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IRREDUCIBLE REPRESENTATIONS OF POINT GROUPS AND SPACE GROUPS - THE LAST
50 YEARS AND THE NEXT 10 YEARS.
Arthur P. Cracknell, Carnegie Laboratory of Physics, University of Dundee,

DUNDEE DD1 4HN, Scotland.

SUMMARY

An account is given of the development of the theory of the irreducible
representations of the classical point groups and space groups. The pres-
ent state of knowledge of the subject and, in particular, the availability
of tables of these representations is considered. The extension of the
theory to the irreducible corepresentations of the magnetic point groups
and space groups is described. The present state of work on (a) the redu-
ction of Kronecker products of space-group representations and (b) repre-
sentations of generalised symmetry groups is discussed and some comments
about future developments are made.

1. INTRODUCTION

Prof. Neubllser asked me to give "a broad survey of representation
theory of crystallographic groups'. He asked me to "concentrate on the
mathematical aspects' because he was going to ask Prof. Birman to "concen-—
trate on the relevance in physics™. That, then, is my remit. I thought it
might help if I tried to put things into perspective historically and this
is what I have done in TABLE 1. The dates, which are only approximate any—

way, are meant to refer particularly to work on the application of represe-

ntation theory to these groups, not to the derivation of the groups them-—
selves.

With regard to definitions and notation, I shall in these matters
generally follow Bradley and Cracknell (1972).
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TABLE 1. Some Dates in the Development of Representation Theory for
Crystallographic Groups.

GROUPS DATES
Point groups {classical, three~dimensional) ca. 1895-1930
Space groups (classical, two- and three- ca. 1936-1972
dimensional)

"Magnetic" or "black and white'" point groups ca. 1963-1972
and space groups

Products of representations ca. 1962-

Generalised symmetry groups ca. 1966-

2. CLASSICAL POINT GROUPS

I only want to summarise this fairly quickly, because it is standard
material. There are various ways one can define a point group and I do
not wish to argue about these. I simply take as my definition "a point
group is a group of symmetryoperations which act at a point O and also
leave invariant all distances and angles in a three-dimensional Euclidean

space E(3)". If we restrict ourselves to crystallographic point groups

we must satisfy the extra requirement that a point group be compatible
with the translational symmetry of some crystalline solid. I shall not
enter into the details of the enumeration of the classical point groups
but assume that as given.

To consider the point groups from the point of view of representation
theory we have to construct a group in the mathematical, as distinct from
the crystallographical, sense., The elements of the mathematical group
are symmetry operations, or covering operations, consisting of rotations,
reflections, the inversion, improper rotations (or roto-reflections), and,
of course, the identity. There is a one to one correspondence between
these symmetry operations for a point group and the dots or circles on a
stereogram for that point group. For example, the group of symmetry
operations for 4mm (C&v)’ the point group of the symmetry operations of a

square, consists of:

E identity

sz rotate through +90°

C;z rotate through —90°

sz rotate through 1800

o reflect in plane normal to x axis
o reflect in plane normal to y axis

¥
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%4a reflect in plane normal toc BD

db
where the rotations are about an axis normal to the plane of the square

[\ reflect in plane normal to AC
and passing through O, see FIGURE 1.
A representation of a
group G can be defined as

a homomorphism y of G onto

T which is a group of non-
N ! 4 singular linear operators
N s acting on a finite-dimens-
% 2 ional space V over the
ol « a0, complex field. We write
Ve N G = EQ for all elements
y | N £ €G. Furthermore, if V

has no proper invariant

A | B\ .
subspace under T (that 1s,
0'“ GY %n P ~ (that i
no subspace invariant under
T except V itself and the

FIGURE 1. Symmetry operations of a square. zero vector) then y is said

to be an irreducible representation. The development of methods for de-

termining the irreducible (matrix) representations of finite groups goes
back to the work of Frobenius and Burnside at the end of the nineteenth
century.

In the case of the group of the symmetry operations of a square, for
example, there are four one-dimensional irreducible representations and one
two-dimensional irreducible representation. Instead of giving the complete
identification of the matrices themselves for the elements of the group,
it is very common just to present the character table for the group, in
which the character (or trace or spur)of each element is given. For
example for 4mm (Chv) the character table is given in TABLE 2, where the
w g Bge Ty
and TS are alternative sets of labels for these irreducible representations.
The irreducible representations of the point groups are now tabulated in

set of symbels Al’ Az, Bl’ B2 and E and the set of symbols T

many books; of these I would just mention two by Koster et al (1963) and by
Bradley and Cracknell (1972).
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TABLE 2. Character Table for 4mm (Cﬁv)

E sz CZZ Ux,ﬂy Uda,ﬂdb
Al FI 1 1 1 L 1
A2 Fz 1 1 1 =X -1
Bl r3 1 1 i 1 =1
B2 Fq 1 1 =L =}, 1
E Fs 2 -2 o] 4] 0

3. CLASSICAL SPACE GROUPS

The determination of the irreducible representations of the point
groups is relatively straightforward because the groups concerned are
finite groups. The determination of the irreducible representations of
the space groups is much more complicated because they are infinite groups.
It is possible to give an account of the theory of the determination of the
irreducible representations of the space groups directly in terms of space
group theory and notation (see sections 3.4, 3.7 and 3.8 of Bradley and
Cracknell (1972)). Alternatively, one can give a more general account,
based on the theory of induced representations in terms of the represen-
tations of an invariant subgroup, and then specialise the theory to space
groups (see Chapter 4 of Bradley and Cracknell (1972)). I shall take the
former approach here.

Let us start with the notation introduced by Seitz (1936), for space
group operations, that is elements of the mathematical group corresponding
to a space group. The problem of studying the operations of a space group

is the problem of studying transformations of the form

x = R, .x + R,,X + R, .x + v

1 31%] 1252 1353 1
L}

%) = Ryp¥p ot Bypxy b Ryaxg +owvy 0
1

s = ByE v Rom F Ry ¥ oW,

or, in short

£ =  Ryk. @)
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The symbol {R|y} is commonly called a Seitz (space-group) symbol. The

multiplication rule for these symbols can easily be established:

Byl MRy gy} = (RyRy 1y, + Ry, 3. 3

4, TIRREDUCIBLE REPRESENTATIONS OF THE TRANSLATIONAL SUBGROUP

Every space group G has an invariant subgroup, T, consisting of the
translational symmetry operations of the Bravais lattice on which the
space group is based. The determination of the irreducible representa-—
tions of T is an important step in the task of finding the irreducible
representations of the space group G. T consists of elements of the

form {EJnl£1+ nZEZ + n3£3} where Lys By and Ly are the vectors chosen

as basic vectors of the Bravais lattice and N, Ny, N, are integers. T

3]

can be regarded as the outer direct product of three cyclic groups Il’ I
and T.,where the generators of these groups are {E!gl}, {E]Ez}, and
{E‘Eﬁ}’ respectively. The irreducible representations of each of these

three cyclic groups can easily be written down. For Zl we label these

representations by o, and, since the group is of infinite order, o, is
P Y % g % %9

n
continuous and the representative of the element {E\gl] 1, or {Elnlgi}’ is
0 5
1 - =
D 1({E |n151}) exp(-ina)). (%)

The irreducible representations of 12 and Iﬂ can be written down in a

similar form. Thus for an irreducible representation of 2(=21012G2G)
0, 0,0

L2 3 = = = g
D ({E1n151 + “252 + n3£3}) = exp( 1n1(11)exp( 1n201.2)exp( Ln30.‘.3)

where o, and s like o, are continuous.
We define basis vectors of the reciprocal lattice B Byo and 84> where

Ei'Ej = Znaij (5)
so that g '—El = 27, etc. Therefore
oo
D 12013

(Elnygy + ny8,

e.:xq:a(--l.E-Llo.1 + 1m0, + n3a3}] =

+ nSES}) =

exp(-i [yt .gya) + mpy.gyay + matyegiay]/2m =
-i
L R - R O

It is almost universally adopted in the theory of space-group irreducible

representations that we write

k= kg thyg) * ke, @
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where kl = aIIZW, k, = GZ/ZH, and k

2
Since Ggs Oy and o

3
are continuous variables then k is also continuous.

= 331217.

3

Therefore we can rewrite equation (7) in the form

k - L
D ([E[nl_El oyt + n35.3}) exp(ik. (n t) + n,t, + nat)).  (8)

Let us now define a quantity g:such that

’

£=mg +mg, * e, @
where m, My, and m, are integers. That is Efis a vector of the recipro-

cal lattice. We then consider the irreducible repfesentation labelled by
kK o §§ this takes the form

2~2 22 3-3

exp[-ik, () + ot + gt )] x
S imo st
exp[~i(myn,g,.t,)]
exp[-i(myn e 5.t )]

exp[-ig:(nlil + nZEZ + uzgsﬂ (10)

I+G ;
D~ --(-[E[ul‘t.:'1 +n,t, + n3£3}) = exP["L(lf.*'(:l)‘(“lEl +n,t, +n,t )]

since m, n, etc. are all integers. Thus from equations (8) and (10) we

see that
kG = ok
D ({E|n1£l +n,L, +nge}) =D ('[E|n]_t_:_1 +n,t, + nytah). (1

The meaning of this equation is that any two vectors, k and 5+§; which
differ by a vector of the reciprocal lattice characterise the same irredu-
cible representation of the space group. Or, alternatively, all the
irreducible representations of T can be obtained by finding the irreducible
representations associated with all values of k in one unit cell of recipro-
cal space. This unit cell is, of course, known to physicists as a
Briliouin zone. We also note, in passing, that the basis functions of the
irreducible representations of T can be taken to be Bloch functions and
that, essentially, the fact that the Bloch functions form bases of these
representations is just one way of looking at Bloch's theorem.

I should like to comment briefly on two aspects of the above result.
First I should like to say that, as presented here, we have gone straight
to a direct product of cyclic groups of infinite order and so we have
naturally obtained k as a continuous variable. We have made no mention of
the so-called Born-von Kirmin periodic or cyclic boundary conditions
which nearly universally appear in solid-state physics textbooks at this

stage. The argument which is commonly used runs along the following lines.
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A finite crystal does not admit translations as symmetry operations. An
infinite crystal does contain such symmetry operations,but of course in a
an infinite number. What one does commonly, in using the Born—von Kirmin
boundary conditions,is te try to have the 'best of both worlds" and to
allow translational symmetry operations but to ensure that their number

is finite. One then finds that k is discrete but that the separation
between adjacent k vectors is very small. Then by making larger and
larger the period over which the boundary conditions are applied, the
spacing between adjacent k vectors becomes smaller and smaller, until

in the limit, for practical purposes, one says that one can take k to

vary continucusly. However,the idea survives in the minds of many stu=-
dents that somehow k is "really" discontinuous. But this is rather mis-
leading because it is only necessary to consider k to be discrete when

one is studying a specimen, such as a thin film, which is so small, in at
least cne dimension, that "size" effects become physically observable.
Otherwise, if one is considering a "bulk" specimen there is no physical
significance to be associated with any idea that k may be discrete., The
idea of the periodic or cyclic boundary conditions crept inte the physics
literature in the days when many people were unhappy in going straight to
the idea of the representations of an infinite group; somehow they felt
more "secure" dealing with a group which was, essentially, forced artifi-
cially to be a finite group. The second point I should like to make is
that, as always, one has freedom of choice in selecting the particular
unit cell of reciprocal space which one will use to characterise the irre-—
ducible representations of a space group. One could choose the cell
which is a parallelepiped based on B Byo and 83 as adjacent edges. In
practice, however, this is not generally dene although in Bradley and
Cracknell (1972) we did make this choice for the triclinic and monoclinic
space groups. For the remaining space groups the Brillcuin zone is chosen
in such a way that, considered as a polygon, it manifests all the rotation-
al symmetry operations Ri that are to be found among the elements of the
space group. The relationship between the parallelepiped based on 815 Bo»
and B a8 adjacent edges and the polygon conventionally chosen as the
Brillouin zone is illustrated in FIGURE 2 for the body-centred cubic space

groups, for which the reciprocal lattice is a face-centred cubic lattice.
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FIGURE 2. Relation between'conventional'Brillouin zone (broken lines) and
the parallelepiped based on 81> By» and gy as edges (continuous

lines) for body-centred cubic space groups. The "conventional"
unit cell for the reciprocal lattice is also shown (chain dotted
lines).
5. DESCRIPTIVE ACCOUNT OF THE THEORY OF THE REPRESENTATIONS OF SPACE
GROUPS.

We write the space group G in terms of left coset representatives
G = (R [y J1 + {RylydT + oo + {R [y )T (12)

where R1 = E and ¥ = 0. The set of operations Ri form a point group
which we denote by F. There are a number of definitions which we need
and which I shall quote, although I shall not give detailed explanations
of what they mean (for further details see Chapter 3 of Bradley and
Cracknell (1972)). These are "star", "little co-group", "little group"
and "representation domain".

Star Suppose that I' is an irreducible representation of G. Consider
T4T, that is the representation I' restricted to the elements of T, or
subduced onto T. Suppose that I'VT, on reduction, yields d irreducible
representations of T, labelled by El’ 52, ...... 'Ed' Then a set of
distinct k vectors chosen from the set _l_c,i (L=1, 2, ...d) is called the
star  of T, (By'"distinct} we mean non-equivalent, and by "equivalent"
we mean either equal or differing by a reciprocal lattice vector _(_{).
Little Co-Group The set of elements of F which leave Ei invariant, i.e.

elements R € F such that ch:i = }5’1, forms a subgroup of F called the
little co-group of Ei which we denote by iﬂl&l
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Little Group Suppose that the little co-group E&i consists of b
elements Sl’ 52,...,Sb, which will be some (or possibly all) of the
Rl’ RZ""’Rh in the original expansion of G in equation (12). If we

form

Z{S.lv.}
A e iy

this forms a group, which is a subgroup of G, which we shall call the

little group of Bi and which we shall denote by gfi.

Representation Domain For any space group G there is a representation

domain § of the appropriate Brillouin zone such that

ERE

R
is equal to the whole Brillouin zone.

It should, perhaps, be stressed that, for many space groups, the repre-
sentation domain is larger than the basic domain. The importance of
the representation domain, as distinct from the basic domain, is that
the representation domain is the smallest region of the Brillouin zone
that can be guaranteed to contain at least one vector of every star of
the space group G. In terms of the irreducible representations of G
it means that it is the smallest region of the Brillouin zone which
must be considered if one wishes to enumerate all the irreducible
representations of G, see Davies and Cracknell (1976) ., The need to
consider the representation domain, and not just the basic domain, is
something which is frequently overlooked when discussing the irreducible
representations of space groups.

Although I am not supposed to be discussing physical applications, L
think I should nevertheless briefly indicate why the irreducible represen-
tations of the space groups are extremely important in solid state physics.
The reason is that the transformation properties of the wave functions of
particles, such as electrons, or quasiparticles, such as phonons, in a
crystalline solid are determined by the irreducible representations of the
space group of the solid. Consequently the irreducible representations
of space groups may be used for various purposes including:

(a) the labelling of electronic energy levels, energy bands, etec.,
(b) the labelling of phonon dispersion relations,
(c) the prediction and study of degeneracies in energy bands, phonon

dispersion relations, localised states, etc.
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(d) the simplification of the form of a wave function so that, in
turn, the quantum-mechanical calculation of the eigenvalues for
a given problem may be simplified

(e) the determination of pictorial or qualitative descriptions of the
forms of wave functions, i.e. as "s-like", "p-like", etc.

(£) the study of the thermodynamics of phase transitions

(g) the determination of selection rules governing various processes
involving transitions between quantum-mechanical states in a solid.

It is not part of my remit to consider the details of these applications

and for further details I would refer the reader to an earlier article

of mine (Cracknell 1974). No doubt Prof. Birman will be considering

some of these applications in his talk later in this conference.

6, OUTLINE OF PROCEDURE FOR THE DETERMINATION OF TRREDUCIBLE
REPRESENTATIONS OF SPACE GROUPS.

I shall summarise this procedure in a sequence of numbered steps:

(1) Choose a vector Elfrom ¢, the representation domain of the
Brillouin zone of the space group.
(ii) DeteEmine the little co-group é”lkand thence construct the
little group Qul. (Let b be the order of g'l).
(iii) Determine the star of 51. Or, equivalently write G in terms
of left cosets with respect to 9&1. i.e.
k k k

6= AT |58 + (T, |6 + ouw + {qui{q}g”l (1%
(gb = macroscopic "order"™ of the space group). " K
(iv) Determine an irreducible representation F;l of g~l, whose basis

has the additionalkproperty that its elements are Bloch functions with

wave vector k. F;l is called a small representation of g”l . Let this

basis be

Yo @Y (D), (D).
TR Kyt

(v) Form the vector space V consisting of the linear closure of all
the functions {Tjifj}vgl,i(g) (G =1,2,...q,i = 1,2,...,t). The result
is that the vector space ¥ is irreducible under G and the basis of an
irreducible representation T of G can be taken to consist of the d

functions

(r)

{7 %09 .
Jl“J ki

(with d = qt).
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(vi) Repeat for all irreducible representation of Efl.

(vii) Repeat for one k. from every star in G.

In terms of difficulty of ;lgebraic manipulation, the crucial step is
{iv), the determination of the small representations FEL.

One other point should be made in this connection. It may be felt
that, superficially at least, there seems to be a difference between
this approach and that taken in textbooks on solid state physics.
In the above scheme, it is essentially the induced representations of
the (whole) space group which are being determined. The approach usually
adopted in textbooks of solid state physics is te say that the wave
function of a particle belongs to (one component of a basis of)rgl,
wkich is one of the small representations of the little group
gfl. In practice, for most purposes, in solid state physics it is
alright to think or speak in this way. But there are certain
situations, particularly in connection with the determination of selection
rules, in which one has to be rather careful and should remember that
the wave functions really belong to (induced) representations of the
whole space group G, as a result of what is commonly called Wigner's
theorem. To quote from Bradley and Cracknell (1972), "Our reason
for expressing the theory in terms of induced representations of G,
rather than in terms of representations of little groups g%l is
to expound the mathematical justification for the physical approach that
is commonly used.

In the strict mathematical approach we study the induced
representaton T51 4G. But one can show (see chapter 4 of Bradley
and Cracknell (1972)) that this induced representation has a rather
special structure. Its dimension is qt and it is formed by the "sticking
together" of q representations, one from each member of the star of El’
where each of these representations has the same dimension as F%l and
is very simply related to T%l. In the physical approach one would say
that there was a set of t degenerate eigenfunctions,with eigenvalue
Al’ at 51 belonging to T®1  and that there was a similar set of t
degenerate eigenfunctions (with the same eigenvalue) at each of the
other wave vectors Skl in the star of_hl. Since each of these other
members of the star is likely to be outside ¢ and since one is
usually only interested in the numerical values of the eigenvalues,
which are the same in each representation domain, we only consider the

t eigenfunctions and t-fold degenerate eigenvalues at &L' In the strict
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mathematical sense there is a set of qt eigenfunctions with eigen-—
value Al and there is a set of t of these functions associated with
each wave vector of the star of kl' That is, a representation of G
involves all the wave vectors in the star of 51 and therefore the use
of G involves using the whole Brillouin zone. A small irreducible
representation of 9}1 is associated with only the single wave vector

k., which will be in the representation domain ¢.

1

7. TABLES OF IRREDUCIBLE REPRESENTATIONS OF SPACE GROUPS

The present situation is that, over the time-scale indicated in
TABLE 1, tables of the irreducible representations of all the 230
classical space groups have been compiled and published. This work
began with the work of Bouckaert et al (1936) for three important
symmorphic space groups Pm3m (O;), Fm3m (Oi) and Im3m (0:) and of
Herring (1942) for two of the most important non-symmorphic space groups
¥d3m (O;), the space group of the diamond structure, and P63/mmc (Dﬁh),
the space group of the hexagonal close~packed structure. Tables for all the
the space groups were published during the later 1960's and earlier
1970's (Faddeyev 1964, Kovalev 1965, Miller and Love 1967, Zak et al
1969, Bradley and Cracknell 1972). The tables of Miller and Love
(1967), which have now gone out of print, are being reproduced in the
first volume of our new book on Kronecker product tables (Cracknell
et al 1979).

8. BLACK AND WHITE, OR MAGNETIC, GROUPS

In the original version of this talk, which I prepared at home
last week, I had included a long section concerned with the adaptation
of representation theory for the black and white, or magnetic, groups
when they are used in the physical context of describing the properties
of magnetically ordered crystals. However, time is rumnning short and,
moreover, it would be illogical to discuss this aspect now, before we
have heard the talks on coloured symmetry which are to be given by
other speakers later this week. I shall just briefly indicate what is
involved.

Because of the interpretation of the symmetry operations that
involve the reversal of the direction of a magnetic moment of an atom,

or ion, in a crystal as anti-unitary operations, it becomes necessary to
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define the idea of a corepresentation. This appears to have been done
originally by Wigner, see for instance the English translation of his
classic book on group theory (Wigner 1959); see also chapter 7 of
Bradley and Cracknell (1972). The irreducible corepresentations of
the magnetic point groups and space groups can then be used in the
description of the physical properties of magnetically-ordered
crystals in much the same way that the irreducible representations

of the classical point groups and space groups are used in connection
with the physical properties of ordimary (i.e. non-magnetically-
ordered) crystals {see Section 5 above). Tables of these irreducible
corepresentations are available, for point groups in the book of
Bradley and Cracknell (1972) and for space groups in the book of
Miller and Love (1967). For a description of the derivation of

the "black and white" or "magnetic" or '"Shubnikov" groups, see
Koptsik (1966), Crakcnell (1975).

9. PRODUCTS OF REPRESENTATIONS

I had hoped originally that there would be time to give some details
of the work which has been in progress for the last fifteen years or so in
connection with the reduction of Kronecker products of irreducible repre-
sentations of classical point groups and space groups. However, there
is no time left for this.

I should just like to say that the uses of the reductions of these
products in physical applications are outlined in the article of mine
(Cracknell 1974) which 1 have already mentioned; I am sure some of these
applications will also be discussed later this week by Prof. Birman.

I shall simply point out where tables of these reductions may be found.

The reductions of Kronecker products of the irreducible representations of
the classical point groups will be found in the book of Koster et al (1963).
Tables for the space groups will be found in our own new tables which
should be published within the next few weeks (we have already checked

the proofs) (Davies and Cracknell 1979, Cracknell and Davies 1979).

10. GENERALISED SYMMETRY GROUPS

I am sure that later in this conference there will be some substantial
discussions of generalised symmetry groups and I do not wish to anticipate

that. I shall simply say that, whereas the last twenty years have seen an
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enormous amount of work devoted to the definition, identification,

and classification of generalised symmetry groups, the work on the
application of representation theory and the determination of representa-—
tions of these groups is only in its infancy. Here surely is a field of
activity that will prove to be rich in providing problems for people to

work on in the next few years.

11. CONCLUSION

There is not a great deal to say by way of conclusion. I would simply
refer again to TABLE 1 and say that in that table T have tried to summa-
rise, in historical terms, the status of representation theory and its
developments, in respect of the various important sets of crystallographic
groups. Clarification of the relation between the theory of space
group representations, as presented in this paper, and Clifford (1937)
theory will be found in the paper presented at this conference by

Dr. Backhouse.
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