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Fxplicit formulae are given for the characteristic poly -
nomials of topologically related isomers, T and &, formed by means
of three different models using a different number of bonds (1 =
2, 2, 4) Tor the linkage of the building subunits. Furthermore,
explicit expressions for the difference polynomial A = T - S are
also yiven. The effect of the symmetry of the central subunit (if
present) as well as that of the isomorphism of the terminal
subunits are briefly discussed. The number of Lerms of specilic

types are cuoumerated combinatorially.
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The discovery of the topological effect on the molecular
orbitals (TEMO) of topologically related isomers [2] has aroused
interest in some technical details which are given in the prescont
note. For the sake of clarity, the terminology used is reviewed at
the beginning. Next a concise notation of the characteristic poly-
nomials, used throughout this note is explained; finally, in
subsequent sections, the TEMO formulae derived for some versions
of three different topological models are presented.

The topolegical gpace associated with a given molecule is
defined in terms of the families of subsets of the vertices of the
molecular graph forming the neighbourhoods of all the distinct
vertices, resulting in the umgebungs topology, TU [3]. In this
topological space, connected parts of the molecule are represented
by connected subspaces.

Isomers, which may be constructed from two or more
subunits, A, B, ¢, ..., by linking them in a different manner, are
called topologically related; usually, they are denoted by S and
T, respectively, [2]. The topological spaces, associated with a
pair of topologically related isomers, consist of subspaces which
correspond to the building subunits and which are pairwise
isomorphic; but they differ with respect to the connection belween
these subspaces. This is in accord with the Fact that
topologically related isomers differ only with respect to the
linkage between their building meoicties.

There are several ways in which pairs of topologically

related isomers may be constructed; each one i5 called a

topological model. A topolegical model is characterized by ihe
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number of subunits used as well as the number of bonds which link
them. In order to generate a different but related topology in the
isomers, one needs at least two bonds for the linkage of two
moieties. In bthe first of the three models treated below two
building moieclies, A and B, in the other ones three moieties, A,
B, and C, are used; the number of linking bonds between two
subunits, 1, is taken as 1 = 2, 3, 4.

The union of the MO eigenvalue spectra of a pair of
topologically related isomers, S and T, is called their TEMO
pattern. In Lhe case of TEMO without inversions, the TEMO pattern
is characterized by the interlacimng of alternately two and no
cigenvalues of T in the subsequent intervals given by the
eigenvalues of 5; this is realized when the difference of the
characteristic polynomials of the isomers, T S, is positiv in
the complete range of their variable. TEMO with inversions may
occur when this difference polynomial, T - S, also takes negative
values; if the real roots of T - § = 0 are non degenerate or of
odd degeneracy they indicate the intervals in which the TEMO
pattern is inverted; hence, they are called inversion points .
Conclusions about the appearance of inversions may be drawn when
the characteristic polynomials of S and T are expressed in torms
of the characteristic polynomials of the building moieties and
some of their derivatives [2,4,5]. Such expressions are obtained
by the repeated application of Ueilbronner’s formula [6] to all

the edges linking the subunits in 5 or T:

{(G) = (G -lu,v}) {G-u v) at L(o zuv)‘ (1)
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where, (6), (G-(u,v}), (G-u v), and (G-ZUV) are the characteristic
polynomials of the original graph G and of those obtained from G
by removing the edge {u,v), or the vertices u and v (together with
all their incident edges), or the cycle Zoy 'O which the edge
{(u,v} belongs, respectively; the summation runs over the set IZUV)
and t takes the value [7] of t = 1 in case of characteristic poly
nomials but t = 0 in case of acyclic polynomials. As has been
shown [8] the result is essentially determined by the combinations
of the linking edges (bonds) and the cycles in which they are
involved; hence, the number of terms increases rapidly with the
number, 1, of the linking bonds. On the other hand, the fact that
the complete sets of combinations lead to the expansion of the
characteristic polynomial in terms of those of the constituting
subunits offers a graphical method for the derivation of TEMO
formulae used in [5].

The usual notations as employed in ¢q. (1) are space
consuming; hence, their use is not advisable in our case where
some of the formulae consist of more than a bundred terms. In
order to develop the most concise notations one may profit from
the following facts:

(i) Pecausce eq. (1) is applied to all the linking edges
between the subunits of the topologically related isomers butl: only
to these, the removal of these edyges nced not be indicated
explicitly.

(ii) As a consequence of this procedure, each term of the
final result corresponds to a disconnected graph composed of
certain subgraphs of the subunits used; hence, such a term is

represented by the product of the characteristic polynomials of



= 115 =
these subgraphs.

(1iii) Since no misunderstanding can occur, these charac-
teristic polynomials can be denoted by the same symbols which are
used for the notation of the graphs.

(iv) Vertices removed from a graph can be denoted unequi-
vocally by an upper index; e.g.: the term (G-u-v) of eg. (1) will
be expressed by Guv.

(v) The cycles, Zuv' which appear in the last term of eg.
(1) are composed of four different parts: first of all, there is
the edge {u,v}, linking two moieties, say A and B, u € A, v € B;
then, we have two paths, one in A and one in B, connecting the
vertices u and v with the endpoints of another linking edge, say
{s,t}, s € A, £t € B, and finally this edge itself which closes the

cycle:

Zst,uv = lu,v}UPth(t,s}Upsu_ (2)

In order to obtain the complete set {2 }, one has to combine

st,uv
each member of the set {Pvt) with each one of (Psu}. Suppose, the
graph G consists of the two subunits A and B which are connected

by the two edges (u,v) and {(s,t) as described above

G = AVBU{(u,v},{s,t}]}

then (in the usual notation) the term corresponding to the last
one in eq. (1) is given as follows

L(G-2 ) = [E(A—PSU)J[E(B—Ptv)]

st,uv
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wherein the summations run over the complete sets {Zrt uv)' {Psuh
st,

and lPtV}. respectively. We will denote concisely the factors of

the right-hand-side of this equation by Asu and B respectively.

tv!
Thus, the lower indices indicate not only the end points ol the
paths removed but also the summing up over all these paths [9]. In
cases where two or more paths have been removed, the endpoints of
the different paths are separated by commas; then onc has to sum
up independently over all sets of paths involved [9].

Combining the symbols explained in (iv) and (v) one may

arrive at a symbol like

abc

3 it represents the sum of all characteristic
‘

polynomials corresponding to the graphs obtained
from the given graph G by removing the vertices

a, b, and ¢ as well as the paths P and Prl‘

mn
When four vertices, (m,n,r,t}&G, have to be linked by two
paths, there are three different possibilities to do so, leading

to unegqual terms like

Gmn,rt # Gmr.nt # Gmt,nr : (3
It can be shown that in the expansion ol the characteristic poly
nomials of the topologically related isomers § and T that out of
these three possibilities only two may be realized if & and T
correspond to planar graphs and the vertices involved belong to
their perimeters. But in the formulae derived below no term is
suppressed; thus, they also might be applied to systems which
correspond to non planar graphu.

The physical meaning of TEMO [2,%,11] and Lhe quantum
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chemical treatment of inversion points [12-14] is discussed

elsewhere.

2. Model 1

Tn this model the S and the T isomer are formed from two
subunits, A and B, which are linked by 1 = 2, 3, or 4 edges; these
three cases are treated separately.

In all cases A and B are first assumed to be different and
the characteristic polynomials of T and S are given. Then the

difference polynomial defined by

is derived. Tinally, the isomorphism of A = B is assumed and the
resulting form of the difference polynomial, A, is given.

At the beginning of each subsection a schematic represen-
tation of the model is given which also exhibits the labelling of
the vertices. Further, in a table the number of terms are listed
which are generated by removing the endpeints of edges (note:
according to eq. (1) none or both endpoints of an edge are
removed!) or cycles. Some of these terms cancel each other when
the difference polynomial 15 formed; their number is listed in
another column. The last c¢olumn shows the number of terms not
vanishing in A contributed from T as well as from S; hence, A has

just twice as many terms.



- 118 -~
2.1. Model 1, 1 = 2

The subunits A and B are bivalent. They form the S and the

T isomer as schematically depicted below:

A(k)l\ (k)l\A

O O
Bler a/ N P | B
S T

The number of terms of the characteristic polynomials of S and T

and those of the difference polynomial listed in Table 1, are

determined by the combinations of removed endpoints of edges

Table 1: Number of terms in the case model 1, 1=2:

There have been
Senoven number of terms
: contri- : :
endpoints : equal in | contribu-
cycles buting to :
of edges S ang T S and T ting to A
0 0] 1 1 0
0 19 2 0] 2
0 2 1 1 o
1 o] 1 1 o
5 % 2
and cycles resulting from the repeated application of eq. (1). In
the present case, eq. (1) is applied two times.

The characteristic polynomial of S and T, each one

consisting of five terms, are represented as follows:
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T = uB - A¥BY - a1EP 4 aFluPO _ Pta B

i s kpp 1.q klnpaq

[ - ¥ i = w3 R
5 = AF AR ATBY 4+ ATTD ’t‘u‘kl]’pq
As already indicated in Table 1, there are three terms in T and $
which are pairwise identically equal; hence, they cancel each
other when the difference polynomial is expressed according to eq.

(4
a5 EE = arpeef = a%y . (6)

This bilinear form takes negative values if one of the factors is
negative and the other one positive; hence, the appearance of
inversions in the TEMO pattern cannot be excluded.

If one assumes that A and B are isomorphic and that an
isomorphic mapping of A onto B maps the vertex X € A onto p € B,
and 1 € A onto q € B, respecltively, one obtains the following

equalities:

Inserting these in cg. (6) the difference polynomial takes the

quadratic form

In the cane of moedel 1, 152 and A=B, & is positive in the complete
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range of its variable; hence, TEMO without inversions results in

this case.

2,2. Model 1, 1 = 3

The subunits A and B are trivalent. They form the S and

the T isomer as schematically depicted below:

k 1 m\ k 1 mY
Ao"‘ O’C“PA

8 o O Q

DQ%\rq
S i

In Table 2 the number of terms of T and S and those of A are

vO
m

given.

Table 2: Number of terms in the case of model 1, 1=5%:

There have been e
removed
. contribu- . 2
endpeints 4 equal in contribu-
cycles of edges ting %o T T and S ting to &
and S
0 6] ! 1 0]
6] 1 3 1 2
0 2 9 1 2
0 2 1 7] 0
0 3 1 2
1 1 3 2
14 6 8

For the characteristic polynomial of T and S the following



expressions are obtained:

P o= aB — AFST - alpo _ ampP , pKlpar | gkmppr o lmppg

kliignar . & m np
- R s 12 B - 3
éh t( Aleqr Bem pr Almqpo Aklpar

+

ol g
- “kmer - Almeq )

(8)
8 = aff = o8P o A1EY o ATET o ASlgPO o GRUERT . AMgor
- ARImEPAT _ si¢ g R 4o B4 oA, B - AT RP o
k1 pq km pr ln qr k17 pg
= Al =4 Ak BP_ )

km“pr T “ImTar
There are, indeed, six terms of T and & which are pairwise
identically equal, namely those in which the factors derived from
B have no indices or the indices are combinations of {g) and {(p,r}.
They cancel each other when according to eq. (4) A is formed

resulting in

% = (!\‘k = hm)(ED - FI‘) _ (Ak_l - hl.’n>(apo _ (Qr) 5 -

% ALl k T P
+ Pt:(!sk_l - Alm)(qu - Ear> - at(nkl - Alm)(qu - qu>'

In the case of isomerphic moieties, A = B, and the iso-
morphic mapping k ¢+ p, 1 <+ q, and m ++ r, we have the following

equalities

; i i il St /v O
ui =, H2 5 um = i = wf o I = B z
5 e K n
) R ; - 1E ) =
el T o 0 "l T Tar 11 ne ? Ml ar ?

and eq. (9) takes the form

(10)
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Obviously, A can be negative in some intervals and, hence, the

appearance of inversion points cannot be excluded.

2,3. Model 1, 1 = 4

The subunits A and B are tetravalent. They form the S and

the T isomer as schematically depicted below:

Aklmn\ klmn\

S \s r
S T

Here we meet two types of terms which could not have

appeared in the foregoing subsections. The first type is generated
by the removal of a cycle from S or T which contains four linking
edges. We denote their configuration by eq while to cycles which
contain only two linking edges the configuration 02 is assigned;
in these notations, e stands for any member of the edge cut set
formed by the linking edges. The other type is generated by the

removal of two cycles, each one of the configuration cz;
2

this case
will be denoted by ezee

In both new types there are four vertices in A and in B,
respectively, which have to be connected by two paths. As already

mentioned in connection with eq. (3), this can be performed in
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three different ways. Table 3 shows these possibilities and also

. 1 4 "
indicates whalt combinatiocns correspond to e and which ones to
e2+e2 configurations.
£3

2

4 2 i
Table %: Gyclic confipurations eL and e " +e in
model 1, 1 = 4 :

: i
Akl.,mn Akm,ln | Akn,lm
i N i AR e e
27 u f 4
B e~ +e e ! e
N, rs E
L =
B o e +e” e
Pr,as B
B 84 elL eﬂ»egJ
n§,0T

According to eq. (1), each contribution to T and S
generated by removing a cycle is multiplied by 2t. Consequently,
contributions to T and $ generated by the removal of two
independent cycles (as takes place in the case of ez+ez
configurations) are multiplied by 4t2. This shows that t is a
useful ordering parvameter although all powers of t have the same
actual value [7].

In Table 4 the number of terms of T, S, and A are given in
a similar way as in the foregoing subscctions; in the first column

4

only the configuration of single cyclic contributions, e? or e,

are indicated. Terms in which the factors due to B have no indices
or indices built up from the pairs {p,s) and (g, 1} appear
identically equal in T and §; hence, they cancel each other when

A is formed according to eq. (4).
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Table 4: Number of terms in the case of model 1, 1=4:

There have been
removed number of terms

cveles | endpoints ggﬁtrégu- equal in | contribu-
¥ of edges Taegg | T end 8 | ting tol

¢} 0 1 1 0

0 1 y 0 i

0 2 3] 2 4

o 3 4 o 4

Q 4 | il o]

1 e° 0 6 2 4

1 e o 6 6 0

i & 1 12 0 12

1 e° 2 6 2 4

2 o] 3 5 0

49 17 32

For the characteristic polynomial T and S one obtains:

AB - a¥BS _ plpT _ 4Mpa _ P . 2KlgTs | kmpas |

& Al-:ans @ Almqu n Alanr + AMDpPa _ Aklmqus _

_ Aklanrs _ aKmnppgs _ ,lmngpgr 4+ pllmnpgpars _

- 2t( A A (11)

klErs * kmqu 4 Akans it Almqu t A1anr &

+ A B + A

mn pg kl,manr,qs i

Akl,mans,qr # Akm,lnbpq,rs &

Akm,lans,qr * Akn,lmapq,rs + Akn,lmer,qs J %
+ 2t( algd . a8

P 1l P n Lp L. o m »q
x1Prs lers + A, B + A B + A, B + A B2 o+

kmqs km gs kn"ps kn"ps
k s n 4p k zs m nq k s 1 oF
+ Almqu + AlmEqr + Alanr + Alanr + Amanq + Amanq ) -

- 2t( APPgPa adngpr Almqu " Akans i Akmqu Alers)

k1°rs T fkm gs * kol ps lm gr in“pr T “mn pq

2
4e7( Akl,manq,rs ¥ Akm,lanr,qs 1 Akn,lmeS,qr )

4



S - AB - aKEP _ alB3 _ AMBT _ ATBS . AKlBP9 . pKTEPT

+ AKOpPS | Almqu £y AlnEqs 4+ ATORTS _ Aklmeqr _

_ sklngpas _ ,kmnpprs _ almngars Aklmanqrs _ (11)

= 2t( Alepq + Akmer + Akans + Almqu + Alans +

B
Antrs * Akl,manr,qs ¥ Akl,mans,qr o Akm,ln pq,rs T

A B +
Akm,lans,qr * Akn,lmeq,rs * Sn,1m pr,gs )

m T n oS 1
+ 2t( Alepq + Ale B

n xS 1 «q m
- + Akm + A, B s Akans + AknB

q
pr km pr *

r
ps

kgp L 4l g9 ) -

k n 8 k m pr
® Alme # Almqu x Alnts * Alans + ApnBrg mn rs

qr
MmNLr's lnpqs lmgpqr knyps km,pr kl.pq
- 26( MQBC + AkmBgr + KnBRe + AypBor ATpBRg + AnnBrg ) &
= B
4t=( Akl,manq,rs *® Akm,lanr,qs o Akn,lm pPs,qr )
Indeed, there are 17 terms of T and S which are pairwise

identically equal.

According to eq. (4) for the difference polynomial the
following expression is obtained:
b= (A - ARY(BP - B%) 4 (Al - AT)(BY - BT) -
- (aKL - ATny(pPY | gTS) o (aXT - 410)(BPT - B%°) 4

% (Aklm _ Almn)(qur B qus) i (Akln _ Akmn)(qus _ Bprs) "

+

2t( (A, - Amn)(qu - Brs) A g = Aln)(Bpr - qu)

m 1 i s n _ .k s _ gP
26( (A, - Amn)(qu - BR) + (A Amn)(qu B #
1 m q r n _ ,k s _ @P (12)

+ (Akm - Aln)(Bpr - qu) + (Akm Aln)(Bpr qu) +

1 m q o k _ ,n D _ gS )
(Akn = Akn)(Bps - Bps) & (Alm A1m)(qu qu) »+

+

+

k1l rs p 1n km qs _ gPr
26( (o) ~ Apgn)(Bpq - BRa) + (Ayy - M) (B, bl 4
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When the isomorphism of the moieties, A = B, and the iso-

morphic mapping k «+ p, 1 «+ g, m +» r, and n ++* s is assumed we

have to insert the following equalities into eq. (12):
n_ns

AK_gP, A1=Bq, ARRE AM=B5;

mn_prs

AK1_gPa pkm_gPT Aln_gas, A™_BTE,

n Ts
Aklszpqr' Aklnzqus1 Akmn=Bprs, Alm -BY :

Akl=qu’ Aym=Bpr A1n=Base Amn=Prs’
A£1=ng' Aim=Bgr’ A%n:Bgs’ A§H=B§s’
Aﬁl=B§q’ Aim:BSr‘ ATnzBES’ A;nngsi
Ain=Bgs' A§H=B;s’ A§m=Bgr’ Agm=Bzr;
AmpTS, anepd2,  ATeERL,  annoED

Thus, eq. (12) takes the following form:

A e (Ak_An)2+(Al_ﬁm)2u(ﬁkl_Amn)2_(Ak.m_A1n)2+

+ (aKIm _ A1mn)2 @ (Akln - Akmn)E "

&

260 (hyey = 8502 + (b = 4107 ) - (13)
- 260 (apy - 707+ (agy - AEIZ + Uy - A?n)g *
o (AR - aEH2 4 () - P I ol
% 2t (I = aFly® 4 el w alIYE
Obviously, A could be negative in some intervals of its variable,

hence, inversions in the TEMO pattern cannot be excluded.
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2,4. Summary: model 1

TEMO without inversions has to be expected within the
model 1 only if the building subunits are isomorphic, A = B, and
they are linked by exactly two bonds.

In all other cases the appearance of inversions in the
TEMO pattern cannot be excluded definitely. But the inability to
exclude inversions does not mean that they must occur in the TEMO
pattern. It may easily be verified that inversions will be
realized only iLf (i) the difference polynomial A 0 has real
roots of an odd degeneracy (single roots, threefold roots, etc.)
and (ii) the characteristic polynomials T and/or S have eigen-
values in at least one range of the variable where A is negative.

It should be mentioned here, that some pairs of topologi-
cally related isomers constructed by means of model 1, A=B, 132,
might be also obtained from other models, e.g. from those
described in section 3 and 4 of this note. In some particular
cases [5] inversions may be excluded if the other model is applied
to such a pair.

In the last columns of the Tables 1, 2, and 4, the number
of contributions to A are listed; these are terms of T and 5, res-
pectively, which do not cancel each other when A& is formed
according te eq. (4). Hence, A has just twice the number of terms
as indicated in these columns. Tt follows from these Tables, for 1
=2, 3, 4, that the number of the terms of A are 4, 16, and 64,
respectively; this might be generalized to 4] 1, lHowever, with
increasing 1 new types of terms are created; hence, 41'1 i5 only
the lower limit for the number of terms of the difference poly-

nomial (for 1 ¢ %, A would consist of 336 tarms, there ave 80
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terms more than would follow from 41_1). Since about half of these
terms are summed up to & with a positive sign, the other half with
a negative sign, only in the case of 1 = 2 is there a real chance
to draw conclusions about the non-appearance of inversions in the

TEMO pattern. This fact is also the reason that TEMO formulae for

1>2 have not been published until now.

3. Model 2
In this model the S and the T isomers are formed from
three subunits: two terminal ones, A and B, and a central one, C.
The terminal moieties are linked to the central one by 1 edges
each, 1 = 2, 3, 4. Thus, there are two edge cut sets: the first
one, denoted by e = (ejlj =1, 2, ..., 1}, is formed from the
edges linking A and C, the other one, f = (f.|j = T 25

)
from those linking B and €. The edges Ej and Ej have one of their

s Ak

endpoints in common, namely the one which belongs to C.

We meet here another new type of term in the charac-
teristic polynomials; the cycles removed according to the last
term of eq. (1) may have either e2 or f2 or e2f2 configuration.

The central moiety, C, may be represented either by a
connected or a disconnected graph. In order te derive the TEMO
formulae, there is no need to specify this property of C because
the characteristic polynomials of non-existent subgraphs are
identically zero.

If eq. {1) is applied 21 times, then all the edges of the

cut sets are removed. The resulting expressions of the charac-
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teristic polynomials T and S consist of a number of terms, each
one a product of three characteristic polynomials corresponding to
subgraphs of A, B, and C, respectively.

After setting up the difference polynomial A according to
eq. (4), some symmetry in € is assumed; this usually reduces the
number of terms of A A further reduction is achieved if the iso
morphism of the tcerminal moicties, A = B, is assumed, leading to
the final result.

Tn the following subsections the value of 1 is specified.
At the beginning of each subsection a schematic representation of
the mode) is given which also exhibits the labelling of the
vertices; in a Table the number and types of the different terms

of T and 5 are indicated.

1,1, Model 2, 1 = 2

The general struclture of the & and the T tsomer formed

within this model are schematically depicted below:

N
AlS o £ IN A

C a0 ob a obl C

5 L

T Table % Lhe numboer of the terms and Lheir types ar

llatoed
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Table 5: Number and types of terms, model 2, 1=2:

Theriezggzdbeen number of terms

s tribu- . .

endpoints [ €97 equal in | contribu-

oyl of edges ;lgﬁdtg T and S | ting to 4
o} 0 1 1 0
0] i 4 2 2
0 2 4 2 2
1 e 0 1 1 0
4 g® 0 1 L g
1 e°f? 0 1 1 0
12 8 4

The characteristic polynomial T and S are obtained as

follows:

T - ABC - ANBC? - Almc® - aBYC® - ABPCP 4+ aKlpe®P 4

+ akpPgab . a1pagab . 4pPIAP _ pg( A L BC., +

18 ap
ab
+ ABCop + AgBLc®0)
(14)

s - aBC - A¥Bc® - almeP - ABPC?® - AB%P 4 aKlpcEP .

k ab 1gppab pqrab
+ AFRICEP . A-BPC®P 4+ ARPUGED - 24( Ay BCp +

+ A B C3P )

+ AquCab k1 Bpq

From this, according to eg. (4), the difference polynomial

results in















































































































