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Abstract. A review of graph theory relevant to polycyclic conjugated
hydrocarbons is provided. All the molecular formulas corresponding to
polyeyclic aromatic hydrocarbons having structures composed of exclusively
fused bexagonal rings (PAHB) are listed in a table according to their
invariant graphical properties. Extended tables of PAH formulas having
corresponding structures with other ring sizes in addition to the hexagonal
ring are presented. Equations that give the possible range of the number

of rings of a specified size in the isomeric conversion of a PAH6 structure
to a structure including another ring size are provided. These eguations

are illustrated in the systematic enumeration of all 420 polvcyclic conjugated
hydrocarbon isomers of pvrenme. Graph theoretical computation of the reso-
pance energies (REs) of selected pyrene isomers was accomplished. Disre-
garding possible angle and steric strain several of these pyrene isomers have

sufficient REs to warrant synthetic investigation.
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Previous graph theoretical work from our laboratory has defined
formula-structure parameters which allows one to systematically adduce
from the formula of a polycyclic aromatic hvdrocarbon (PAH) the range of

possible structures.l'2

The purpose of this paper is to review some of
these resultswhile presenting additional correlations. Also, previously
formulated graph theoretical properties will be extended to include PAH's
containing three- and nine-membered rings. These results will be illustrated

by the enumeration of all 420 possible polyvcyclic conjugated hydrocarbon

isomers of pyrenme and their corresponding resonance energies (RE).

Results and Discussion

The graph structures of this study are restricted to those which
have the following properties: 1) planar graphs; 2) only second and third
degree vertices; 3) ring sizes of 3 to 9; 4) no bridges or cutpoints,
and 5) no internal second degree vertices. A third degree vertex is
bounded by three regions; a peripheral third degree vertex is bounded
by two finite regions and an infinite outer region and an internal third
degree vertex is bounded by three finite regions. A second degree vertex
is bounded by two regions; an internal second degree vertex is bounded by
two finite regions.

For any graph G, m(G)=q-p+k where k is the number of components.

If graph G has a tree subgraph connecting all the points of G (called
a spanning tree), then G is connected and is comprised of one component

(k=1). Thus for any connected graph G, m(G)=q—p+l.3’4

In this paper,
net disconnection (positive integers 1,2,3-+:) or comnnection (negative

integers -1,-2,-3+--) is defined as ds=k—m(G)-1=p3-qI—l .



Consider the number of edges in any PAH6. Each ring is bounded by
six edges, each peripheral edge bounded by one ring, and each internal
edge is bounded by only two rings; thus, 6r6=qp+2q1. Generalizing this
to any PAH having other possible ring sizes gives Equation (18) in Table 2.
Circulenes have been defined as PAH's that possessed one or more
"holes" larger than a hexagon each containing two or more hydrogens.1
An example is provided below. Also, structures related to a are sterically
unacceptable. Both these structures possess internal second degree vertices
which are circled. Molecular graphs related to these structures are thus

excluded in this paper.

& circulene a
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Table 1. (lossary of Terms

¢ - number of circulene holes

d. - degree of vertex i of a graph

d - net tree disconnections (of internal graph edges)
d - maximum degree of any point in a molecular graph
d . - minimum degree of any point in a molecular graph

€ - maximum eigenvalue (highest MO energy level) corresponding to a
molecular graph

€ - minimum eigenvalue (lowest MO energy level) corresponding to a
molecular graph

N = total number of carbon atoms in a PAR

N, - total number of hydrogen atoms in a PAH

Nlc - number of internal carbon atoms in a PAH having a degreec of 3

NPc - number of peripheral carbon atoms in a PAH having a degree of 3

PAN6 - polycyclic aromatic hydrocarbon containing exclusively fused

hexagonal rings
|Pl=p=N¢ - total number of graph points
Py - number of graph points (vertices) having a degree of 3
iQ|=q - number of graph edges (lines or C-C bonds)
q; - number of internal graph edges
qp - number of peripheral graph edges
qQ, - number of graph edges connecting to phenyl-like ring substituents

r - number of rings

E - maximum number of pentagonal rings
smax

r - maximum number of tetragonal rings
umax

L & - maximum number of trigonal rings
amax

r - number of rings or cycles having n vertices
n

£ - maximum number of triple bonds in a structure with ring sizes of six
max

or less having a PAH6 formula
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Figure 1. Graph of Benzo(a)pyrene (a) and its internal
edges, q; (b).

A glossary of terms used in this text is presented in Table 1. The
meaning of these terms may be illustrated by the molecular graph of benzo-
(2)pyrene (CpgHyz) shown in Figure la. Vertices 1 through 12 have a degree
of two (i.e., have two incident lines) and are counted by NH. Similarly,
vertices 13 through 20 have a degree of three (p3) where the vertices 13,
15, 16, 18, 19, and 20 are counted by NPc and vertices 14 and 17 by NIc'
The total number of vertices 1 to 20 is counted by NC and the total number
of edges (bonds) by q. Figure 1b presents the internal edges, qp» as bold
lines and collectively is called a broken tree (forest) with a single
disconnection (ds) between points 16 and 19. Table 2 presents a summary of
equations that are applicable to totally fused PAH's. Table 3 gives all
the possible formulas for polycyclic aromatic hydrocarbons composed of
exclusively fused hexagonal rings (PAH6); all benzenoid (PAH6) compounds in
the same column of Table 3 have the same number of disconnections (ds) and
in the same row have the same number of internal third degree carbon vertices

(NIC). For a complete description of all the properties of Table 3 refer to

. i . . 1 .
the first paper in this series. Scheme I illustrates with phenanthrene how
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Table 2. Equations Applicable to Totally Fused PAH's

v =N_ N+
(1) hc hPc N % N

Ic H

(2) Np =N =6+3r3+2rytr5-ry-2rg-3rg

(3) q=q1+qp

(&) qy=q-q =2N,-6+3ry+2r,+rs-r7-2ra-3rg

(5) d =N_ -r

(6) 2q=2d, =Idp+Idg=2N3(N -N)=3N N,

GF) PaFa I SR N,

(8) faces—-edgestvertices=2
(r+l)-q+p=2 or r=q+l-—Nc=5§(NC+2—NH)

=N -2N +
(9) < N y NC 2NH 6

T
smax — I

(10) r =% N

= } - +
ymax Ic 'i[Nc 2N1-[ %l

1 & A 3
(11) < /gy = /38 -28 6]

T
amax —
BI\C-NH

N
c

(12) 2 < £ mE Uy B oo X3

(13) t <k N;.= %[NC-ZNH+6]

max —

-M=%[- - )
(14) = ds(PAHﬁ) M=lg[-N _+3N -14-2M]

r
7max

L “M]=k[-2 —14-2H
(15) = Yld  (PAHG)-M]=}[-N +3N -14-2M]

o
8max

(16)

| A

1 M=l [- —14-
L—— /3[dS(PAH6) M=% Nc+3NH 14-2M]



Table 2. (cont'd)

(17) Fromax < % [d_(PAH6) -M] = }/8 [-N_+3N,-14-2M)

(18)

(19)

M=0,1°"** and corresponds to the ds value of the first formula
member of the associated now series in Table 3 or the ds value
of the first formula member of the associated row series above
the Nc=2NH-6 row in Table 7 [for Equation (14)], Table 8 [for
Equation (15)], or Table 9 [for Equation (16)]; always round

of fractional values to the lowest integer.

3ratbr,+5rgtbrgt7ry+8rg+9rg = qp+2qI

N8y
N. +d = constant = ~k
Ic s 2

for any specific PAH formula.
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all the structures corresponding to formulas in Table 3 can be successively
generated starting with naphthalene by appropriate attachment of units
corresponding to C, C3H, CyH;, and CgHy. Note that in the schemes, the
pair of numbers in parentheses are coordinates tracing the lineage of a
derived formula due to specific attachments of the units adjacent to the
coordinates; the origin of the coordinates is the table position of the
original formula, and the first coordinate gives the number of formula
columns shifted to the right (positive number) or left (negative number)
and the second coordinate gives the number of formula rows shifted up
(positive number) or down (negative number) in the corresponding table.

For example, in Scheme I appropriate attachment of a C; unit to phenanthrene
(CjuHig) gives a formula of CjgH;p correspending to pyrene which is located
one column to the left and one row down from the original formula of Cj,Hjq
in Table 3, and thus each C, attachment has coordinates of (-1,-1). Since
the second coordinates for the various constructions illustrated in Scheme I
is zero or minus one, successive generation of formulas corresponding to
PAH6 structures in Table 3 from the caia-condensed PAHs results in a general
downward movement.

If w is the largest eigenvalue of a connected graph G, then all
eigenvalues of G occur within the interval (-w,w). Letting dmax denote
the maximum degree of G, dmin the minimum degree, and d the average degree,
then dminfaiwfdmax from which Equation (12) is derived upon appropriate

substitution of the respective symbols and quantities relevant to PAH5.3
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Consider Figure 1, between the third degree-peripheral vertices 16
and 19 there are no points (cy=0), between 18 and 20 there is a single
second degree point (¢;=1) numbered 6, between 15 and 18 there are the two
second degree points (c;=2) of numbers 4 and 5, between 13 and 15 there
are the three second degree points (c3=3) of numbers 1, 2, and 3 and finally
between the peripheral vertices of 19 and 20 there are four second degree
points (cy=4) of numbers 7, 8, 9, and 10; the quantitv of each of these five
different sequences of intervening second degree points between peripheral
third degree vertices in a particular structure is designated by ng, nj,
n;, n3, and ny, respectively. The simple sum of the number of each of
these five sequences is given by ngtnptngtngtng =N, which for benzo(a)pyrene
(Figure 1) is 1+1+2+1+1=6, i.e., there is one sequence with no intervening
second degree points (between 16 and 19), one sequence with one intervening
second degree point (between 18 and 20), two sequences with two intervening
points (between 15 and 18 and 13 and 16), one sequence with three intervening
points (between 13 and 15), and one sequence with four intervening points
(between 19 and 20) and the sum of these sequences gives the number of
peripheral third degree carbon atoms. When there are no intervening points
cp=0, one intervening peoint c;=1, two intervening points cy=2, three inter-
vening points c¢3=3, and four intervening points cy=4. Since these intervening
points correspond to second degree vertices between the outer third degree
vertices, the total number of second degree vertices is given by
N, =npcgtnicitnycatngestn, e, which for benzo(a)pyrene gives 12=1°0+1-1+2- 241

H

3+1+4; note that n;+ny= even number<N,k6 since NH3n1+3n3.

H
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Construction of Formula Tables 4,5 and 6 for Polycyclic Conjugated Hvdro-
carbons Containing Pentagonal, Tetragonal and Trigonal Rings, Respectively,
in Addition to Hexagonal Rings.

If all PAH structural isomers having the maximum number of possible
pentagonal rings are considered, then those having formulas belonging to
the Nc = BNH—IO column series of Table 4 (or Table 3) would have structures
made up of exclusively five-membered rings and contain no internal third
degree carbon vertices; whereas structures having formulas belonging to
column series to the left of this column would contain exclusively five-
membered rings with internal third degree carbon vertices and those to the
right would contain five- and six-membered rings with no internal third
degree carbon vertices. All structural isomers having PAH6 formulas to
the right of the NC = BNH -10 column of Table 4 (or lable 3) containing
the maximum number of possible pentagonal rings and no internal third
degree carbon vertices can be recursively generated by successive pairwise
attachment of C=CH-C units to ethylene CH-CH edges of bLenzene or the cata-
condensed PAH6 structures (Cjg4unHg+sn, n=0,1,-:+). The structural isomers
containing the maximum number of possible pentagonal rings having PAH
formulas belonging to the NC=3NH-10 column (N1c=0) Table 4 can be recursively
generated by successive pairwise attachment of C=CH-C units to the CH-CH
edges of pentalene (CgHg). All structural isomers containing exclusively
pentagonal rings (N1c=0) with formulas to the left of the Nc=3NH-10 column
of Table 4 can be recursively generated by successive attachment of C="
units to 1-3 located secondary vertices as illustrated with one polypentalen
isomer (C3gHyg) in Scheme II. Note that longitudinal growth by succes e

attachments of C=C units in Scheme IT is limited by the number of existing
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Figure 2. Polycyeclic conjugated hydrocarbons possessing only trigonal
and hexagonal rings.

1-3 located secondary vertices, whereas pentagonal ring growth can continue
indefinitely by extending the ends of these polypentalenes if distorticn

of the regular pentagon is permitted. Similarly, all structural isomers
having PAH6 formulas containing the maximum number cof tetragonal rings and
no internal third degree vertices can be recursively generated by successive
attachment of C=C units to ethylene CH-CH edges of the cata-condensed PAH6
structures starting with Cy,Hy,; all of the structural PAH isomers having
the maximum number of tetragonal rings possible with formulas belonging to

Table 5 except the cata-condensed polvcyclic tetragonal hydrocarbons



{Cg4ppHy, 1=0,1,---) can be recursively generated by successive attachment
of C=C units to ethylene CH-CH edges of benzene and the cata-condensed

PAH6 structures. Note that while structures containing exclusively pentagonal
rings can also have internal third degree carbon vertices, no structure
containing exclusively tetragonal rings can have internal third degree

carbon vertices. Figure 2 lists some polycyclic conjugated hydrocarbon
structures from which Table 6 was partly derived. Scheme III illustrates

how to recursively generate structures with formulas corresponding to those
in Tables 4 and 5 from the catqg-condensed PAH's. In summary Tables 4, 5,
and 6 are extensions of Table 3, where in the former formulas corresponding to
structures having pentagonal, tetragonal, and trigonal rings, respectively,

as well as hexagonal rings are listed.

N, =1,ds=3
N, =4, d-=0 Ic »
ic 5
= - N = =2
Nig 3. derl Ris z, dg

Scheme IV (CppHyo)
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Maximum Number of Pentagonal, Tetragonal and Trigonal Ring Possible for a PAl

Scheme IV illustrates how a PAH6 structure can be converted to other
structures of the same formula by transforming a hexagonal ring to a pen-
tagonal, tetragonal, or trigonal rings. In these transformations of a
hexagonal ring to smaller ring sizes there is a simultaneous decrease in
the number of third degree internal carbon vertices (NIC). In fact for
a fixed PAH6 formula (Table 3), in the conversion of each hexagonal ring
to a pentagonal ring, there is a simultaneous transformation of one internal
third degree vertex tc a peripheral one; in the conversion of each hexagonal
ring to a tetragonal ring there is a simultaneous transformation of two
internal third degree vertices to peripheral onmes; and in the conversion of
each hexagonal ring to a trigonal ring, there is a simultaneous transformatior
of three internal third degree carbon vertices to peripheral ones such that
p3= Nlc + NPC = NC-NH = constant. Since the number of rings is constant in
the above conversicn (Scheme IV), there must be a corresponding increase in
disconnection per dS = Npc—r. In general, if all the internal third degree
carbon vertices can be converted to peripheral third degree carbon vertices
with corresponding simultaneous conversion of hexagonal rings to pentagonal,
tetragonal, or trigonal rings, then the maximum number of pentagonal (rgp,.)
tetragonal (rymax), ©r trigonal (rsmax) rings that a structure corresponding
to a PAH6 formula can possess are given by Equations (9), (10), or (11},
respectively. Note that the left of the Nc = 3NH—10 column rgpay = ry +

NIc < Nc=2NH + 6 for a structure composed exclusively of fused pentagonal

rings and for the Nc = 3Nﬂ—10 column and the other columns to the right
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Tomax = NC_ZNH + 6 exactly. Since a polveyelic antiaromatiec hydrocarbon
composed of exclusively tetragenal rings cannot contain internal third
degree carbon vertices, Equaticn (10) is exact. In computations using
Equation (11) always round off to the lowest integer. Since the cata-
condensed PAH6 structures have no internal third degree carbon vertices
(Nlc=0)’ there are no PAH structures having pentagonal, tetragonal, or
trigonal rings with formulas corresponding to the NC=2NH—6 row (Table 3):
also there are mo PAH structures with trigonal rings having formulas
corresponding to the NC=2NH—4 row (Table 3). Although, Equatioms (9),(10),
and (11) were derived specifically from structures corresponding to formulas
belonging in Table 3, they are also valid for the structures of formulas
found in the extended Tables 4, 5, and 6 but not in Table 3.

In a formal sense a triple bond can be thought of as a two member ring
as illustrated by the following tansformation. Thus the maximum number of

triple bonds in addition to hexagonal rtings that a structure having a PAHA

formula can possess is given by Equation (13).

CyoHyo CaoHyp
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[ecle ¢l

CyoHg CruHy Cietio

+2C,-2H +2Co(-2,-2)
(24,-3)
+2C3H(0,-1)

+2C,Hy (2,0)
B ———

CyoHg CigHyo

+2C7Hs5(8,3) +2CsH3 (4,1)

+2CgHy (6,2)

Coulyg CapHig Copliy

Scheme V
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E { i 5 CazHyy

CayHyy

+2C3H(0,-1)
+CyH,(1,0)

+CgHy (3,1) +CyH(1,0)
B — D
Caz2H14
CigHyz

CauHig
+2CsHy(4,1)
+2CsHa (4,1)

E CogHyg

CogHyg

Scheme VI
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CigHyz

Caotiy
Coptismg
CugH3q 4052
CeeHyo

Figure 3. Heptagonal ring containing structures with formulas above the
Nc=2NH_6 row of Table 7.



CizHyp Coalyy C3Hz2

ConHrn CapHzp

Copllun

Fipure 4. Structures having the waximum number of heptagonal rings
possible for the specified formula above the NC=2NH—6 row of
Table 7.



NC=2NH~6 row and upon attachment of two CgHy units gives a structure with
the formula CygHyy (Scheme V) which belongs four columns to the right in
the Nc=2NH_8 row and attachment of two more CgHy units gives a structure
with the formula CagH;g (Figure 3) which belongs to the Nc=2NH—lO row in
Table 7. The formulas of the cate-condensed even carbon polycyclic con-
jugated hydrocarbons (Cjp+4un Hipszn) in the top row of Figure 4 define the
upper diagonal formula edge of Table 7. The last four structures in
Figure 3 and 4 are pairwise isomeric. Other constructions of heptagonal
rings by pairwise attachment of C3H wunits to concave regions of a PAH
and CyH, units to PAH CH-C-CH segments are shown in Scheme VI,

With each attachment of a C=CH-CH=CH-CH=C unit to an ethylene edge
Scheme V of benzene or a PAH6 structure there is obtained an octagonal
ring containing PAH with a formula three column series to the right and
one row series higher than the precursor formula [a CgH, unit has

coordinates of (3,1)}.





























































































