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CLEBSCH-GORDAN COEFFICIENTS FOR THE COREPRESENTATIONS
OF SHUBNIKOV POINT GROUPS

J.N.Kotzev, M.I.Aroyo, Physics Dept., University of
Sofia, 1126-Sofia,Bulgaria

Recently, generalized crystallographic groups, two-coloured(Shubnikov)
D-é] and (multi)-coloured B—ﬂ , are widely used in group-theoretical
analysis of different physical properties of crystals with magnetic sym-
metry. A generalized group is called antiunitary, if the “"colour load"
of the group elements contains the antiunitary operator of time-inver-
sion 8 E]. The antiunitary groups A consist of unitary g,=uy and
antiunitary gj=aj operators. The wave functions and the operators of
physical quantities transform in the common way under the action of

the operators gg A,
of ol ol

g¥a =2 Ya D'@laa o
but the mapping qum (g) is not a homomorphism, i.e. the set of matrices
Du ={ Dd(g), geA} does not form a representation of the group A. Wigner
k]called this set of matrices a corepresentation (corep for short[z]).
He had p;oved that for guantum mechanical systems with an antiunitary
symmetry, the irreducible coreps (not the ordinary representations) de-
fined the transformation properties of the wave functions, the degenera-
cy of the levels, selection rules, the correlation between the matrix
elements, etc. The need of a further development of the corepresenta-
tion theory, and in particular, the creation of a generalized theory
of the irreducible tensorial sets,is obvious. One of the basic elements
of such a theory is the set of Clebsch-Gordan Coefficients (CGC) for
coreps.

The CGC for the coreps of antiunitary groups are introduced for the
first time in [73 (see also &]), where equations for the calculation
of the CGC and examples for their applications are given. Orthogonality
relations for the matrix elements of the coreps, projection operators
and two generalizations of Wigner-Eckart theorem are also given in lﬁ].
The CGC for the coreps are also discussed in the papers [9—1ﬂ , whose
results are in a good agreement with those of [7]. In recent papers {jﬂ
it is reported about the calculation of the CGC for the Shubnikov

point groups, but only in the case of even under space-inversior, basic

functions (the tables of the coefficients are not contained in E ﬂ)

Another method for the calculation of the CGC for the coreps, comple-

tely different from the methods given in [7-1% . was proposed in D4]
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(see also [1ﬂL The method is based on the generalized Racah lemma ﬁd}

which can be written in the following matrix form:

(@ UP‘PZJ quulz » (qu ®5«z)-l Uouolz (ﬂ) Sd) e

The matrices U%®2 ana uPP? reauce p%g D" and pPig oPr ( p¥ are
the coreps of the group A and nf of the group B, where BCA)., The mat-
rices S¥L reduce the subduction (D¥¢¥ B). The so-called "isoscalar fac-
tors" form the matrix X %%z , which can be unitary for the ordinary

representations, but it should be crthogonal (i.e. all isoscalar fac-

tors - real) in the case of coreps.

The calculation of the CGC for coreps using (2) has the following ad-
vantages in comparison with the methods, previously used: a) The pha-
ses of the CGC for some different groups are well-correlated with tho-
se of their common supergroup; b) In many cases the CGC for the sub-
groups coincide with the coefficients of the supergroup; c) Some of the
"intermediate" results in the process of calculation of the CGC (such
as isoscalar factors, etc.) have a self-dependent significance and they
are not less useful than the "main" result.

The CGC for the single-valued and double-valued corepresentations of
all 90 antiunitary Shubnikov point groups (58 black-and-white and 32
grey) were calculated and tabulated by this method. The complete tab-
les are published in [15-19].
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