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ON THE EIGENVECTORS OF A SQUARE MATRIX AND ITS TRANSPOSE

I. SAMUEL

Centre de Mécanique Ondulatoire Appliquée
23, Rue du Maroc
75019. PARIS

I. DEFINITIONS -

We consider a square matrix M = [ Aip ]J. Its eigenvalues
are y“ N yB v Yo The eigenvectors associated to
these eigenvalues are %u 4 Xﬂ § Xﬂ,.‘ The components
of the eigenvector Xb are &F i XLE T x%, R ——

M' , transpose of M have the same eigenvalues. Its eigenvectors
are Zd . Z@ R ZP .... The components of ZP are

zﬁv " Zbr e ZGF i

Y is the diagonal matrix, which diagonal elements are

Yo v yp v Y ¢ s

X is a square matrix. the columns of which are the eigenvectors

xd ’XP 3e G

In a similar way

Fundamental condition.

The lengths of vectors X and % are chosen in order that their

inner product should be equal 1.

1) X! Z 2 &3 X, =1
L



-108-

Xb_ 5 Zb are transposed of respectively Xy_ and Zr
Equation (1) could be also written as

(2) %?x;r z;r = 1

A numerical example is given in Table 1.

Table 1

3 2 2 -y ( 11 -2 o]
w2 B 2 = ¥ 0 -1 o3
T T =] 1A
5 22 = 0 o 2
Vg = vp =1 [0 -1 o1
Ve = 2 g =2 =1 1
< M = lat A =9 9
+ 1 E 2 '?
_/é - -
X} ZK = (=2)(=1) + (W)(-1) + (1)(-1) + (2)(2) =1
II. RELATION BETWEEN M AND THE TWO SETS OF EIGENVECTORS.
(3a) M = X Y x'4
(3b) M' = Z Y 24

By taking transpose of the left and the right side of (3b)

one obtains

o o= 2y vz
By comparing (3a) and (4), we have
- -1 .
Z' = X and similarly X' = 2 . Therefore one obtains
(5a) M = XY 2°'
(5b) M' = Z Y X!

Equation (5a) could be also written as

(6) 8y © ;yr x.'r z‘k["
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Equations (5a) and {(5b) could be alternatively written in the
following way
(7a) M = §y X Z
P e 7
(7b) M' 2 SV Zp L
[t
For the matrix M of Table 1. the wmatrices Xg ZL f"’“ﬁﬁrhb
are presented in Table 2. The factor JH» appearing in
equation (7a) is indicated on the left side of the related
i X 7!
matrix ¢ ?P
T a b ) e 2

Zy z,
BNJ o o -1 12 Yn\d-a 2 -1 742
1 0 0 -1 1/2 1 -1 -2 -1 T/2
0 0 0 o] ] -1 1 2 1 =7/2
1 X 1 x
-1 0 0 1 -1/2 ] 0 ] 0
0 0 0 0 0 0 0 0 0
/
2*' 'Zb
KN-1 -1 -1 2 &\11 1 1 =3/2
v v
3 & 3 2 -l 0 0 0 0 0
ot - =] -
%) o Y-y 4 L 8 3 x 3 3 3 3 9/2
11-1 -1 -1 2 1 1 1 1 -3/2
21=2 =2 -2 2 2 2 2 -3
Square of matrix M. We have M2 = XYZ' XYz'
Since Z' = X7' we obtain
8y M% - xyl zv
If we consider the matrix MZ - [ bk ] , we obtain
Z 2z
(9) bog = € Ve X g
The p-th power of matrix M. VL | cre 1
We obtain in the same way MP - x ¥P 2' what can be also
written as e

[+

w CL T e Cep
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Let us now consider a particular case of a symmetrical matrix
M (M'" =M ). Let us further normalise each eigenvector to
unity. One has then X'r, Xr = b.uyand as the resulft one obtains

X = x_1
Therefore for a symmetrical matrix M equations (5a) an (6)
are rewritten as follow ;
Mi = e = %Ygxf"xl"
Ay :}gyr x."‘“_ x*r,
III. RELATIONS BETWEEN EIGENVECTOR COMPONENTS
AND CHARACTERISTIC POLYNOMIAL.

The characteristic equation of M is F (My) = 0 , F is function
of variable y and matrix elements a4 - Variation of an
element a":& produces the variation of the eigenvalue y

30 that

(10) Yre &+ S dyle o
Bac‘n ’D? Dadig 17y

la
(& 15 ) hyJP - = 1 3a.
e L%
PR
On the other hand we shall now consider the system of linear
equations associated to
(12 2'MX 5 ¥

By equating the matrix element in the # ~th row and in the
# -th column of the both sides of equation (12) one obtains

{132 ;% ajg XAP Zop = /7

and as the result one has

Guy e - Xppe Jipe
-Bart'_q

Comparing (14) and (11) we have )F
(15) x&{“ de" = P TQ’L‘*
£
oy \rde

Numerical example. The characteristic-equation of matrix M

presented in Table 1 is [ = 20_;’,3 -+ 4;]1—0-/;'?-{;
AE - ¥ 3_24]1'13?#*47'
oy = 7

= = - 2
From Table 2 we see that for yJ 3r x?- Xy 9/
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Day,
Ify =yy =3 dF :18,)1‘“ =4 x2x4=_4_?=_3
V0,2 0y » 2z

The relation (15) has heen demonstrated earlier for the
(1)

particular case of the symmetrical matrices.

JEE yF is a double degenerate eigenvalue, the eigenvectors

associated to yﬁ are le and Xtﬂ'. The relation (14)

becomes .o
2 X fop + TR JOb
(16) 'bdig: k!¢ 27‘H 2
One has (17a) Z F] = 0 and as the result of equation
RErSk

{10) one obtains

(17b) AF ] -0
DAialy e

The annulation of the second derivative of F and equatiorn {17a}

leads to the following relation
- 2 L % c)
y fEe . WL
a0k 3];, _J Ape -am 3__?”
aid
and (19) ﬂv’ = . ‘“albdo'n

(18)

=

(dex NEFE
-
L 5l
By comparing (16) and (19), we have )zF
E Sawﬂ
(20) x, « =z, + x v Zoie :'42'-il—————
N R F

As a numerical example we use again the matrix M of Table 1.

This matrix has a double degenerate eigenvalue
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By using Table 2 one obtains

%l Z+ﬂ+ x"‘/,g z“/; = 1/2 + T/2 = 4
2
[-..Mi-] 5 gRie R =
Da’#’,f 2 2:4
‘>2F’ = 12y° - sey 3 =
?]1- JIA
- ‘sz Lf-
_9 | daw df | =
e D
’)3"
i)
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