amongst such continuous distributions is

nfp']b nfp] e Slg(p'(t))di‘: > Slg(p(r))dt‘ (11a)
0 (2}

for all convex functions g. It was shown by Ruch and Mead [Iﬁ] that it is

sufficient to consider a subclass, M+, of all convex functions
2 +
M ={g2(x) == (=) E—max(o,x—ﬂ)'oé;]}-
The equivalence (lla) can then be replaced by
1 i 1 %
ap)buple  ([p@-a]'ary ([pr@-2)tac,
o o

for all 7 > o. (11b)

Associated with any given probability density p &€ L]([O,l]) there is

a density P which is monotonically decreasing and satisfies the relation

p(t) = P( () (10)

where @ (1) is a measure preserving transformation on the interval [0,]],

[16].



Using such a transformation we can replace p and p' by their monotonically

decreasing arrangements P and P' respectively. In the discrete case this

transformation is of course just a permutation of the indices. One can now

state (llc), a definition equivalent to (lla) and (11b)

A

A
m[p') > m[PJ & jP('r)dr > fP‘('c)d'r, all A in [o,lj.

0 d

(11c)

Two distributions p and p' for which the inequalities in (11b or c)

are valid only for a particular set of values of A are called 'non compa-

rable', i.e. neither m[p'] } m[pJnor m[p]} m[p'Jholds.

With these preliminaries under way we come

lating mixing character to the entropy. Theorem:

mfp'] S nlp] & pIne/a,)dz > (P'In@'/0,)4T,
3 A A 2

all ?in [o,1].

Here p = P(d (®)), p' = P'('@)) with ¢ and ¢'two measure preserving

to our central result re-

(12)

transformations on the interval [0,1] such that P(T) and P'(%) are non in-

creasing. Defining APy and Asﬁ by

A

ary = J @-pryar
[
2

ASy = J(PlnP—P'lnP')d"t’,
o

the reference distributions Q?‘ are given as

1 for APy = 0 and otherwise by
g, = Nyexp[(aS,/4Pa)-1], ¥ €A
Naexp[(asa-dsl)ldpg],f > A

with the normalization

Na= {Aew[(453/a7y 01 +O-Aexp(ns, -as/ar, T}

(13)

(14)

(15)

(16)
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Proof. Consider first where A‘E‘?. # 0 for A{Il. We show that the
r.h.s. of (12) is equivalent to the r.h.s. of (llc). From (12)

I = j‘lpm(pm) )T 14 (Y = 5;p'1n(1>'/q?,)dfr. an
Dividing the interval [O,l] into [0, A] and (7 ,1] leads to

I;\(P)-IQ(P') = A(P)-A(P') + B(P)-B(P") ) O (18)
with

A(P)

2 2

§ Plapar - [(Asﬂ /APy )—1_]0f PAT

3 (19)
B(P)

£lp1nl’d‘l’-[(ﬂs;\ -48,)/4%,) ;\flpd 7.

Noting the definitions (13),(14), we obtain from (18) via (19) and a number

of simple steps, including

2
j(P-P')dT’ = - SI(P-P')dT, (20)
o) A

the result

A
Iy (B)-14(2") = g (PP S 0. @n

The inequality in (12) is thus equivalent to (ll¢). For A P, = 0 and for
A =1, the r.h.s. of (12) reads

1 |
- j P'lnP'd T ) - f PlaPd 77 (22)
0 0

which is true if m[p 'l }- m[-p] since the entropy is convex. On the other hand

1
f(p-pYdT = 0 (23)
o
holds in any case since P and P' are normalized. For APA = 0 in some

range of A, say A, A,l, any step function
1 2
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2 for T & A &Iﬁ, 221
£,= 26)
A 8 for T ﬂé[ﬂl,ﬂz]

with 91’}‘ + fz(l - A) =1, fulfills the equality in (12). Using Q“ =_Q_2

A
J [Pln(P/Jl))—P'ln(P'llla )] 4T
o
= A5~lng, APy + Inp, APy (25)
= Asl
since we consider the case APﬂ = 0. Hence one can just as well choose
9 =% = 1 ( a uniform distribution ). Q.E.D.
EXAMPLES

A few examples may demonstrate the procedure of constructing reference
distributions for entropic measures of the comparison of both. We take for

simplicity and clarity the discrete distributions

P = 3 (16,8,4,4,2,2,0,0)
p' = 3’% (8,8,8,8,1,1,1,1) (26)
" 1
P = '5'6' (|6189492,2$2|2)0)
k
The partial sums L s with k = 1-8 are without the common normalization
i=1

for p: 16,24,28,32,34,36,36,36
for p': 8,16,24,32,33,34,35,36 (27)
for p": 16,24,28,30,32,34,36,36

and obviously

Lot (28)
n(e"]bnfp ]
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while the two distributions p' and p' turn out to be incomparable.

Five reference distributions (non normalized) are necessary and suffi-

cient as reference distributions to compare p and p'

" = @a2/e, 8/2)
P = 2/e, /D)
q(3) w1

L R
¢{") = lozaze, 176 .
(k)

In this notation q; takes the first value for i £ k and the second for

i>k.

For p and p" only four reference distributions are sufficient and ne-
cessary to decide that m[p'j } m[b] while seven distributions hav to be used

to identify that p'" and p' are incomparable.

The normalized distributions p and p' are shown in fig la where in
the lower panel shown is the range the individual reference distributions
q(j) can take. Fig. 1b shows the results for the distributions p and p" .
In the first case the distributions p and p' are drastically differing. The
range the q(i) can take is also large. In the second case p and p'' are
approaching each other and the reference distributions are only slightly

different from the uniform distribution.

DISCUSSION

We have shown that there exists a complete set of reference distribu-
tion Q 4 for two given distributions P and P' (both in non-increasing order)
such that the increase of the entropy deficiency going from P to P' for all
Q0 ) implies an increase of the mixing character m{P'] > "4}]' Some examples

were given and it turns out also from other numerical checks that the number
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FIGURE 1

Three examples. For each the top panel is the two (discrete) distri-
butions (each cross hatched in a different direction) and the Yottom panel
is the possible range of the reference distributions. (a) p' is more mixed
than p. The possible range for the reference distributions is considerable
but, upon actual construction it is found that they are all more mixed than
either p or p'. (b) p'' is more mixed than p but p'' and p are more similar

than p and p' in (a). The possible range of the reference distributions is
now much narrower. In this case too all reference distributions are more

mixed than either p or p'. (¢) p'" and p'' are not comparable. The range of
the possible reference distributions is quite wide and some of them are

not comparable with p' and/or p’
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of independent reference distributions, which are necessary to decide
whether m{P'] } m[P] or whether these distributions are non—comparable is
decreasing when P and P' come closer to each other. A reduction of the
range the Q 7 are covering is also reduced if both P and P' approach the
uniform distribution. This is to be expected from the definition of the
mixing character eq. (11b), where the range of } -values which are ne-
cessary and sufficient to decide whether m[?'J} m[?] or not is reduced to

the range
min(P,P') £ A £ max(P,P').

At least for discrete distributions this range has to converge to a small

strip as p and p' tend towards the uniform distribution.

We are not able however to find an intuitive yet inclusive charac-
terization of the (typically, correct) tendency of the reference distribu-
tions to become more mixed as P and P' become more mixed (cf.fig. la and b).
It is unfortunately not true that(!a is necessarily not less mixed than

P or P'. We shall continue to look for such a characterization.

Also not provided here is a physical interpretation of the set of com-
plete measures Q A Since the integrals I A that need be evaluated (c£.(12)
and (17)) are entropy deficiencies (cf.(5)), Iﬂ (P) = DS[?IQ;] and since
the entropy deficiency has a definite thermodynamic interpretation[l&]. such

an interpretation is definitely called for.

Both these objectives while interesting in their own right are also
essential preliminaries to the ultimate question: how to use the mixing
character as a quantitative measure in describing systems in disequilibrium.
So far, all the results can also be obtained from the maximum entropy for-
malism alone [4]. This is equivalent to using only a uniform measure. By
introducing non uniform measures (the Q A's) we are opening the way for

novel applications.
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