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1. THE EMBEDDING OF DISTANCE MEASURES INTO THE FIELD OF

CONCEPTUAL QUANTUM CHEMISTRY

In the last decade quantum chemical papers in the literature
have increased both in number and variety. If one considers
this development from the viewpoint of experimental chemists,
since their work is aimed to be supported and inspired by
quantum chemistry, three main directions become recognizable:

The first group of papers deals with the advancement of quan-
tum mechanical theory and methodology. Extended basis sets are
tested and new mathematical approaches for solving specific
details of the eigenvalue problem are revealed. In spite of
the importance of these papers to further the field of quantum
chemistry the chemist inclines to ignore them, considering purely
theoretical investigations as quasi-independent of his own work.

The second group of papers aims to reproduce experimental re-
sults by means of quantum chemical standard technigues which are
tractable and feasible enough to be used as routine procedures
in computer programs. The most important aspect of these com-
puterized methods is their applicability to a large number of
different molecules. The content of these papers consists there-
fore mostly in comparisons of some physical or chemical proper-
ties, with the corresponding theoretical values, for a small
number of different compounds often related to each other. The
extent of agreement is frequently used to evaluate scope and
capacity of the method. The problems to reproduce physical ob-
servables numerically are rather large since even modern gquantum
chemical methods provide only incomplete description of com-

plex experimental situations and events. Consequently, the
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relations between guantum chemical and experimental results

are either of indirect character, or numerical congruence is
achieved by semiempirical adaptions of certain quantum mechanical
integrals. The deficiencies of the quantum chemical model fre-
guently prevent a realistic evaluation of agreement or dis-
crepancy between theory and experiment.

There is no doubt that this kind of quantum chemical papers
is watched with some scepticism and even mistrust by experi-
mental chemists, and their reputation seems to be lower than the
scientific value of most of them. The reason for the chemist's
preconceptions consists in the fact that a purely numerical
reproduction of preceding experiments is interpreted as a bare
plagiarism not able to inspire further experimental work. llowever,
it should not be overseen that each modern experimentalist will
appreciate papers which connect numerical reproduction of known
experimental values with their extrapolation and prediction of
unknown ones.

The pure production of numbers in ab initio quantum chemistry
reveals also an essential difference in the way of thinking between
the "pure" gquantum chemist and the chemical experimentalist:
Quantum chemical calculations of molecular properties are al-
ways restricted to a small number of molecular systems. The
transferability of the results to other systems is rarely
possible. The aim of such investigations is necessarily specific.
In contrast, the experimental chemist is mostly interested in
investigations of conceptual character.

This is the origin of a third group of quantum chemical papers

which have become very popular in chemistry. The aim of these
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studies is not so much the numerical reproduction of specific
molecular properties but rather the outline of qualitative trends
in order to stimulate experimental chemists to new conceptual in-
sights.

There is one group of trend informations arising from simpli-
fied quantum chemical models where the numerical results are
mainly determined by the topology of the molecules under study.
Such approximative calculations do not reproduce well the ex-
perimental values but they elucidate the physical relations
between them. This situation is typical for the simple Hiickel
formalism including low order perturbation theory [1], as well
as for analytic formulae derived graphtheoretically [2] which
produce Hiickel numbers and expansion coefficients for classes
of topologically related compounds (e.g. homologue series).
Along this line, gualitative changes of orbital energies and one
electron wave function as a consequence of structural modifications
become the major aim of the investigations. A further property
of the wave functions, their symmetry, is the basis of the Woodward-
Hof fmann-rules [3] and gives rise to the most convincing proof
of the useability of gquantum chemistry for understanding and
systematizing complicated experimental results. Closely related
to these rules is the correlation of initial and final states
in the course of chemical reactions, whereby global or local
symmetry characteristics are taken into account [4]. State corre-
lations permit a gualitatively new and elegant classification
and treatment of thermal and photochemical reactions [5].

A second alternative in the field of conceptual quantum che-

mistry is the secondary mathematical processing of numerical



results obtained by more sophisticated guantum chemical me-
thods in order to condense the embarassing variety of numbers
to well defined indices suited for supporting, correcting and
even creating new chemical models.

Based on the analogy principle, the mental breakdown of larger
molecules into molecular sub-units or, inversely, the mental
composition of the molecule from these sub-units (or building
blocks), is one of the most important concepts able to stimulate
the chemist's intuition. This can be demonstrated by several
examples from chemical history: the model of the two-centre
bond [6]1, the chromophore concept [7] and, more specifically, the
polymethine concept [8,9] in dye-stuff chemistry and also the
model of aromatic m-electron sextets in polycondensed benzeneoid
hydrocarbons [10].

Thus, the secondary processing of quantum chemical results
aims to reveal two-atomic or polyatomic molecular sub-units in
larger molecules, the extent of coupling of these sub-units to each
other and the relationships between the molecular properties of
the total system and those of the sub-units.

There are many successful attempts along this line. Accepting
certain approximations, the total energy of a molecular system
can be partitioned into energetic contributions of atoms and
two-centre bonds and this provides information about bond strengths
[11]. In the same way, delocalized MO's can be analyzed with
respect to local electron distributions, such as electron density
on atoms and in bonds (population analysis [12]) or the MO's can
be transformed into localized two-centre orbitals via a unitary

transformation [13],
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Furthermore, the mental decomposition of molecules into multi-
atomic sub-units has been found very useful for special purposes.
Thus, Clar's idea that the r electron sextet of a single benzene
sub-unit should be differently evolved depending on its topological
position within a polycyclic benzenoid compound, has been theo-
retically founded by the character orders [l4]. The detection of a
multiatomic sub-unit within a more complex system becomes possible
by mathematically implementing comparisons of the electronic
structure of the sub-unit (e.g. benzene, butadiene) and the elec-
tronic structure of the respective reference system. In a development
of the Pars Orbital theory, the sub-unit can be in an arbitrary
electron state, but the reference system is always in the ground
state [15].

From a mathematical point of view, character orders are ob-
tained by the projection of the wave function of the reference
molecule onto the wavefunction of the molecule considered.

The Configuration analysis proposed by Baba et al. [16] is
based on rather similar ideas. This interpretative analysis can
be performed for both the ground and excited states of m-conju-
gated systems and had been used orginally for a descriptive
interpretation of the u.v. spectra of monosubstituted benzenes.
Recently, the method encountered broad application for describing
and interpreting the electronic spectra of organic conjugated
molecules of various kinds, particularly of organic colorants [17].

The Configuration analysis provides criteria for the best fit
decomposition of ground state systems into "no bond" sub-units; here
the results are comparable with those obtained by the use of

character orders., Moreover, based on CI wave functions, information
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about the character of excited states in terms of sub-units becomes
available as well. Starting from molecular sub-units, excited states
can be classified as locally excited states (excitation more or
less restricted to one sub-unit), exciton-like excited states
(delocalized excitation of weakly coupled sub-units) and intra-
molecular charge transfer excited states (charge transfer from one
sub-unit to the other one as a consequence of excitation) [181].
Analyses of this kind enable the spectroscopist to understand clearly
and descriptively the u.v. spectra of conjugated systems [19].
Finally, configuration analysis permits state correlation by
comparing electronic states of iso-electronic systems where no
decomposition is necessary.

In spite of all advantages, projecting techniques have some
serious drawbacks as a consequence cf their mathematical forma-
lism. Without difficulties they may be applied to w-MO-systems
since in that case a proper decomposition into sub-units may be
performed. Difficulties arises when complete electronic structures
are considered since there are some hydrogen atoms in the referen-
ce compounds but not in the molecule decomposed [20]. This
holds for both configuration analysis and character orders.
Moreover, in configuration analysis the quality criterion for a
certain projection depends strongly on the width of configuration
interaction. A large number of configurations contracts the range
of the projection criterion values, as the total system becomes
increasingly better describable in terms of sub-units. It is also
well-nigh impossible to project wave functions of different multi-
plicity onto each other. The configuration analysis of a closed

shell system requires closed shell sub-units. In this way some



specific schemes of decomposition cannot be carried out.

All these difficulties do not appear in the distance/simi-
larity measure approach [21] which is based on the calculation of
the distance between two matrices [22] reflecting essential
features of the two molecular systems compared. As examples for
such matrices may serve those which represent the distribution
of electron energy, and the distribution of electron density,
over atoms and bonds. This method [21] allows to compare systems
in arbitrary electronic states and it could be applied in the
framework of any LCAO-MO approximation independently from the
basis set used.

In this paper the use of the Euclidean distance between two
one-particle density matrices, P, is reviewed. The analysis of
the P-matrices instead of the state wave functions turns out
favourably, since modifications of the Hamiltonian, variation
of the basis set and of the state multiplicity affect only the
numerical values of the P-matrix elements but not their number.
Therefore, the procedure can be applied to any electronic state
of arbitrary multiplicity.

In recent years distance and similarity measures have been
applied to various fields [23-29]. In these papers, however,
slightly different definitions were used and the numerical data
are scattered in the literature.

The present paper has therefore the aims:

i) to unify the definitions given for distance measures;

ii) to review the applicative possibilities disclesed until

now by inclusion of numerous examples;

iii) to incorporate distance measures into interpretative quantum

chemistry and to compare them with alternative approaches.
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2. DERIVATION AND PHYSICAL FOUNDATION OF DIFFERENT DISTANCE
MEASURES

2.1 THE CONCEPT OF SIMILARITY (DISTANCE) AND THE PRINCIPLE OF
ANALOGY IN CHEMISTRY

In chemistry, a similarity between the essential characteris-
tics of two molecules allows the investigator to make certain
assumptions about the chemical and physical properties of one
of the molecules if those of the other are known. For example,
the similarity between the benzeneoid molecular subsystem (frag-
ment) of polycyclic aromatic hydrocarbons and the benzene molecule
allowed Clar [10] to put forward his well-known classification
of these compounds. This is the essence of the "principle of
analogy", long used intuitively by chemists in the formulation
of classes of compounds from the so-called "parent" compounds and
their derivatives, as well as in the application of established
routes to the synthesis of new compounds, etc.

In recent years, the concept of similarity has become in-
creasingly quantified in chemistry with the help of statistical
techniques. Using computers to process banks of experimental data,
various attempts have been made to correlate these data with a
wide variety of chemical and physical properties [22,30-32].

In the present chapter we shall define the distance/simi-
larity measures with respect to guantum chemical characteristics.
An essential characteristic of all molecules (many-electron
systems) is their electron distribution, which in gquantum
chemistry is described by the one-electron density function;
in the LCAO approximation this function is represented by the

charge-bond order matrix, P. The elements of the P-matrix reflect
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the electronic structure of molecules in a precise way, and
therefore they are often used in the description of molecules,
e.g. in molecular diagrams [33]. Ience, when we refer later to
molecular clectronic structure, we have in mind the elements
of the charge-bond order matrix.

On the other hand, we introduce the mathematical concept
of distance and similarity measures into guantum chemistry to
provide an estimate of the difference and similarity, respec-
tively, between two many-electron systems in arbitrary electronic
states with respect to their electronic structure. As will be
seen below, the proposed method can be applied, in principle,

within the framework of any quantum-chemical LCAO approximation.

2.2 MATHEMATICAL FORMALISM

Let the set Q = {Q1,Q2...Qm} denote m objects (individuals).
We shall assume that there exists a set of features or charac-

teristics C = {C1,C ...Cp] which are possessed by each object

2

in Q and which can be measured or calculated. We denote the
value of the k-th characteristic, Ck’ of the object Ql by the

symbol X For the sake of simplicity it is assumed that Xk1

k1®

do not represent tensors, but only simple numbers. Let Xl =

(X, .) denote the px1 vector characterizing the object Q.. Hence
k1l p g 1

for all objects in Q we have available a get of vectors X =

[X1,X2,...,Xm}:
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Q Q.I Q2 e e Qm
X
c X1 Xz R TR Xm
C1 X4 x12 ...... x1m
C2 xz] Hyg eevens x2m (2.1)
p *p1 *p2 *pm

The set X can be thought of as m points in p-dimensional
Euclidean space. The relation between two objects, Qk and Q.
of Q can be expressed by a distance function (metric) d(Xk,Kl) >0
(see, for instance [22]). The value of d(Xk,Xl) for specified
Xk and Xl is said to be the distance between Qe and Q, with
respect to the selected characteristics [C1,C2,...,Cp}.

One of the most general forms of the distance d is the
Minkowski metric, dr'

P 1/x

d (X, X)) = iZ1|xik—xﬂ!I = [ X=X, | (2.2)
where r=1,2,3...; when r=2 we obtain the familiar Euclidean
metric. Since the mathematical formalism described below is
valid for any natural number r, the index r is omitted.

Complementary to the notion of distance is the idea of
similarity s(Xk,Xl) between two objects Qk and Ql with respect
to the selected set of characteristics, €C1.CZ,...,CP}.

A non-negative real-valued function, s(Xk,Xl), is said

to be a similarity measure [22] if
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a) 0 < s(X, %) <1 for Xk # Xl

b) s(Xk,Xk) =1 (2.3)

c) s(X X)) = s(X X))

It is important to note that the distance measure d can be
used to construct a similarity measure s, or d can itself be used
as a similarity measure, always bearing in mind that large
distance is eguivalent to low similarity and vice versa. Thus,
if one prefers to work with similarities rather than distances,

a special form of s as a function of d may be selected, satis-

fying the following conditions:

s{(d = «) » 0O

s{d = 0) =1

In order to apply this formalism to quantum chemistry it
is necessary to formulate some additional properties of the d
and s functions. Until now we considered the objects Qk and Ql

with respect to the whole set of characteristics C = {C1,C2,...,Cp}

and Xk = (X1k Kyp =+ ka) and X1 = (X1l Xyp =o Xpl)' Let us

partition the set C into two disjoint subsets of characteristiecs,

c' = [CI,CZ,...,Cq] and C" = {Cq+1,cq+2,...,cp]: C =C'UC" and
ot c" = 0. Then Xk and Xl can be represented as the sum
= " " = ] n
X, = Xp + Xp and X = X} + X], where
Xi = (X1k sz wmin qu Q (0 JEE A Q)
Xi'( = (O B o wimsome 0] x(q+1)k X(q+2)k ..... ka)

and similarly for Xi and Xi.
We denote the partial distance between the objects Qk and

Q9 with respect to C' and C" by d'(Xﬁ,Xi) and d"(Xﬁ, 1), res-
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pectively; egn. (2.2) holds correspondingly for d' = fX&—Xi| and

ar = |Xp-xy

. Using the triangular inequality we obtain
IXk-le=|(Xﬁ—Xi) + (X;—X1)| < (|Xﬁ-Xi:+1XE—X1|)

i.e. (2.4)

a < (@ +am

It is obvious that if we partition the set C into an ar-

bitrary number of disjoint subsets, C1,C2,...,Cﬁ,...CA,...Cn,
for which S C6 = C and CA C6 = 0 for all pairs (2,68), then
the followfz; inequality holds

ds § af (2.5)

In other words, the distance between two objects Qk and Ql
with respect to the whole set C is always less than or equal
to the sum of the partial distances d(S between the objects
defined with respect to some of their characteristics CS.

It also follows from (2.2) that

d‘5 <d for any 8. (2.6)

For physical and chemical applications the measure of similarity
s = s(d) should necessarily be single-valued and monotonically
decreasing from 1 to O when the argument d increases from O to
«, If we denote by d(1) and d(2) any two values of d, and if
da(1) < d(2)
then s(1) > s(2) (2.7

Let dl,dZ,...,dG,...,dE denote the partial distances between
the objects Q and Qy, arranged in increasing order of their

8 S yiiss L d“. From (2.6) and (2.7), we

values, d-J 2 d2 £ ...24d

obtain




























































































































































































































































