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Absiract

The topological index J (average distance sum connectivity) has the
asymptotic value T for an infinitely long n-alkane. A general formula
is demonstrated for index J of an infinite graph naving b branches
emerging from a common nucleus, anc having a repeating pattern with r
edges on the stem of each branch and A-r off-stem edges. There exist
hovever acyclic infinitely branched systems whose [, value is no longer
finite but oo, For graphs with an infinite number of vertices and cycles,
a related index J' = (i + 1)J is shoewn to have in many cases a finite
asymptotic wvalue, A general formula is proposed for tne asymptotic values
of J and J' in infinite acyclic and polycyclic systems, respectively,
with a finite number of branches, b, and a repeating pattern of H edges
on each branch : §, or J! = R2-f(b)/A where £(b) is a given function of
the number of branches, and A is the main coefficient in the expression
of the smallest distance sum in thke infinite graph. A notation list is
appended. A series of J, and {j values for various infinite grapns is

resented, which may prove useful in correlation.
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1. Introduction

For quantitative correlations between chemical structure and
chemical, physical or biological properties, during the last forty years
various topological indices (TI's) have been proposed. Several reviews
have been published on topological indices and their use in QSAR.1_7
A hydrocarbon structure (constitutional formula) is converted into a
hydrogen-depleted graph by omitting all hydrogen atoms and replacing the
other atoms by vertices of the graph.

8,9

In previous papers, a new highly-discriminating topological

index J was defined. This index is based on distance sums si for each

vertex : si is the sum of the distances from vertex i to all other ver-
tices in a graph. The (topological) distance between two vertices in a
graph is the length of the shortest path joining these two vertices,
i.e. the number of edges along that path. If q is the number of edges
in a graph having m vertices, the number of cycles (cyclomatic number)
is :

L=q-m+1 (1)

The topological index J is the mean distance sum connectivity :

q
-%
J = — 2 (s,;s.) (2)
u'”edgeiji‘]

So far J is the TI with the lowest degeneracy.lo Unlike most otner
topological indices, owing to the factor q/(p+ 1), the index J does not
increase with the increasing number of vertices and of rings. It is the
purpose of this paper to discuss the behaviour of J for various infinite
graphs. In many cases, J tends towards a constant finite value for infi-
nite acyclic graphs. For graphs naving an infinite number of vertices

and of cycles a related topological index J' is relevant

J'=(p+1) = a Yy isis,l'z (3)
edgei,j I

It will be seen that J' for infinite polycyclic graphs can be



treated similarly to J of infinite trees. In the former graphs one has
to use dualist graphs (for definitions and examples in the case of
cata-condensed polycyclic benzenoid hydrocarbons, see ref.11; in the
case of polymantanes see ref.12). In dualist graphs angles are signifi-

cant.

2. Definitions ana examples

The centre, 0, of a graph is constituted by the vertex or vertices

with the smallest distance sum,whose value is denoted by s We shall

o
consider only centrosymmetric graphs. Their symmetry can be two-fold or
higher, e.g. for b branches emerging from the centre, the symmetry is
b-fold.

Graphs which differ by a constant pattern of vertices and edges
(pattern called elementary cell) form a cell-homologous series. The first
term (n=1) in such series is called nucleus and contains the vertex
(vertices) of the centre O ; in addition it may contain other vertices.
The nucleus may or may not be equal to the elementary cell. As the
graphs are b-fold symmetric, the n-th term in a cell-homologous series
has in addition to a unigue nucleus, b(n-1) elementary cells, i.,e. n-1
cells on each branch.

An infinite graph is constructed by adding an infinite number of
cells on each of the b branches ; this corresponds to the n-th term of
the cell-homologous series, where n-—wo,

Figure 1 represents the first three terms of two cell-homologous
series which have both a one-vertex centre and the same nucleus but
different cells, The first series has two branches, (b=2), two vertices
and two edges in the cell ; the second series has three branches (b=3)
and an elementary cell with four vertices and four edges. The numbers

accompany ing each vertex in the graphs of the first series arc the
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Fig. 1. Two cell-homologous series I and II, their nuclei and elementary

cells.

distance sums of those vertices. In both cases of Fig. 1, each branch
consists of vertices and edges which may be either on the stem or off-
-stem. The distinction is illustrated in the elementary cells of Fig. 1
by black pcints and heavy lines for the stem, and by white off-stem
points and thin lines for off-stem edges,

For such series the topological index {, is defined by :

& = lim J(n) (4)
where J(n) represents the topological index J of the n-th term in the
series, In order to calculate J(n), the distance sums for each vertex
of the n-th term in the series must be evaluated. The distance sum of
such a vertex is expressed as a function of n and of the position of
that vertex in the elementary cell.

The following example illustrates the evaluation of distance sums
for the n-th term in the first series (I) shown in Fig., 1. Let us
consider its n-th term represented in Fig. 2. Let si be the distance
sum of the i-th elementary cell vertex on the stem, and si the distance

for the off-stem vertex in the i-th elementary cell (where i = 0 to n-1).
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Fig. 2. "he n-th term of the series I.

For a given n, The smallest distance sum of the centre vertex, Su(n)' is

obtained by induction, From Fig, 1, sG(WJ =33 50(2) = 11 1 50(3) =23

each term of the series I differs from the preceding one with two

vertices on each branch, i.e. the distance sum so(n) contains another

four distances equal to n in addition to so(n-1). Therefore, for every

nEN

S(\(n) =3+ 4%2 + 4% + ., *4xn=2n2* 2n -1 (5)

une should note that the expression of SO(n) 13 a second degree poly-

nomial : so(n) = An2 + 3n + (, The distance sums SLm) are given by the

summation :

si(nj =3x1 + 4x2 + 4x3 + |, + A(n-i) + 2(n-i+1) + 2{(n-i+2) + ..,
...+2(n+i)=2n2+2nv1+212 i i =1 to n=1.

Indeed, for vertex i, there are four vertices at distances lower than or

equal to n-i, but only two vertices at higner distances, The distance

sums si(n) may be expressed either using (%), or recursively :

s,(n) = s,(n) + 212 (6)

Si(n) = si_qén] + 41 - 2 {7)

where i varies from ! to n-1. Similarly, the distance sums Si(n) for the
off-stem vertices are given by the summation :
s'L(n) = 1x1 + 2x2 + Ax% + .., + 4(n-i+1) + 2(n-i+2) + ... + 2(n+i+1) =

Enz + 6n - 3 4 2i2 , or using (9)
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si(n) = si(n) +4n - 2 3 1=1 ton-1 (8)

Obviously, as seen from Fig. 2, s$_1(n) = sn(n) as distance sums of
equivalent vertices.

The total number of lines in the n-th term, q(n), can be easily
evaluated from the number of edges in the elementary cell and in the
nucleus

q{n) = 2({n-1)x2 + 3 = 4n - 1

Applying formula (2) we obtain for J(n) :
e )5 —_—
J(n) = (4n-1) (soso + 2 Z wi® %2 3 (maliT % 2(s

The limit of the above series, {p+ can be obtained either by analytical
integration, or by means of a program on a small calculator as an
approximation of large n values. As so(n) is a second-degree polynomial
and all other terms are expressed recursively via relationships derived
from so(n), the series for J(n) is convergent.

The analytical integration is easily performed with the following

.J-Z

=1
0 and (s an k are omitted, being

simplifications : 1) The terms (SOS 5

insignificant for large n values ; 2) Unly the homogeneous part of second
order (in n and/or i) of the distance sums s; or s; is retained { toe

homogeneous part will be denoted by a bar, e.g. Ei = E}_‘ = E} = 2n2+212h
%) The expression for the number of edges, q(n), is truncated to the first
order term (i.e. 4n) since it multiplies summations of terms with an order

of magnitude of n‘z. With these simplifications we can write :

n- /5 n-1 o alf nil 2
$o = _lim 4n E + 2 (s.8]) = 1lim 16n 2n’+24” )
n—o00 [ g = ] n—oo i=1
n-1 1/n
or, $o = lim 8 Z e s with 1 €1 < n-1,

n—e  {Z1 (1/n)° + 1



ks i/n <1, the last expression can be converted to the definite

integral : 1

As an alternative method for the analytical integration, a computer
program was devised for calculating with formulas (5) - (8) the distance
sums of vertices in the n-th term of the cell-homologous series ; from
these distance sums, J(n) is celculated with formula (2). Kesults of the
calculation are presented in Table 1. Une notes that J(2000) comes within

0.9992 of 2T, the analytically established value for .

TABLE 1. J(n) values for graphs of cell-homologous series I.

n | 1 2 3 10 100 1000 2000
J(n)lZ.}E"SB 3,4642 4,0849 5.4078 6,18B22 6,2729 6,280

The procedures for obtaining J, for the cell-homologous series I of
Fig, 1 can be applied to any other case. We have studied cell-homologous
series for varioms acyclic and polycyelic graphs, In the latter case
o is O because | increases linearly with n while J(n) has a finite
asymptotic value. A non-vanishing, meaningful index is obtained in the
case of polycyclic systems if J(n) is replaced by J'(n) defined by

formula (3).

3, Asymptotic J and J' values

A general expression can be inferred for % (or ). Let R be the
nunber of edges in the elementary cell of a cell-homologous series, A
- the coefficient which multiplies n2 ir the expression of sO(nJ, and
f(b) a function whose numerical values depend only on the number b of
branches. “hen J, or ) are given by formula (9) :

Jo or &y =R%£(0)/A (9)
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3.1. &y for various acyclic series (infinite trees)

Let us consider an arbitrary acyclic cell-homologous series., As
before, b branches emerge from the centre of the graph. An arbitrary
elementary cell with R edges is constructed so that r edges are on the

stem while R-r edges are off-stem (Fig. 3).

b-fold S NP

I R-r off-stem

edges

Fig., 3. Arvitrary elementary cell of an infinite tree.

It can be shown that g, is independent of the way in which the off-
-stem vertices are disposed. For convience, we can modify all off-stem

edges to become incident with the first vertex of the elementary cell

(Fig. 4).
cell number : 0 1 | 2ewslans n-1
Lo R-r edges
b-fold = &
A s — D
symmetry 1 1,k n-1
S SR e . P C S——
A
0,0 0,1 21,0 F1,1 T2 Y1t 255 Sh-1,0  R-yr-i

Fig. 4. The n-th term of a modified cell-homologous series.

With the notation from Fig. 4, the n-th term of the curresponding

cell-homologous series has the following minimal distance sum :

85 4 = bx? + bx2 + ... + bxr + b(R-r+1)(r+1) + b(r+2) + ... + bx2r
+ vu. + Db(R-r+1){nr-r+1) + o(nr-r+2) + ,.. + bar
b 2 b 2 2 y
= = . - - o ‘n - - = + C
30'0 5 Rr-.n 5 (Rr-r°-2K+r)-n - b(R-r) An“ + Bn ¢ (10)

The distance sums S {k =0, 1, ... T-1) and s;_, where i = 1 to n-1,
.
are expressed by means of recursive formulas similar to (7) and (8), and

have as first term 50 o From formula (2) we obtain :
i3



a 0 - n-1 r &
J(n) = T[° . 1{2:1 (SD,}C—1SO,1() + b L & (si’k_wsi'k) +
n-1 _%
+ b{R-r) - Z (si,osj'_) ] 0

One notes that as there are r edges on the stem, the distance sums S p
B

and S, refer to the same vertex and must therefore be equal.

1,0
When evaluating J,, with the above formula, the same simplifications
as in the case of series I can be operated : 1) The isolated terms
(distance sums in the nucleus) are omitted because they are insignificant
for large n values ; 2) The distance sums Si,k and si, when expressed as

recursive formulas have the same homogenasous part (denoted by Ei as it is

independent of k) ; this lemds to a simple evaluation of the subsidiary

summings :
r r
¥ Y = s yE o
P k; I kzﬂ FraerPa) =
z -1 r
= lim Z (s.) = 1lim — H
n-o gz n—=00 sj
n-1 -¥ n—1 ¥ n-1 1
lim (82 5l = lim (s, .s1)7% = 1lim (s;)”
N-w00 ;1 R n—=00 21 s 81 6 580 n—=00 ;1 1)

%) The number of lines, g = bRn - b(R-r} can be truncated to q = brn.

With these simplifications, when n—-m, formula (11) yields

+  Db{R-r) -ni1 ij—]} = b?liz-lim [n -“'1 é]

= 1i bR br -
% m{ “[ i i=1 % n-eoot 3 Sj

n-—=00

The evaluation of the distance sums after solving the recursive eguations

leads to the following homogenous part Ei

E;.l = [lr-—g-nz + {(b=2)-ni + j,2 (12}
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which after substitution and rearrangement yields for ‘Bo :

1
n-1 -
2 R n
%:b-;-lim 12
A b
n—~o = o e 2
d=A (n) + {b 2)n +2
As T = ig n-1 ;1-1<1, we can write :
1 d
TR e O o
'&’_b'f'f() x2+ (b-2)x + b/2 (13)

We shall denote by f(b) the following function

t(o) = j— P (14)

The function f(b) can be explicited, (15), and has numerical values

(for a few integer b values) indicated in Table 2.

o3 %, P
arctg -2 & . tor b€ [2,3,4,5]
NET v b=
3 7
£(b) = (15)
b3 -1 +\[1«
1in , for b =5, bC H.
2 o
b 3b
S L S b-1-\1+Z

TABLE 2, Values of f(b),.

o | 2 3 4 5 6 7 10 1%

f(b)l T 6.1550 10.2960 15,5444 21,8951 29,3464 58,2976 5.49x10°"

From (10), A = ;Rr. thus formula (13) can be obtained from the
general expression (9) for { , if f(b) is the function given by (14). It
can be seen that A (and hence ‘Bo) is independent of tle pattern in which

the i-r off-stem edges are distributed in the elementary cell, justifying
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the modification from Fig. 3 to Fig. 4.

Table 3 presents {, values for various trees.

TABLE 3. §, values for infinite trees.

Ho. Structure Elementary cell| b | R| r A bo
1 (B 2 1 i 1 L
g >® i I . 1 g 4,1033

4 4 1 2| 5.1480

NN

18 21

31 5| 2|15 10,2583

%Kfﬁﬁﬁhkkili

4 6| 3| 36]10.2960

g’It will bve noted that 9 is 8 rational mltiple of T iff b = 2,
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3.2. 4 expressions for polycyclic series

For graphs with an infinite number of cycles, we replace {n by &
defined by formula (3) ; it can pe shown that in this case we can still
apply formula (9), where f(b) is the same as for the acyclic series,
formula (14) ; b represents the number of branches emerging from the
centre of the dualist graph.

For linear infinite polycyclic graphs (b=2), {| values correspond
to rational multiples of T, since f(2) = darctg(1) =T . Table 4 presents
&5 values for various polycyclic series. Formula (9) is applicable to
almost any structure. Unce the elementary cell is identified and the
expression for sO(n) is calculated, one can obtain directly ;. For
instance, an infinite linear polymantane (Fig. 5) with a zig-zag dualist

graph,'2 has a 12-1line elementary cell, In such a two-branch system (b=2),

one obtains by induction that so(n) = 16n2 - 4n -1 ., According to
formula (9) : & =-%%;-n = 91 . A computer program which calculates

J'{n), for n = 1500 yielded J'{1500) = 28.25501, a value within 0.9993

of 9T ,

n=1 n=2 n=73

(nucleus)

- D AN

b = 2 : dualist graph_,/‘\‘/‘\\'/A“” ; elementary cell :

Fig. 5. Cell-nomologous series of polymantanes

Unlike the acyclic series, for the polycyclic series, the coeffi-

cient A of n2 in the expression of so(n), is dependent on the pattern,

i.e. tihe mode in which the vertices in the elementary cell are disposed.



TABLE 4. &, values of various polycyclic series.

No. Structure Elementary cell b R A o
1 Goon | O || w
JOOTT] D e
T | X |e s e gn
144
’ @ ’ N ” _l)—n_n
9 ¢ 5| 7| g f-;rt
10 \ » 2 5 8 %STL
" in 21 10 28 %Tﬁ




Table 4 (continued).

Fo. Structure Elementary cell R A &o
144

12 8 12 40 -IIB—TD
2 ; 169

13 13 0| F T
64

14 5 8 12 ﬁm
.| 64

15 3 8 2] T
- 289
16 @ 17 56 56
- i 289

17 4§ 17 56 &5 i

18 @ 19| s6| Bin
56
= 121

19 § 11 16 TETC




Table 4 (continued),

T30 =

do. Structure Elem. cell A ‘[10

20 § ;% :j 12{ 12.8229
21 @j 36 14.0140
22 . % i " 271 11,1702
24 80 15.°7387
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This dependency of A on the disposition of vertices in tne elementary
cell can be exemplified for linearly cata-condensed polyeyclic graphs
with cycles of the same size,

For such linearly cata-condensed systems (b=2), if g is the ring
size, there exist g-3 annelation possibilities because the end-ring
in a string of ceta-condensed g-membered rings has g-3 frve edges on
which it can be cata-annelated. Coefficient A is dependent upon this
annelation pattern., In order to describe this dependency we introduce
two parameters : (i) The annelation angle parameter, a, defined by means
of the dualist graph of two adjacent cycles in the system. Parameter a
takes integer values between O and [552] and increases as the angle in
the dualist grapnH decreases from 180° towards 0°, e.g. for 6-membered
rings (g=6), a can be 0 or [1.5] = 1ﬁ Linear annelation, which corres-
ponds to a=0, is possible only with even-membered rings, as shown in
Fig, 6, For infinite systems a regular annelation pattern must exist
the simplest is the one in which the angle of the dualist graph is
constant, i.e. parameter a is constant. This, in turn, corresponds to
two possibilities : compounded and alternate annelation. The former case
leads to helix-like structures, while the latter case leads to zig-zag
structures. This annelation regularity is described by a second para-
meter, (ii) helicity, h, which is 1 for helix-like annelation and 0 for
zig-zag annelation. Figure 7 represents the first three terms of nelix
and zig-zag series defined by a nonlinear annelation with a=1, for graphs

consisting of cata-condensed six-membered rings.

Fig. 6. Cata-annelation possibilities.

[x] denotes the integer part of x.
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Fig. 7. Two cell-nomologous series for b=2 ; g=6 ; a=1,

For convenience, linear annelation is considered helix 1like (a=0,
implies h=1), not zlg-zag like. As seen from fig. 6, the g-3 annelation
directions are divided into two symmetrical sets because B oy BPPears
twice ; there exist a total of g-3 regular annelation possibilities
because of helix or zig-zag annelations.

Induction leads to the following expressions for the ccefficient of

n2 in so(n) t

r=([EY-a-n)e2 (16)

The above formula is not valid for odd g = 2k+1 values, of the first zig-

-zag annelation possibility (h=0, a=1). In this case :

2
A=—(i—"2—-—2)— ,fora=1;h=0;g=2kel, ()
{0 values for polycyclic systems with two branches are presented in
Table 5. These values can be obtained directly by substituting 4 from

(16) or (17) into the general formula (9).




TABLE 5. o values for polycyclic linearly cata-condensed series (b = 2).
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