mefeh no. 18 pp. 167-216 1985

%
Research Notes on the Topological Effect on MO (TEMO) 2

SOME STRUCTURAL REQUIREMENTS FOR THE CENTRAL SUBUNIT

IN A PARTICULAR TOPOLOGICAL MODEL

Oskar E. Polansky

Max~-Planck-~Institut fiir Strahlenchemie

D-4330 Miilheim (Ruhr), Stiftstrasse 34-36

(Received: September 1984)

For the central subunit in the topological model depicted
in Scheme 1 some structures are assumed and it is shown for which
structure and under what conditions TEMO without inversions is

assurced.

For Part 1 see reference [1].
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1. Introduction

In the previous note a topological model has been treated
(subsection 4,1 in [1]) in which the topologically related isomers

are constructed in accord with the scheme 1 below:
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Scheme 1

If the following conditions are supposed,

(1) the terminal subunits, A and B, are isomorphic and

(i1) the central subunit C possesses a structure such that the
vertex a may be mapped automorphically onto the vertex b and
simultanous the vertex e onto f and vice versa by an appropriate

symmetry operator, P, i.e.:

Pa = b, Pb = a, Pe = f, Pf = e , (1)
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then the difference polynomial A as defined by eq. (4) in [1]
takes the form given by eq. (35) in [1], which reads as follows:
ae

§ = iy et (2)

Evidently A and its factor (Caf_cae) have the same sign. Because
4 > 0 is a sufficient condition for the appearance of TEMO
without inversions one is interested in central moieties which

af

have a structure such that (C Cae) is positive:

Some particular examples for this are given in [2]. In the present
note some general structures (I-V) for the central moiety C are
considered with respect to eq. (3). Because the symmetry of C as
expressed by eq. (1) is an essential precondition for obtaining
eq. (2), all the general structures treated here must exhibit this
symmetry.

The general structure I differs from the other ones in the
following point: Only in T has the vertex subset {a,b,e,f} the
property of a cut set: its removal decomposes I inte four
components. In II this subset is no cut set at all while in III-V
certain intermediate situations are realized. Tt will turn out
that only in the case of I, IV, and V are there real chances to

achieve the demand given by eq. (3).
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Throughout this note the same notation is used as in [1];
references 9 and 15 cited in [1] should be stressed as well as the
convention of using the same symbols for any graph and the p-poly-

nomial associated with this graph.

2. Struc

The general structure assumed here for the central moiety
C is depicted in Figure 1. It consists of four unspecified sub-
units F, G, H, J, the vertices a, b, e, and f, and some edges
which connect a with F and H, b with G and H, e with F and J, and

finally f with G and J.
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Figure 1: Structure I
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Due to the symmetry operator P we have for the subunits T, G, H,

and I the following relations additional to egq. (1):
Pl = H , PJ = J , (4)
PF = G , PG =~ F

Eqy. (4) requires that F and G are isomorphic and further, that H
and J are symmetric with respect to the symmetry operation P.

A consequence of the isomorphism of F and G is that the
number of edges which connect a with F and b with G, respectively,
must be equal, the number of those edges which connects e with F

and £ with G must also be equal. This is accomplished by assuming

-
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1, IA & F, uA &€ G ; (5)

Pv =132, Pz =v , 1{ys<m 2z EF, v &G ;
=3 H H

=
=
™
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where 1 and m are independent of each other.

The symmetry of H and J with respect to P demands

Ps =t , Pt =s, 1<k <k, s,t €H; (6)
K K K K K K

Pw =Y, Py =w, 1&v<{n, w,y &J
v v v v == s v Vv

Once again, k and n arce independent numbers; they denote the
number of edges which connect the vertex a(b) with H and the
vertex e(f) with J, respectively.

An inspection of Fig. 1 shows that Caf and c*® are dis-
connected graphs which consist of two components. In the case of

Cdf the one component is formed by the subunits T and J which are
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connected with each other via the vertex e; the other one is
formed by G and H, connected via vertex b. The vertices b and f
are articulations in their components; the cycles to which they
belong are fully localized in one subunit. In the case of Cae the
one component is identical with F; the other one consists of the
subunits G, H, and J which are connected with each other via b and
f, respectively, in the same manner they are connected in C. The
vertices b and f are articulations in this component. The cycles
to which either b or f belongs are fully localized in one of the
adjacent subunits. Apart from these there are cycles to which b as
well as f belong; these cycles consist of two paths which connect
u, with vp and u, . with v“,, respectively, and the edges (buA},

[buk.), {fvul, and (fvu.}.

& and that of b

The removal of the vertices b and e from ¢
and f from cae' respectively, results in a graph which consists of
the four components, F, G, H, and J. Hence, the polynomials Caf
and c2e may be expressed as a sum of tetralinear terms made up of
the polynomials associated with these graphs F, G, H, and J or
with some of their partial graphs.

Recently a special formula for the polynomial of a graph G

has been derived [3] for the case in which all the edges incident

with an given vertex u, have been removed:
G = x6"-L6"V-2¢LGY . . (7)

where v and v~ denote vertices which are adjacent to the vertex u

(the neighbours of u form the subset (v |1£v{g} where g denote the
5 -
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degree of the vertex u). The first summation runs over the set
(vT). the second one over all the pairs {(v .vY,)I1$1<1'ig} which
may be formed from the set (VY). This double sum represents the
cyclic contributions (note: a cycle to which u belongs is composed
of the edges (uv},{uv’}, and the path va,). The first term, xGu.
represents the product of the polynomials of the partial graphs
which are generated by the removal of the edges ({uvT)|1$1$g);
note that x represents the polynomial of the partial graph which
consists of the single vertex u only. Eq. (7) describes the
partition of the graph G at its vertex u.
The application of eq. (7) to the partition of Caf at the

vertex b results in

caf _ xcabf_zcabft_Ecabfu_2t22C§b§ " 2t£ECAb§ . (8)

tt uu

The first two summations run over the vertices adjacent to b,
namely ltK) and luA}. respectively. The last two summations run
over the pairs (ltK,tK,III;K<K';kl and l(uA,uA,)|1;A<A'ill,
respectively; these two terms of eq. (8) are generated by the
removal of the cycles to which b belongs and which are fully
localized either in H or in G. All the terms of eg. (8) correspond
to graphs which contain the vertex e. The partition of all these

graphs at the vertex e results in
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Caf -
= x°p - xgot - xgp" = Peafl, - 2exED .
x£p¥Y + Tp%Y ¢ ¥ 4 2epel,. + 2€EDY .
- xIp? e i i e + 2eRn. . + 2tIps . (9
- SERED, v % ZtED;Y, + 2¢DD) . + 4tZEDtt_JYY_ 2 4t2EDuu.’yy_
- 2txID,, . + 2¢LD.,. + 2¢tEDL . + 4tZEDtt',zz’ + 4t2EDuu,'ZZ,

In order to reduce the number of indices which must be indicated,

CabEf (Note: D is

in these expression we use the abbreviation D =
a disconnected graph which consists of the components F, G, H, and
J). Also double, triple and quadruple summations are not
especially indicated; evidently, the summations must be carried
out over the complete sets of the indicated vertices and pairs of

vertices as has been discussed in the context of eq. (7).

Applying eq. (7) to c®® in the same manner one obtains:

cae
= %°D - xgp® - xED% - 2exiD,. - 2txED .
- xopV % Ep=Y + oYY + 2tEDY, . + ZtEDxu,
- xCp"” + 0™ o+ DWW . EEDY, § 2¢E0 . (10)
- 2exfD_ . + ZtED:V, + 2tDDY .+ 4t22Dtt',vv' + 4t2£nuu’,vv'
~ 2txID__ . + 2t:n$w, % ztzniw, + 4t2£ntt‘,ww‘ + 4t2£Duu"ww,

The terms of the first row of egs. (9) and (10) are pair-

af—Cae). But there are

wise identical; hence, they cancel in (C
mere terms in these two equations which are equal as a consequence

of the presumed symmetry. This will be exemplified for



v

ID” = ID

Expanding these sums in terms of F, G, H, and J one obtains

oY = F(ncV)ng

LD

Z = (CF%)GHJ

n

Now from the isomorphism of F and G, as expressed in eq. (4) by
PF=G and PG=F, it follows that their polynomials are equal, F=G.
From the second line of eq. (5) it is obvious, that for each pair
v and zu there are equal polynomials contributed to the suns EGV

p
and EFZ, respectively. Therefore, the following egquality holds

F(EcY) = (ZF%)6 ,

which proves oV = EDZ, g.e.d.

In this manner the following equalities are derived:

o' = pf, " = oY,
[Dtv - EDtzr EDtu - ZDty. ED“W = Enuy'
B0, = LD, .0 ID. = LD, (11)
¥ oo z W - rp¥ W - vp¥
EOpyr = D0gers IDge- = DDGyos DDy = IDGy-s
1 S t o TR |
[nyy, = erw" EDZZ. = [va,, [nyy. = EDHW_
EDtt',w' - EDtt’,zz" EDtt’,uw’ = EDtt',yy“ EDuu',ww’ & Enuu',yy'
af _ae

Taking all these equalities into account, (C° -¢%7)

results in



(C“f—cdu) = D

uz uv

Z \Y 3 u »
LD +28(fD . - ID ) + 2¢(LD__ ., Lo, !

)
+ 4t {Enuu,'zz, = Enuu',vv'}

This expression may be transformed into tetralinear terms made up
from ¥, G, H, and J; if in addition the following equalities arc
considered

v

R EFZZ. E EGVV, i (11a)

which arise from isomorphism of F and G, onc¢ obtains

caf . e
= HL(Ee" (ze”) - oE6"] + 2e[(E6") (LG )
\" u u
GEG”u. 1 (LG )(EGW,) = GEG -1 + (12}
2
oAt [(EGUH.)(EGW,) : GZGUH,'W,})

The number of terms with plus and with minus signs,
respectively, are equal in eq. (12). Hence, it is impossible to

af ohe

conclude from eq. (12) wether eq. (3), i.e. (C Yy > 0, is

satisfied or not. Thus, first of all, eq. (12) needs a
transformation inte a form which permits such a conclusion. For
that purpose the terms in the brackets appearing in egq. (12) are
now examined bracket by bracket.

In the first brackets the summations run indepently over

the sets (UA, and (V“). respectively. Hence, this term may be
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rewritten as follows:

VR SR €L e Lt

It has been shown [4,5], that the expression in the round brackets
may be transformed for any pair u,v as follows:

g = ga™ gt . (13)

Thus, for the first brackets of eq. (12) the following equality

arises

™) (ge) - aEe™1 = L LIG, 12 (14a)
u v
(Note that by definition Guv involves a summation over the set of
paths {P 1} which connect the vertices u and v in G). Because the
right-hand-side (r.h.s.) of eq. (14a) represents a sum of squares,
this term will be positive in the complete range of the variable.
In the second brackets of eq. (12) the summations run

independently over the sets (v“[1ép§m} and {{u

>‘,u)\,)|1i,>.<.\'§1}_

Hence, this term may be rewritten as follows:

E LL (Gvﬁu, - GEX. ) +
(vu} (iuA.uA.)}
ACAT
teha:, o— aet .
vV vV

[uA} {(vu,vyi}}

plp’

Recently, it has been shown [6] that the expressions in the
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round brackets above can be transformed as follows
v v
= 6 = tip ¥ 15)
G Guu GGuu Guvcu v '’ (
Thus, one obtains for the second brackets of eq. (12) the

following equality:
v v u _ u =
2t((EG ) (LG, -) - GLEG, - + (LG (LG ) GLG,, -] (14b)

+ 2 EE L G G ...

. uv uv
uvv

=% EE‘E, CuvCu‘v
Because the r.h.s. of eq. (14b) represents a sum of bilinear terms
which might be positive or negative for an arbitrary value of x it
is not possible to conclude whether this term will be positive or
negative.

The third brackets of eq. (12) may be rewritten as

follows:

((E i (Cyu-Cyy ~ GGuu‘,vv’)'
A

NN pip’

A.l] {lvu,vu,ll

The round brackets above cannot be expressed as a simple equality
1s available. Nevertheless, some kind of transformation can be
performed by means of the Jacobi theorem [7]. Let A denote the
secular determinant of the graph G, then one has the following

identities



A =G
= - = . s = . = G
Au,u Au ,u Guu ' Av,v v,V v
B m N oz =G . s o= Gl s
uv,u’v u'v’,uv uu’,vv uv’,u’v
= i - =G G i
uv’ ,u’v u’v,uv uu’,vv uv,u’v
where Aj,k and Ajj',kk' denote A with rows j (and j“>j) and

columns k (and k°>k) struck out; with the exception of & itself,
they are all unsymmetric minors of A. It is worthwile noting that

in the generation of the polynomials, e.g. Guu., the direction of

any path removed, Puu” plays no role and remains undetermined. In
contrast to that, due to its lack on symmetry, in Au e all the

paths P . E.(Puu,) go from the vertex u” to the vertex u [8]. In

general, all the paths removed in the course of the expansion of a
minor start (end) at one of those vertices which correspond to the

struck out columns (rows). This fact explains the difference

between A o - and A __ . . as notated abaove.
uv,u’v uv’,u’v

From the Jacobi theorem the following relations are

derived [7]:

# A P .
w,u’ v, v uv,u’v u,v'-v,u’” ' (16a)

By by, v BBy, T By v Bvy (e

which may be expressed in terms of the polynomials as follows:
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= - 5 E £ .G . 16a’)
Guu'c'vv‘ G(Guu'.vv' Guv Ju v) Cuv-Cu-v ¢ (

= - = PR 16b”
Guu'c'vv’ G(Guu',vv' Guv,u’v') Gquu v ( )

The addition of eq. (16a’) and (16b") results in

26,8y Wy g =
= ByyCiyres * Cuv Surv ~ G(Guv,u'v' * Guv‘,u'v) : o
The 1.h.s. of eq. (17) represents one contribution to the third

brackets of eq. (12); by the substitution of eq. (17) one obtains:

2 -
4¢° (L6, .1 (EG,,.) = GEG . (-] =

2
=HR2EEE EBIL 6.8 TG G ) & (14c)
i gl uv u’v uv’Tu’v

- 2t2£ L EL G(c

u<u’ v<v’

T ¢ " - ) =
uv,u’v uv’,u’v

=¢"LEL EE 6,6+ - €EL LL 6

o
uzu’ vEv uzu’ wvEv’ dvgd™

Since the r h.s. of eq. (14c) represents a sum of bilinear terms
which might be positive or negative for an arbitrary value of x,
it is impossible to conclude wether this term will be positive or
negative.

Collecting the intermediate results, eqs. (14a-c), and

inserting them in eq. (12) one finally obtains:



= g =

af _ae _ 2
¢ - = HI(ELG, + tEL E G G . + tE E'E‘Guvcu,v +
uv uv#vy uzu v
+t2}:£ E & B Oufn® = t2[E EE GB . e 1 (18)
uzu’ vav’ M uzu’ viv’ L

To attain eq. (3), i.e. (Cdf—ca

£ 2 0, one has to require
that the factor (HJ) as well as the expression in the curled
brackets be positive in the complete range of the variable because
it is very unlikely that both factors change their sign simultane-
ously; such a behavicur would demand that both factors have
exactly the same zeros.
The requirement

HT 2 O (19a)
is realized simply if H and J are either isomorphous or cospectral
graphs; then one would have

HT = H® > 0 . (19b)
The connection of H with the vertices a and b and the one of J
with e and f plays no role with regard to eq. (18), i.e. no
bijective mapping of the edges connecting H with a(b) onto the
edges connecting J with e(f) is required; but, of course, both
graphs as well as their embedding into C must exhibit that
symmetry which is necessary for effecting the symmetry operat:ion
according to eq. (4-6). If the graph of the terminal subunits, A,
is connected, H and J may be disconnected or even empty graphs; in
case that H and J are disconnected, due to the symmetry P, both
graphs consist of a pair of isomorphous components and, hence,

both polynomials H and J are squares satisfying (19%a).

For different graphs H and J, the requirement of eq. (19a)
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may also be realized if H and J represent either two even- or two
odd-membered Hiickel- or Mébius-cycles. Once again, the connection
of H with the vertices a and b and the one of J with e and f plays
no role with regard to eq. (18).

From the terms within the curled brackets of eq. (16) only
the first term is not multiplied by any power of the dis-
crimination parameter t [1,9], hence, in the case of acyclic poly-
nomials (t=0) it will be the remaining term.

The first term represents a sum of squares and, hence,

will be positive:

tre? > o0 . (20)
uv uv

this allows one to state:

Result 1: If T and S denote the acyclic polynomials of
topologically related isomers constructed within scheme 1, the
terminal subunits A and B are isomorphic, and the central
molety C 1s in agreement with the general structure shown in
figure 1, where H and J represent either a) isomorphic or b)
cospectral or ¢) disconnected graphs which consist of pairs of
lsamorphic components or d) two even (odd) membered Hickel-
(Mébius-)cycles, then (T-5) 2 0 will hold in the complete

range of the variable.

But in the case of characteristic polynomials the value
t=1 has to be set [1,9] and all the terms of the curled brackets

in eq. (18) have to be considered.
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Obviously, the first four terms form a square, namely

2
EE6. *EEE & .G . *# EEL EG
uv Y uvey” VWY uzu’v

(21)

+LL LEG G, ,=([Cic ]° >0
” uv u'v uv
uru’ Vv uv

But in this case the last term of eq. (18) remains and prevents a
conclusion as to whether the expression in the curled brackets of
eg. (18) will be positive or not. To the best of our knowledge
there is no way to transform the last terms of eqg. (18) into any
satisfactory form.

For what follows it is necessary to recall the origin of
this troublesome term. Tracing them back to eq. (12), it is
evident that it arises from the the bicyclic contributions to
(Caf—cae). If the general structure of C as shown in Figure 1 is
altered such that no bicyclic contribution at all can be generated

in the course of the partitioning of Caf

and Cae, respectively,
then these difficulties would be eliminated at once. This is
performed simply if one demands that one of the vertex sets {UA}
and va) has the cardinality 1. With regard to egs. (12), (18),
and (21) we choose I{uA}|=1. In this case, with regard to egs.
{19) and (21), eq. (2) will finally take the following form

25 o lrie 1% 59 . (22)
uv

v

Having derived eq. (22) one may state (see also Figure 2):



- 184 -

. Result 2: Let 5 and T denote the characteristic poly-
numials of the topologically related isomers S and T accarding
to Scheme 1; their differerence will be positive in the
cumplete range of the variable,

(r-s) > o,
1t
{1} the terminal subunits, A and B, are isomorphic;
{2} the central subunit €, 1s agreement in principle with the
general structure shown in Figure 1 and satisfies the following
conditions:
(2.1) € exhiblits a symmetry such that the symmetry operator P,
defined by Pa=b, Pb=a, Pe=f, Pf=e, and eqs. (4)-(6) belongs to
the automorphism group of C;
(2.2) the subgraphs H and J are either a) 1isomorphic or b} co-
spectral or c) disconnected or d) two even (odd) membered
Hickel-(Mdbius)-cycles;

(2.3) at least one of the vertex sets (uA) and (vu) has the

cardinality |.

This alteration of the structure shown in Figure 1 is

illustrated by Figure 2.
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G v,

Figure 2, illustrating result 2: In the case of this

: & 2
structure one obtains (Cdf—Cle) = [2(x4-x3—4x r4x)]2
a2 (x-1) 2 (x+2) 2 (x-2)2 2 0.

particular

Before this section is closed a brief remark should be

made about the non-equivalence of the vertex sets {u

A

and {v
H

displayed in egs. (12), (18), and (21): According to eq. (7) a

vertex uh(vp) can be removed from G only together with its

adjacent vertex b(f). lence, vertices of the set (ukl

are

i R : af ae
from G in the partitioning of C as well as c®® because both

)

i3

removed

graphs contain the vertex b; in contrast to this, vertices of the

set {vp} are removed from G only in the partitioning of c**

£

because the vertex f belongs to ¢®® put not to ¢**. on the other
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hand, also according to eq. (7), a vertex rA(zu) can be removed
from F only together with its adjacent vertex a(e). Because the

: 3 i f
vertex a is not present either in el

or in Cae‘ no vertex rA can
actually be removed in the partitioning of these graphs. But the
vertices of the set (zpl will be removed from F in the parti-

tioning of CAE; this result is then expressed in terms of

Gf(lvu}) according to eqg. (11a). Thus, the factors Gg‘(uk}) are
generated directly by removing uA's in the partitioning of either
Car or Cde; in contrast to that, the factors Gf(lvu}) are

generated either by removing v“ from G in the partitioning of ca®
or by removing zu from F in the partitioning of Caf and the

f({Vul)'

subsequent transformation of the result into terms of G As

a consequence of the procedures described, for example the term

f, but the term cc“V in

G"cY is obtained in the partitioning of ok
the partitioning of ¢re,
Finally it should be mentioned that the introduction of an

additional symmetry operator, Q, defined by

which was necessary in another case [10] contradicts the condition

(2.3) if both sets do not have cardinality 1, I{uA)l=i{v“ll=1.

3. Structure IT

The structure I treated in the preceding section has been
constructed on the basic assumption that the vertices {a,b,e,f)l €
C to which the terminal moieties are linked (see Scheme 1) form a

cut set. This assumption is dropped now. On the contrary, each



pair of adjacent subunits, F, G, H, and J, which is linked in C
via one of the vertices a, b, e, or f, is linked by an additional
edgye. The resulting structure II is shown in Figure 3. Its
symmetry is assumed such that egs. (1) and (4) are satisfied.
Furthermore, for simplicity it is assumed that the vertices a, b,

e, and f have the degree 2 in C.

a e
-0 r z O+

n O
< O

—0 —~

=0 <

O u v O
b

Figure 3: General Structure II

In contrast to the previous section where D = Cabcf has

represented a disconnected graph consisting of the four components

F, G, H, and J, here D = Cabef is a connected graph in which the

subunits F and H, H and G, G and J, and finally J and F are linked
by one edge respectively; we will refer briefly to these four

edges by the term additional linking edges.

Besides some cycles which are fully localized in onec of
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the subunits there is here in D a set of other cycles to which the
additional linking edges belong and which are, hence, fully
delocalized over all the subunits, i.e. such a cycle consists of
the four additional linking edges and four paths, from each
subunit one path.

In Cdf(cae), due to the presence of the vertices b and e
(b and f) there are additional cycles to which at least one of
these vertices belongs. They are either fully or incompletely
delocalized as may be seen from Figure 3. There are 9 different
types of such cycles; in Figure 4 the numbers 1 to 9 are assigned
to them. The types 1 and 2 are feasible in caf as well as in cae;
the types 3-5 can only occur in Cdf, the types 6-9 only in cE,
The assignment of the types of cycles will also be used in the
concise notation of the polynomials. Thus, D1 will denote the sum

of all polynomials associated with those partial graphs which are

generated from Crlf or c?¢ by the removal of one cycle of type 1

and the vertex e or f, respectively. Similarly, D1 4(D1 B) denotes
T i

the sum of bicyclic contributions corresponding to the removal of
af

one cycle of type 1 and one cycle of type 4(8) from C (Cde); etc.

Applying eq. (7) twice to Ca‘f and cae' respectively, one
obtains:
Cuf =
= x%p -xp® - xp" - 2txD, - 2txD,
- x0¥ D% 4 0" 4 2eDY 4 2tpf (23)
- xp% + p%% 4 pYZ 4 2tp% + 2t}
- 2exb, + 2tDt + 2¢pY + 4e2p
4 4 1,4

Nt oot

+ 2eDY

5 5

= 2tXD5 + 2tD - 2t03
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Figure 4: The types of cycles which can be constructed in ' (a) and in C%€ (b},
respectively, but not in D=Ca‘bEf. The heavy lines indicates the edges, the
broken heavy lines the paths of which these cycles consist. For the composition
of the cycles of type 6 one may alternatively use either the paths P‘LIV and Pu,
or the paths Puv. and pu'v: in D6 all these paths have to be considered.
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