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ABSTRACT.

The present notes endeavour, in what is believed to be a
rather new approach, to give a precise definition of double
groups of proper and improper point groups and a precise de-
scripltion of the mathematics of their application as symmetry
groups for certain classes of molecular electronic Hamiltonians
containing a spin-orbit coupling term. The ambiguities and
mysticism traditionally associated with the double groups is
removed by, firstly, defining the double groups of proper point
groups as subgroups of SU(2) [thus following Opechowski] ra-
ther than by the "addition" of a phantom non-identity 27 rota-
tion and, secondly, establishing in a rigourous way the con-
nection between the double groups and the operators menlioned.
The latter is achieved by emphasizing the concept of operator

represcnlations of a group.
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1. Introduction.

Since the appearance of the famous "Termaufspaltung”
paper by Bethe [1], chemists and physicists have used the double
groups of the ordinary point groups in their symmetry analysis
of electronic Hamiltonians containing a spin-orbit coupling
term. A vast standard literature is available describing the
mathematics of the double groups in general [e.g., 2-12] or
just that of their common supergroup, the full rotation double
group [e.g., 13-16]. Some recenl papers are concerned with
definitions of the double groups in the context of so-called
projective representations [17-19 and references in thesel.
However, when it comes to the problem of explaining why the
double groups turn up in certain chemical or physical situa-
tions, many texts start discussing intricate questions such as
the possible distinguishability for fermion wavefunctions of 2m
and 47 rotations, intrinsic "parity" of electrons, etc. Such
approaches may, indeed, have their merits from the point of
view of obtaining a physical feeling for the situations where
double groups arise, but they tend to impair a certain measure
of mysticism and, consequently, vagueness to the definition of
the double groups themselves. This may give rise to problems
when the double groups are to be used for detailed quantitative

*)
analyses.

*) This is not to say that these physical aspects are not of impor-
tance. On the contrary, consider the recent experimental work aiming at
confirming the 4m (but not 2m) periodicity of fermion wavefunctions [20];
see also discussions of analogous phenomena in macroscopic geometry [21].

The point is just that we are able to avoid basing our definition of double

groups on such speculations.



..

Strangely, no texts known by the present author - with
the partial exception of [4] - proceed simply by establishing
the double groups as symmetry groups for the spin-orbit coupling
Hamiltonian, i.e., as groups representable by groups of opera-
tors which commute with this Hamiltonian. 1If, however, one
does adopt this line of thought, one has the mental advantage
that any more or less transparent physical arguments only enter
the discussion through the assumption of a particular Hamil-
tonian, whereas the introduction of the double groups may be
accomplished separately with complete rigor.

On this background, the major purpose of these notes is
to show how the symmetry-group viewpoint may lead to the double
groups and, in fact, to the concrete matrix realization dis-
cussed by Opechowski [2] which is well suited for a precise
mathematical description.

We start by stressing in Chapter 2 the fact that a group
used for symmetry analysis of an operator acting on some space
may be of any particular abstract or concrete kind, provided
that it is connected to the operator by a suitable operator
representation of the group on that same space. This point of
view is crucial to the subsequent introduction of double groups
as matrix groups.

Chapter 3 describes the type of model Hamiltonians to be
investigated. The central Chapter & then presents a Lhorough
discussion of the way the double groups may be used as symmetry
groups for such Hamiltonians. Note in particular that double
groups of improper point groups are also defined. Chapter 5

gives some of the group theory of the double groups Lhus intro-



duced, and Chapter 6 contains some remarks on the actual appli-
cation of them. In Chapter 7 we collect a few additional com-
ments; it may be of interest to note already here that the his-
torical remarks trace the double groups back to the middle of
the last century, long before the appearance of Bethe's paper.

Some mathematical material, mainly proofs of assertions
made in the main text, has been put in the appendix to facili-
tate reading of the main text.

The reader who wishes to follow the arguments of these
notes closely will need familiarity with the following mathe-
matical material: basic notions of operators on linear and
Hilbert spaces; basic definitions of group theory (group, homo-
morphism, ordinary matrix and operator representations of
groups, direct product of groups); and the concept of tensor
products (direct or Kronecker products) of linear spaces, of
operators, and of group representations, for all of which we
shall use the product symbol "®". We shall not be concerned
with the aspects connected with projective representations

(for this, see the references cited above).
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2. Group representation analysis of operators; symmetry groups.

The present chapter describes the mathematical features of
one of the general situations in which group representations
are in an interplay with a (quantum-mechanical) model operator
being studied. The purpose at this stage is not to introduce
any new mathematics, but rather to emphasize a point of view
which the author has found generally useful and which will, in
particular, be invoked in the presentation of double groups
later on in these notes.

Suppose that we are studying some operator 2 acting on a
finite-dimensional Hilbert space V.

The symbol & is of course reminiscent of "Hamiltonian",
but we make no assumptions here regarding the nature of .
The assumption that V is finite-dimensional is made to
avoid in the sequel a series of technical mathematical
comments and digressions which would just obscure Lhe
ideas to be presented. In most of the practical applica-
tions we are aiming at, only operators on finite-dimensional

spaces are involved anyway.

Assume further that a pair (G,J) is given, where G is a
group and Fa unitary operator representation of G on V. Thus,
JIR) is a unitary operator on V for each R€ G and the opera-

tors J(R) form a homomorphic image of G.

Since groups are often in applications of the present
kind themselves thought of as having operators for
their elements, it may be useful to consider in some
detail an example of how one may have occasion to con-
sider such operator representations of groups.

Suppose we choose a Cartesian coordinate system some-

where in 3-dimensional space and study some point group G
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realized as transformations that fix the origin of this
coordinate system. Any group element RE G will have a
definite action on vectors r so that a new vector Rr
results when applying R to r.

Now assume that we are also studying a set of func-
tions defined in our space - e.g., a set of p or d or-
bitals centered at the origin. The transformations R
may also be made to act on such functions in the well-
known way: given a function Y, the transformed orbital
wR is defined by

Yple) = (R ). (2.1
The operator mapping functions { onto the corresponding
functions bp is often also just denoted R. If one wishes
to make a distinction, however, one may use a symbol
like P. If we do this, we have the siluation that every

R
group element R is assigned an operator Jh defined by

Prw) = vy (2.2)
for all functions ¢ in the function spacc considered.
Thanks to the particular form of definition (2.1), the
mapping ﬂ+.7)R (which itself is denoted P without any
subscript) is a homomorphism, i.e.,,

‘?RS -_?RPS for all R,SEG, (2.3)

and thus an operator representation of G. It is, in fact,

also unitary. We Lhus have an example, namely (G,P), of
the kind of pair (G,7) referred to above. (For a more
thorough discussion of operators of the type.?R, see,
e.g., [9, Sec.3-6; 14, Chap.11; 22, Chap.X1II, §11].)

Speaking of representations, if we choose an ortho-
normal basis set of vectors in 3-dimensional space, any
RE G will have an orthogonal 3X3 matrix R with respect
to this basis. The mapping R+ R is clearly a homo-

merphism and thus a matrix representation of G. Since

it is also faithful (one-to-one, injective), we may, in
fact, identify G with the set of matrices R, and this
is the way we shall look at point groups in the remainder

of these notes.
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The representation T induces an action of G on the linear
operators on V by the prescription
O g’ (2.5
for all R€ G and all operators Pon V.

The definition (2.4) represents the generalized
"rotation of observables" corresponding to the general-
ized "rotation of state vectors" effected by the oper-
ators J(R), REG (cf., e.g., (4, p.55; 22, Chap.XILIL, §121).

By an "analysis of the operator & on V with respect to (¢, 9"

we shall mean an examination of the decomposition of V into sub-
spaces invariant and irreducible under J and of the behaviour of df
under the operator action of J defined in (2.1). 1In the follow-
ing, we shall often focus on the situation where df in this lat-
ter respect transforms under T as the totally symmetric irre-

ducible representation:

TRHET(R) = HH for all REGC (2.5)

or, equivalently,

TR - H TR for all RE G. (2.6)
In this case, we shall say that (G,J) is a symmetry group for of.

Note the use of the indefinite article; there is in no
way any uniqueness associated with the concept defined
here, and we are in no conflict with definitions of "the
symmetry group" of an operator given at various places
in the literature.
Having a symmetry group is a desirable situation, giving the
well-known advantage of being able, briefly stated, to completely

or partly diagonalize Jf by adapting basis vectors in V to (G,J7).

And even if one analyses with respect to a group which is not a
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symmetry group, useful information of a quantitative nature may

be obtained by using the Wigner-Eckart theorem if certain suitable
quantities associated with the group are available (i.e., if the
Wigner-Racah algebra of the group [14, 23, 24, 36] is sufficiently
developed).

In much of what is written on the use of symmetry groups,
the representation 91 which describes "how the group G acts on V",
is not mentioncd explicitly. Usually it is clear from the con-
text what g‘is; furthermore 9‘15 usually a faithful (one-to-one,
injective) representation, making it perfectly admissible to iden-
tify G with its image J(G) - {J(R)| R€ G} under T, so that G it-
self becomes a group of operators on V.

However, rctaining the operator representation F in the de-
scription does give one the possibility of studying the group G
separately, regarding it as an abstract group or realizing it in
any concrete manner one may wish. There is then no restriction
on the nature of the elements in G, since j'takes the full respon-
sibility for the connection of G to the space V on which 2f oper-
ates. We shall find this mental degree of freedom very useful in
the establishment of double groups as matrix groups below.
(Furthermore, we shall find it useful to operate wilh representa-
tions J which are not always faithflll).

We do not wish to imply by the above remarks that the

operator representation viewpoint is the only advantageous

way of looking at the connection between groups and the

various linear spaces whcre we want them to "act™. On the

contrary, sometimes it may be desirable to regard the

group elements as so intimately connected with the space

that the mathematical concept of a module (over the
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group algebra) may be relevant. We shall not pursue
this further here, but just mention a monography treating
group representation theory from the module point of
view [ 25].
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3. Electronic Hamiltonians with a spin-orbit coupling term.

Let us consider a general N-electron molecular eleclronic

Hamiltonian of the form
N y,
H- ) Far gy - . (3.1)
i=1 i<j
The first two terms make up the spin-free part of x; explicitly,
we have for Lhe one-electron operator
.F = -1v2 4 oy, {3:2)

where V2 is the Laplacian and v the potential created by the

nuclei, while the two-eleclron operator is defined by

i & 1 B s
4,00 = Ty ee 15i<j=N 3.3
} s J rjfrj J ( )
(all in atomic units). The Jast term in (3.7) is the spin-orbit

coupling operator, the explicit form of which is of importance
for our analysis. We shall restrict attention to the case where
it is a satisfactory approximation to take the spin-orbit coupling

to be of Lhe form
N
Hap ~ J §ly g (3.4)
i=1
where li is the orbital angular momentum of the i'th electron,

5, its spin anqular momentum and € a suitable constant.

The assumption (3.4) requires a comment. The spin-orbit
coupling term in a general molecular Hamiltonian results
from a relativistic treatment of the electron and generally
has a more complicated form [g.g., 26, Sec.3-3; 27, Chap.9;
28, Chap.2; 29-32]. The particular form (3.4) is a good
approximation when the electrons move in a central potential.
It is generally used in ligand field theory [ é,32,33; see
also Chapter 6 helow}; this has been discussed in [31,52].

We shall have further comments to make on the form of the

spin-orbit coupling operator below, after having introduced
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the double groups; until then, we ask the reader to accept

(3.4) simply as a definition of the model operator we are

going to study.

In order to be able to perform a group representation analysis
ofér in the sense of Chapter 2, we now intend to explain a little
closer what is meant by (3.1)-(3.4). This will take up the rest
of the present chapter, and readers who wish to do so may skip
it, at least in a first reading.

The first point of interest is the structure of the Hilbert
spdace on whichxacts.

The orbital part of the description of electrons in molecules
is usually - explicitly or implicitly - based on the Hilbert space
L (R*) consisting of the (equivalence classes of) square-inte-
grable complex functions on three-dimensional space B Generally,
orbitals - one-electron functions - are taken from some more or
less explicitly specified closed subspace Vo; s (Rﬂ; for actual
computation, V0 is usually finite-dimensional, being spanned by
the basis set of orbitals employed in the calculations. Spin is
taken into account by giving each electron an extra degree of free-
dom with two possible expectation values, "spin up" (or "a spin")
and "spin down" (or "B spin"). Mathematically, this may be effectecd
in the one-electron description by forming the space VU®C2, where
C denotes the field of complex numbers. Here ¢’ is spanned by
((;),(?)}, which is an orthonormal basis if the usual scalar
product on ¢? is used, and where we identify (é) with @ spin and
<(‘f,> with B spin.

In all, we shall consider the N-electron operator (3.1) as

an operator on the Hilbert space V - (VARCZJ@N.



S

In fact, because of the Pauli principle, all the physics
of the N-electron system takes place in the totally anti-
symmetric subspace of this N-fold tensor product space.
However, this further qualification has no influence on
the subsequent develepments regarding double groups and

will therefore be suppressed.

The sums of operators appearing in (3.1) are then to be inter-

preted in the appropriate way, e.4., the spin-orbit coupling term

is understood Lo mean

[z1ls]l]®l®....00 1
v Telglsl@....o I
£ o (3.5)
+ 1 &1 ® .... & [ 1-8]

where 1 is the identity operator on V0 @ ¢% In the following it

will be convenient for us to write

N
H -, VY s (3.6)

i=4
with
It o
Ho = ) VD« g(LD) (3.7)
i=1 i<j
and
N
v‘: T‘u«(i) . (38)
1=1
(3.4);

We shall focus our attention mostly on the last term,

to specify fully this operator, we need some more definitions.

The operators Rx, Ry, and EZ on VD for the Cartesian com-

ponents of orbital angular momentum (still in atomic units) are

defined by



s BT A ey i
gx % 3y Y 3z )i
& o . 3y,
o {(x = z o ); (3.9)
. 3 ]
2 = s AR 1
and 5 B t(y Ix X 3y )

Technical note: the operators lx, L, and QZ are only
densely defined in L?(R®*), but we shall assume that v,
falls within their domains and that VO is invariant under
all three of them. This requirement is usually fulfilled
in practical calculations including spin-orbit coupling
(to the extent that V0 is at all specified beyond symmetry
of the orbitals).

The operators Ax, Ay’ and AZ on €% for the three Cartesian
components of spin angular momentum may be defined by giving their

matrices with respect to the above-mentioned basis for £2; they

are %ux,%oy, and bo’, respectively, where the Pauli spin matrices

are

o1 ro-iy /1 0
« = xq ov 8 oyf\l- 0), and 0, = \p _1). (3.10)9

The operator 1:'s on Voﬂcz , appearing in the expression (3.%),

is then defined by
1-s - £x®4x \ ngAy + QZ®4Z . (3.11)

It is thus the scalar product, in a tensor product sense, of Lhe
two operator-component vectors 1 and s.

We have now discussed the operator defined by (3.1)-(3.4) in
sufficient detail to be able to show in Chapter 4 how double groups
naturally offer themselves as symmetry groups for this kind of

operator.
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4. Group representation analysis of the spin-orbit coupling -

containing Hamiltonian: definition of double groups.

In order to perform a "group representation analysis"
(Chapter 2) of the operatordf in (3.6), one may start by consid-
ering the term &z. A frequent statement is thal this term has
"full spherical symmetry". Let us analyse what is meant by this.

Let 0(3), also often denoted R or K., be the full rotation

3i
group in 3 dimensions, realized as the group of 3X3 real orthog-

onal matrices in the way discussed in Chapter 2. There is awell-
known unitary“) representation Pof 0(3) on L2(R?) (cf. Chapter 3),

and thus on V,.., if it is invariant under P, namely the one de-

fined by
(PR I(r) ~ ¢ (R r) for all RE 0(3) (4.1)

for all functions ¥ in Lhe space considered. This is just the
ordinary definition of the operation of "rotation of functions"
{cf., e.q., [22, Chap.XITT, §11]); we already discussed this rep-
resentation in Chapter 2.

What we mean by saying that c?fo is spherically symmetrical
is essentially that Jf,, commutes with all the operators P(R).
However , :% acts on the space (\/‘,@ﬂz)wﬂ,so to make the statement
precise, we must somehow make Lhe operators P(R) act there, too.
The simplest way to do this is to take the operators (P ) I 1%,
where J denotes the identity operator on €. If we put G = 0(3)

and define

*} The unitarity of P amounts to the fact that YU, ¢€L®(R%) :

<J’(R)‘¢'J?(R) p> = IRA PR 'r)9 (R r)dr - ngw(r)w(r)dr

v

=< | g> for all REO0O(3), which is a well-known property of the integral.
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Tw) - (Pw)ed®"  ror Rec (4.2)

then we have a set-up completely analogous to the one described
in Chapter 2. The statement that éﬁ is spherically symmetrical
is equivalent to saying that this pair (G,7) is a symmetry group for
H,(er. [ 4, pp.90-921).

In fact, for the operator on Lhe right side of (4.2) Lo com-
mute with )&, it would suffice to write just any operator on &=
as the second tensor factor. This is bhecause JHo acts trivially
on €%, We shall make use of this remark later in this chapter.

If we add on now the term UVofl (3.8), the pair (0(3), is
in general no longer a symmetry group. "The symmetry has been
lowecred" to some subgroup GZ0(3), a point group, meaning that
while (0(3),9) is not a symmetry qgroup for J{av'. the pair (G,Té)
is a symmetry group for this new operator. Here we denote by j;
the restriction of the representation warom 0(3) to G. It is
still immaterial whether we write J or any olher operator as the
second tensor factor in (4.2).

Now comes the interesling point: we include alse the spin-
orbit coupling term. To be able to investigate the consequences
of this we need the following (well-known) property of the opera-

tO[‘SL,R,dndE:
X y z

Proposition 1. The aperator set L - (Ex,iy,iz) "transforms under
rotations as a pseudovector". In terms of the representation

defined above, this mcans that

i .
Py, w2 Py (2, 2, 2,) [(detRIR]

for all matrices R €0(3). (4.3)
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This is a compressed way of writing 3 equations; thus, taking out

the x component of (4.3), we gel

JP(R)’LX.?(R)-l = (detR) 5“ Ryx &, (4.4)
Vex,y, 2z

Differently staled, the operator set 1 transforms under j)as the
particular real matrix form D, defined by D (R} - (detR)R, of
the irreducible representation Py of 0(3).
The result in Proposition 1 is 'physically' rather
obvious from the definition of angular momentum. It may
alas be verified by direct calculation. Thus, for example,

(4.4) may be proved by showing that for any function ¥ and
any matrix R - (Rij)’ i,j = x,v¥y2, in 0(3) we have

i 3 % L
UPRILP®R™ 11r) = [detRR 2+ R 2+ R Z V)

for all r € Ra-

For this, one uses the chain rule for partial differenti-
ation when applying Ex’ ly, and lz according to defini-
tions (3.9). Readers interested in the details may con-
sult Appendix A.

The transformation property of 1 thus established is
put into a 'tensorial set' context in [?4a, Eq.(47)]
and in [24b, Sec.l.8].

Proposition 1 shows that after addition of the spin-orbit
term the pair (C,gh) with T defined in (4.2) will not in general
be a symmetry group for the operator. Operating on l:s with
y(R)@Jthr some REG will generally produce a mixture of all terms
of the form lu®46‘ (The reader may care to work out, as an exer-
cise, what the symmetry of Jﬁois under the representation T de-
fined in (4.2).)

However, we shall see that invoking just one more substantial
mathematical result we can find a natural symmetry group for the

operator (3.6). Hefore we state Lhis mathematical result as
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Proposition 2, we recall two definitions: SU(2) is the group of
unitary 2x2 matrices with determinant +1, and S0(3) is the sub-
group of 0(3), defined above, consisting of 0(3)-matrices with
determinant +1. Also, let 1 denote the 2X2 unit matrix and E the
3X3 unit matrix.
Alternative notations include dj, R;, K, 0" (3) and,

unfortunately, even 03 (in[ 5]) for SO(3); and u, (U, in

(51), Ry, and K' for SU(?).
Proposition ?. There is a (in fact, preciscly one) surjective

("onto") homomorphismm : SU(2) + S0(3) such that

s
g(oxoyoz)g = (oxoynz)n(g) for all g € SU(2), (4.5)

where the Pauli spin matrices are defined in (3.10). The kernel
{g€su(2)|n(g) = E} of m is the group {1,-1} so that n(g) -7 (-g)

for all g €5U(2).

Discussions of the relationship between SU(2) and SO(3)
apparent from Proposition 2 are abundant (s, Sec.5.1]3
(5] [6,§§6.92, 6.10]; [13, §11.117; and references given
below), but to get directly to the particular information
stated in (4.5), see [ 7, Scc.7.1) [14, Chap.15]; [15,
Sec.29]; or [16, §11.7]. Note that the last two references
treat T as the adjoint representation of SU(2) on its

Lie algebra su(2) which is spanned by the Pauli matrices
all multiplied by ¢ (there is a misprint in [6]; X, at
the bottom of p.78 should be multiplied by an ¢).

For the present we shall be satisfied with the informa-
tion given in Proposition 2; in Sec.5.3 we shall de-
scribe more explicitly the homomorphism .

Lest the reader feel that invoking Proposition 2 is
"pulling the rabbit out of the hat", we stress that
SU(2) or R:" is the basis for angular momentum theory
le.q., 6,7,9,14,22], although the group itself and its
representations are not always used very explicitly;







































































































































