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ON THE NEW TYPES OF CCLGCUR SYMMETRY GROUPS

J.N.Kotzev,
Physics Dept.,University of Sofia,1126-Sofia

The group theoretical methods give strict and universal algorithms

for deriving a detailed and rather full information about those proper-
ties of the studied systems, which are connected both with the "geomet-
rical" structure symmetry and its movement in space and time and with
the "dynamical" symmetry of physical interactions in the system, The
university of the symmetry method allows the usage of pure mathemati-
cal group theory results in physics, chemistry and crystallography.
And vice versa, a great part of most widely used group-theoretical
methods are either found by physicists, chemists, crystallographs or
they are once more "discovered" by them. Obviously, not only the ex-
ceptive abstraction of the contemporary mathematical lanquage is the
reason, but also it is due to the different viewpoints. For example,
the physicist puts in one and the same abstract concept different con-
crete contents and can derive important practical results, which are
indiscernible for a mathematician. A confirmation of the above-mentio-
ned and a brilliant example for a "physical" group theory is the theo-
ry of a "generalized" (colour) symmetry [1,2]. The rapid development of
this theory in the 1last two decades is due to the stimulating physics
influence.

A detailed survey of the basic ideas and a profound analysis of the
histerical development of the thecry of colour syvmmetry are contained
in the book of Shubnikov and Koptsik [1] and in the book of Zamorzaev
[ﬂ. The new types of colour groups were already applied in the ana-
lysis and the classification of magnetic structures {3-7], in descrip-
tion of the symmetry of real crystals [8], and the space modulated
crystal structures, etc,

The only purpose of this paper is to underline the characteristic pe-
culiarities in the structures of the corresponding groups by means of
a brief survey of the different types of colour symmetry.

The mathematical theory of colour symmetry can be given in the most
generalized form using the group extension theory as a base. But the
physical character of colour groups is demonstrated in the best way

by the consideration of the action of their elements on the "geometro-
physical" space, introduced by Shubnikov [1]. We will try to combine

these twec methods in this report.
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The simplest model of the geometrophysical space is a regular system
of colour points, defined as follbows. A system of n symmetrical eguiva-
lent points with coordinates ri, forming an orbit R of the group G
of order n= IGI, is given by

R=Gr ={xi[ri = 9;r9,9; € Gits (1)

A scalar, vector, or tensorial functicn is determined on the orbit R.

The values fa of the function f(ri) = £, on the points r, are called
"colour" of the point. The set of all fa
F={fa[fa=f(ri), ry €6r,} )

formes a "colour subspace".
The ordered pairs (fa,ri) are cailed colour points of the system FR,
where

= { (e, 7%

)t err e R,fa=frrl-)}_ (3)

Let P ={ pi}be a group, transitive to the set F, i.e., such that:

a) Pkfa=fbél=‘ for all faéF and pk &P; b) for all couples f 7 beF there
exists such an element piéP, that fb pk a Always exists at least one

such group - the symmetric group S_ of degree p=|F|, where pié;SP are

considered as permutations of the indices of the colours fa' (P is

the group of the corresponding chosen operators in all concrete cases
e.qg. p=oooo!’ is the group of rotations and antirotations, when f£(¥)=

$(¥) describe the crystal magnetic structure).

It is obvious that the groups of the autcmorphisms of such systems of

colour points (or the symmetry groups of the 'yeometro: physical object§
should be groups of combined operators (p 59 % =g (p ’, g &G, p €P.

There are 4 possible basic types of colour groups,named groups of
P-, 0=, W_~ and wq-symmetry type, which depend on the coupling way
of fa and r. in a given system FR, or depending on the definition
of the actlon of the combined operators q(p) on colour peints. The
characteristic features of every type are given on Fig. 1 and Tabi.1l.
In all cases the coordinates rieaGr1 of the colour points (fa'ri)
are transfocrmed only under the action of the group C (for crystals
G is one of the 32 point or 230 space groups). Besides, in the P-ty-
pe colour groups G(P), the components geG of the combined elements
(p)e.G(p) do not act on the colours f GF of the points Ty In the
cases, when g €G act on r_ eR as well as on E &F, the colour groups
(q) belong to the O-typelof symmetry. The actlon of colour opera-
tors of P- and Q-type is determined by the relations:
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; = ! ; (p)
(py: 95 (Fgry) = (pyfa. 9Ty ) @ FRi(Py:9,)e6 4

{ay7 gi> (f,rr )= (gy[9;] £,,9;T, JEFR; <qi‘gj>éG(q)' ()

where [gj]is an operator, corresponding to 9; and acting on the subspa-
ce F (For example, if fa:é'ra' and 95 is an element of the space group,
[gi} is a proper rotation, associated with the element gi) . From

a mathematical pcint of view the P-type groups are defined as sub-
groups of the direct product (&) of P and G,

cPlep @a, (6)
ad the groups of Q-type,

«'Ycogs, 7
are subgroups of the semiwdirect product ( @ ) of the groups Q and
G, The multiplication law of the corresponding colour elements is:

Pyi 9@ (Pyi ayy = (pypys 9291>EG(p), (8)

{20 9) @ (ayr 99y = g Boifes 9291?Ec(q)a ()
For the groups of P and Q-type, the following peculiarities are cha-
racteristic. The set of colour loads {p } = P', associated with the
elements g-(p)éG(p) forms a group P'< P, while the corresponding set
{q ng, for g(q)éG(q) may not form a group at all.
The elements g &G, asscciated with the unit element of P or O

()

form the so-called "classical subgroup” H of the colour group.

H(” :{(e;g)l geHchc:G(p), or G(q). {10)
This subgroup 1s always invariant in P-type symmetry, H(”ﬂ G(p) ,
H(”C_G(q)

Let us again look at Fig. 1 and Table 1 and discuss the peculiari-

and may not be invariant in @ symmetry,

ties of the actiong of the components p&P on the colours faeF,

In all cases the "colour loads" peP and g &Q of the combined operator:
act only on the colours fa of the points. But in the groups of P-

and Q-type p or g transform fa into fb independently of the locali-
zation of fa in the space, i.e. independently of the point ri,with
which fa is associated.

Essentially different is the action of the "combined colour loads" Wy
of the elements <wi: gi> of the W-type groups [7].- the transfor-
mation of the colour fa depends on its localization and cculd be
different for cne and the same colour fa' asgociated in different

pairs (fa, ri) and (fa’ ).
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The "loads" Wy of the elements qjegG in W-svmimetry are polycomponent:
they consist of n= | G | ordered elements'?i,

9 9 Iy In
Wy & (%; £ Py eeeens Pyor oeeeas By ) {(11)
where in p?k the lower index "i" specifies its belonging to the
element (wi; gi), and the upper index “gk" means, that p?k is acting

only on the colour, located in the point I =gy X, and is not acting on
the other points. The introducticon of such complicated operators may
seem rather artificial to a certain extent, but it is completely jus-
tified because:

a) There really exist "geometro-physical ohjecté'whose colour symmetry
can be described only using groups of W-type (and the number of such
objects is large).

b) The operators of the type

(wi:qi)=<p‘i1.---,931<---,93n ng>,9jéG.PifiP; (12)
satisfy the group postulates and form colour groups of essentially
new type, proposed by Prof. Koptsik and called W-symmetry groups
("W" - from "Wreath product" multiplication low, "%" )71,

The theory of W-symmetry, developed for the first time in the paper
[7], include as a special case all known colour groups. The group struc
ture of W-symmetry theoretically exhausts all possibilities of new ty-
pes of colour groups(they should be only special cases of W-groups).
c) The W-symmetry is an essentially new concept for the symmetry of
"geometro-physical objects". Undoubtedly, the development of the theo-
ry, including the representation theory of thesegroups and the corres-
ponding generalized Curie principle, will give useful results for

the practice,.

Besides the new type of "combined loads" in W-symmetry, we can deter-
mine in two ways the action of the basic elements giesG —~ as in P- and
O-type symmetry groups [ 4].

So, there exist two basic types of W-groups which we will conventional-
ly denote as Wp— and Wq-symmetry groups. In our work [ 7] the theorv
of wp—symmetry is given,and all the 7341 "junior" point groups

G(wb)cz spQ,G, G(WPL— G,are tabulated. In [4]the groupsof the wq—type
are discussed in connection with the magnetic symmetry,

The action of the elements of W-symmetry groups on the colour points

is defined by relations [7,41]:
Ik Ix
<n,,pi,...; gj_) (f£,.m) = (py Eur 9ymy) (17)

Tk Ik
Corlysend 93 3 (Epumy) = (a7 ,9;m) (14)
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From mathematically point of view the colour WD type groups are sub-
groups of the wreath product (2 ) of thegroup P and G,

¢erec = 0@ %g .... @ Mes, (15)
where in the parenthesis is given a direct product of n isomorphic
copies of the group P , n=|[G|.
The elements of the subgroups are muitiplied in conformitywith the

law, defined by the wreath product

9y 919, Iy
(‘"’pZ""'g2>2 < ,P1,---r91> (---;Pz Pq !---Fqu‘|>: (16)
(g
; ; 1) '
<w2 9,7 2 Wy 9q) (Wzg , W g2g1>1 (16")
where the automorphisms in wy ? are left shifts of the components
ak
pz :
(q) 99y 99,
W, =(pgg1’ ...... 2 By s oeeees Py ). 7N

The wq-type groups are subgroups of the generalized wreath product
or crown product, & ,of G and @ (P is substituted by @)

(w ) g g
¢ Y2026=( ®@...80™M @) ¢ (18)

In Wq—groups, the characteristic for W-symmetry polyvccmponent loads
Wy are combined with the basic element action on hoth subspaces R
and F, which is specific for the O-type groups. So, we get the fol-
lowing multiplication law:

g g 949, . i =
(,..qz].{..;q2>a <....q1k...; g1> =<...q21 k.|g2h1 kf;21J...;gzg1>) (19)

or,

(i 908 (97 990 = <"’ 192}“1E32] 991 - (19%)
We will discuss the simplest example of a construction of a family
¢ colour groups =~ the groups derived by the crystallographic group
G=3=1{1,3, 3§} and the time-inversion group P= @ = 1’ ={‘I,1'}
In the frameworks of P- and O-symmetry, using (6) and (7), we get

equal families of Shubnikov groups, consisting of the senior group

1)

31' and the unicolour group 3 3. Besides the senior group

'G'(W) =P 2 G, the family of W-type groups contains more two "junior"

groups (G(wl—> G) and two "medial" —(w)

(the last are not isomorphic
with G subgroups of the senior group G(W) , but include as component
all elements of the basic group G ). The senior group can be derived

from the wreath product (15)
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a1 ), G, 3y, O, 32y
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and is abstractly isomorphic with the group T (For brevity, we will

he
miss the indices of pigk = p,€ p={41'}.

" ! (w?
The following subgroups of (20) belong to the junior‘groups 6"—3:

e BO e T2 o B8 5 8 ; GaE 5 £ (21)
[O1: 1) L (0,1053) , (A ,1,10:320 ),
G;"’)= 1,1 9, 0 ,1.1053 , ar,1,0:3%0 ),
{(1,1,1; iy ., L3, 15,053 <1,1‘,1';327j (22)
where (21) is "unicolour", and one of the three equivalent two-colour
groups (22), e.g, the fixrst, is picked out as G(w!

2
There are three "medial” groups in the family

=(w)_ _(w) (w) iy ¥
RMENO Uc1 (1t e,
—=(w) _ . (w) (w) VAR A
g = e Uil e 1peCy

9 = &N ey rity el e a0y U e 10 0 s theen (23
We will note that the above-discussed groups are essentially different
from Zamorzaev's multiple antisymmetry groups [ 2], which belong to the
P-type

¢! —p@c = ('@ e 1) @G, P=17, (24)
although there is a certain outer similarity with (20).
The above example is suitable for explaining the eguivalence relations

(‘:) and G(‘;) as [ -equi

for colour groups, We will consider two groups G
valent if they are c8jugated subgroups of a supergroup r={ K 5 of the
same type
(w) _ (w) =t (w), . (w) (w) o (w)

Gy =Ye Y el i sy 6 = (25)

but satisfying the additional condition-
(1. L0 B - (1) W)

H, —x’H1 g oy céi A1ef2), (26)
(M

where Hi are their maximal “classical’ (unicolour) subgroups., The

condition (26) is of great importance: for example, it gives us the pos-
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sibility to define as non-equivalent the evidently different groups
(21) and (22), which are conjugated subgroups of (20).

(¥p)

The families G with P-isp are another examplesfor W-symmetry groups.

73 junior point groups of the "regular" type

) e ®,2 6 (B =5, . (27)
are derived analytically and tabulated in E'Ij',(P)D is the group of
regular permutations, iscmorphic with P. These groups correspond to

the groups discussed by Wittke and Garrido[1]. Tn [ 7] the groups of the
type

(w) ' . .
G'y=(P,p )p'z G; (p,P )Pc;S (28)

p 2
where (P,P') is a transitive irregular group of permutations, are call-
ed"irregular"W--type groups. There is only one possible group (cubic,
12-colour) among the junior point groups GI(W)HG.

Examples for the practical application of W groups for magnetic struc-
ture classificaticon are given in E4,7].

From all of the above-mentioned colour groups, the P-type groups are

the mostly studied groups, for which different classes of point and
space groups are derived and tabulated f1,2:6:27 .

Complete tables of the 171 "regqgular" point groups G(p)
P

of P-type (6)
, with P=(P,P')§5
s, are included in [ 1,7 ] . Full tables of all 598 spin point groups }

P =ocoool 1',

where P=(P)pg S_, and 73 "irregular" point groups GIp)

G g’, p=c0 021", and of 2804 magneto-electric groups G(%,

were for the first time published in [ 6 ].
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FIG. Four types of colour symmetry groups
The colours fa are transformed The colours fa are transformed
only under the action of peP: first under the action of g&G
P- and wp—type and after that under the action
‘g of geQ:Q- and Wq—-type
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TABLE 1. Comparison between the basic definitions
P- symmeLL'ry Q- Symmetyy
(2

"2 P® g tYzaecg

ch)'—'{(;:};g‘.)}gfe & peP=P}
H Hé{(é:%)] gelateepfag™
W8 <m:ay =<pr; 3,8

<E’3‘> (}ﬁ”;‘) = (ﬁ JCQ' 9’:7'!()

G"l—-{@;.;g,.)fgtec,%e Rer)
HW-_:{@;%) lgdeHc: GeeR e o
3099 = <Yl Ts 9,9
9392 Gpm) = (%L3.1 fa > $:%)

W’P - symmet'r}/

&Pz o =(P..0P™) o G-

Wq,—symmefry

e“egie=(aYs. oM e ¢ =

{<7° 7’ B 3)!9&‘3?6?«?}’{ .. 3" 7, gt g Rl
3, X
(P 3J}< T <,?,‘,;d> (..,,% )=
- 3«? 3 3:3. 3. it
P g g gt n 5 580
3 ;—*_‘ﬁ'ﬂ ——a
B-1 Fe B (T G g ey (hm)=
9 lg ¢
=(E"h . %%) = (%180, .97,
The equivalence relatfions: G(w)_.r G(“’) “ pel
G;M’V Gd'(w} i @ H(ﬂ J,L#fu) -1’) H((UC C,‘(wé:/—r
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