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SUMHARY - The well-known perturbation method that combines the
perturbation theory with the Hellmann-Feynpman and hyper-
virial theorems is shown to apply to any one-dimensional
Hamiltonian, provided its potential function has a well-
defined general form. This quite general formulation of
the method is proved to be suitable to handle a large
number of problems of actual chemical and physical
interest.

INTRODUCTION

Some years ago, Swenson and Danforth /1/ developed a powerful and
elegant method to obtain Llhe cigenvalue perturbation correctiona for
some simple (thougkh non-trivial) one-dimensional guantum-mechanical
sysbems., The procedure, which combines the perturbation theory (PT)
with the Hellwmann-Feynman and hypervirial thcorems, was first
applicd to the anharmonic oscillator model /1/.

The Swenson and NDanforta's method, which from now on will be
called hypervirial perturbative method (HPM) was found to be
suitable te handle & wide variety of one-particle quantum-mechanical
models /1-35/. Nespite of their apparentl simplicity, some of these
models are of great interest in Chemistry and Physies. For example,

the hydrogen atom with a radial pertiurbation

Ho= -D%/2 - 1/r + L(2+1)/(2r°) + ar , Dzd/dr , (1)

that is useful in quartkonium physics /36/ (and relerences therein)
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was first studied by Killingbeck /2/. Arteca et al /12/ and Reguena
et al /11/ applied the HPM to the harmonic oscillator perturbed with
a polynomial function

n
H = (x%-0%)/2+V(x) , D=d/dx , V(x) = A L v x® or

Vix) = ? VSASXS 2 (2)

which is a well-known approximation to the nuclear motion of a
diatomic molecule /37/. Another appropriate approach to this
problem is the perturbed Morse oscillator /38/

9 {187 (32)

= < -Xy2
H = -D/2 + vy(1-e77)° + "

[ e -1

8=4

to which the HPM was applied by Ferndndez and Castro /17,18/.
Recently, the HPM was proved to be fruitful for dealing with some
periodic gquantum-mechanical models like a polar rigid rotator in a
uniferm electric field /20/

H = -(1/sin®)(d/d8)sin6(d/de) + m2/sin26 - Xcos@ , (4)

that poses a first approximation to the Stark effect in a polar
diatomic molecule /39,40/., The Stark shifts for a polar symmetric-

top molecule (including polarization effects) /21/ and the rotational

energies of the hydrogen molecule-ion H; in a uniform magnetic field
/22/ can also be obtained through the HPM,

Although a very large number of papers on the HPM have appeared in
the last years /1-35/, none of them shows what exactly are the
conditions that the potential function has to obey so that the
method can be applied. This very important question will be partly
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answered in this article. Firstly, we will develop a simple and
compact form of the hypervirial theorem in the remaining of this
section.

Since any Sturm-Liouville eigenvalue equation can be changed into
the Selrodinger form /41/, we only need to consider onc-dimensional

llarillonian operators of the form

H=-D%2 +U(x), D d/dx . (5)

Lel ¥ be an eigenfunction of H with eigenvalue B (HY = E¥), then the
hypervirial Lheovcem states that

<{':I,WJ> =0, {H,WJ = NW - wH , (6)
where W is any linear cperator and <A> holds for the expectation
value <¥|A%> . When ¥Y does not belong to the domain of H, the form
of the hypervirial theorem has to be changed /32-35/.

It is very easy to show that any differentiable function f£3f(x)
obeys: (prires denote differentiation with respect to x)

[H,fD] = %r"' &%[!r.f'] £ o£r(u-u) - fut o, (7)

and that Lhe hypervirial theorem (6), with W=fD, leads to

%<f"'> §OOR<EYS - 2<E1U> - <fUT> = O . (8)

This equation is the slarting-point of most HPM calculations
performed earlicr /1-22/ (bounded systems are excluded) and also of
tke more general formulation that will be discussed later on in the
next seection.

In closing this section, we wani to point out that our goal is to
develop a sufficicnt condition for the potential function U(x) so
that the HPM can be applied. There are many other methods for
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obtaining large-order perturbation corrections /42-46/, but when the
HPM can be applied it seems to be preferable to all other existing
procedures /1-35/. This fact will be briefly discussed at the end of
this paper.

RESULTS AND DISCUSSION

In order to apply PT, the potential function U(x) is splitted into
two parts U(x):VO(x)+V(x) in such a way that the eigenvalues and
eigenfunctions of the (zeroth-order) Hamiltonian H0=-D2/2+V0(x) are
known

v (0) = 500y () (9)

The remaining term V(x) in the potential function is considered to

(0) (o) .

be a perturbation that changes E and ¥ into E and ¥, respecti-

vely. PT assumes that E and Y can be expanded in \A-power series
E=z PP, v=- 5 elP)yp, (10)

where X is a perturbation parameter properly chosen.

We will show that the HPM can be used to obtain every perturbation
correction E(p) if the potential function U(x) can be written as a
linear combination of functions belonging to a set G={f_(x), s=0,1,
«++} which obey:

N
fhx) = I ay.filx), ag =0, (11a)
i=0
N4M
fy Ty (x) = by £ Gy by = Byyg (111)
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We will refer to these functions as G-functions.

The zeroth-order potential function is supposed to be a finite sum

n ™R

Volx) = vifi(x) 3 (12)

i=0
but that corresponding to the perturbation can be finite or infinite.
For the sake of simplicity, let us consider both cases separately.
Case A

If V(x) is a finite sum, the wholc potential function U(x) can be
written as

U(x) =

s

et bl W XS B (13)

™=

0

This form of the potential function and the properties (11) of the
G-functions clearly suggest that the hypervirial theorem (8) with
f21y should provide us an equation relating E and the expectation
values of G-functions. The calculation is straightforward and the
result is:

N pi J N ]
1z 1 I aya . plo) ooy aN.F(l)
i=0 j=0 m=0 Joam =0 Ot
NOK sti () K s Nti (5)
2 I L I a b, .F - I I % ua_ by F7=0,(14)
i=0 s=0 j=0 WeE™ e i s=0 i=0 j=0 % ®t Nij '

where F(s):<fs>.
The perturbation parameter X can be easily introduced by
redefining the coefficients u; as follows:

w_=v_if s £k and u_ = Av_if s > k . (15)



-138-

Since all the coefficients vg and the perturbation parameter A are

supposed to be independent each other, then the Hellmann-Feynman
theorem states that

(s) E (s)
AE/dv_ = F s <k, 3E/ox = I v_F . (16)
s = s>k S

The HPM consists in expanding the expectation values F(S)

(instead of the eigenfunctions as in the usual PT) in powers of A

p(8) o 3 ple)yp | ple) o q(0)yp y(0)s (17)

p=0 P

The power series expansions for E and F(s) (Eqs. (10) and (17)) and
the Hellmann-Feynman theorem (16) lead to

7N
b
-

98Pl rav, = p(®), s (18a)

(p) _ 2 (s)
pE sfk vst_1 5 (18b)

In the same way, if the perturbation series for E and F(S) are

introduced into (14) and the coefficient of AP is set null, we will
obtain

N i

J P N 2
1 © & aNiai.a.mF(m) #2 £ I aNiE(q)F(l)
i=0 j=0 m=0 Jmp q=0 i=0 p-q
N k sti (i) k s N+i (i)
2 F E I by B e F % F by (FYY
120 820 j=o M isy’s'p 520 120 j=o 'S Si Nij'P



N K s+ (1) K & Nti ()
€ ¥ E P gpbaFie B L 3 oyl el =0,

i=0 g>k j=0 *t 8 p- s>k i=6 j=0 & 8 M) P-
(19)

This recursion relationship and Eqs. (18) enable us to compute cvery
perturbation correection E(p) in terms of I 0 as can be proved by a
simple induetive reasoning., The starting point of the calculation is

the normalization condition for ¥: Fp :6Op

Case B
When Lhe perturbation potential V{(x) is an infinite linear

combination of G-functions, the whole potential can be written as

o0

Ulx) = & usfs(x) : (20}

Although multiple PT (i.e. considering every u, with s>k as a
perturbation parameter) can be directly applied to this problem (for
a particular case sce Ref. /11/), we will usc here the usual one-

paraneter PT /12/. In order ito do this, the coefficients u_ are

redefined in the following way:

sl R (21)

-]
1
<
L3
4
[P
=
a
5
fo )
il
1
>

Since the application of the HPM to this case is slraightforward
following a reasoning similar to that in case A, we will only give
the results. Any perturbation correction E(p) can be obtained in
terms of L & by way of the recursion relationship

; B i J
7 .k o) L
t -0 j=0 m=0

AL

ayisi%in (
L i] Jm o =0 i=0 E
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N k sti (3) k s N+i (4}
-2 L T % ayb. . .vF . g ¥ £ wva s o J
1=0 520 j=G - SR SR 8=0 i=0 j=0 ° 8+ V)P
N ptk sti () ptk s N+i (.)
-2 L ¥ I ay.b, .v.F'J - L I I v.a_. by . F'J =0
i=0 s>k j=0 Ni“isj s ptk-s s3k 1=0 j=0 s 8i-Nij ptk-s
(22)

used together with the following equations provided by the Hellmann-
Feynman theorem

amPlrav = vl® o5, (23a)
(p) _ P} (ptk-q)
pE‘P’ = qu (p-q)vp+k“qup 2 . (231b)

Again, the starting point for the calculation is the normalization
condition F g :60p

The general HPM developed above (cases A and B) can be directly
applied to the quantum-mechanical models in Egs. (1)-(4) for r® /2/,
x® /11,12/, (1-e"X)S 717,18/ and sinS0cos® /20-22/ (s,t=0,1,2,...)
are all G-functions.

In the usual Rayleigh-Schrodinger PT,the perturbation corrections
¥(P) anqa E(P) are obtained as solutions of a set of differential
equations or as a result of well-known sums containing the zeroth-
order eigenvalues and the matrix elements of the perturbation in the
basis set of zeroth-order eigenfunctions /47/. On the contrary, the
HPM recursion relationships (18)-(19) or (22)-(23) are easily solved
yielding, in each step, a perturbation correction E P/ in terms of
E g fon all states at the same time. Besides, the HPM equations are
programmed much more easily than those in the usual PT, enabling us,
in this way, to compute high-order perturbation corrections quickly.

There are several other methods /.42-46/ which are also much more
efficient than the usual PT. It is not pur purpose to discuss all of
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them in relation Lo the HPM because, as stated before, our goal is
only to generalizec the HPM and to develop a sufficient condition for
it to be applied. Nowever, it might be interesting bto compare the
J7K recursion relationships with thal proposcd by Bender and Wu /45/
in Lhclyr pioneering work on large-order PT since both were applied
to the anharmonic oseillabor /1,5,45/. The Bender and Wu's method is
preferable when the perturbation corrections to both the eigenvalues
und clgenfunclions are required because the [IPM only yields H(p) and
perturbation corrections to the expectation values of G-funetions.
On the other hand, Lhe NPM recursion relationships remain the same
for ull states whereas the complexity of Bender and Wu's ocne
inereases with the quantum number. In fact it was only applicd to
the ground-state eigenvalue /45/. Thus, the 1iPY scems to be more
suitable when only eigenvalue perturbation corrections are needed.

In addition to bLnis, we do ncl sec how the method developed by
Bender and Wu /45/ can be applied to bounded systems, even to the
sinpiest ones which recently were successfully treated through a
nodificd HPM /23-35/. The guantum-mechanical models for bounded
systems pose a very interesting problen which is very difficult to
ne handled by way of PT for they give rise te an infinite number of
non null gatrix elements <i|V]|j> (V¥ holds for the perturbation)
between a given zerobh-order state (say |i>) and the remaining ones
(say |j>, j=0,1,2,...). B0, Lo obtain any R(p) (p>1) by means of the
usual PT it is necessary to calculate at least one infinite sum. But,
on the contrary, the TIPM gives us the result of these sums directly;
that is to say, it ylelds each E(p) in termg of K . for all statcs
at the same Lime /23-35/.

We deem that when the EPM can be applied, it is preferable to all
obher existing methods developed to calculate energy perturbation
corrccetions. This belief is strongly supported by the great number
of papers in which the HPH was used /1-35/. We arec inclined to
gencralize this procedure and to find a guite general and well-
defined class of problems to which it can be applied for it is such

a widespread method.
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