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A mathematical note on Koptsik's definition of

imperfect crystals
by Andreas W.M. Dress, Bielefeld

In the following note I would like to give a formal mathematical definition of
generalized wreath products and ,then to apply this concept towards the problem of
how to define imperfect crystals and their symmetry groups,-both according to what
I learned from Koptsik.

§ 1 Generalized wreath products.

Let G and H be groups with neutral elements ]G and ]H’ such that G acts
on H by automorphisms, i.e. there exists a map
i GxH— H :(g,h) — %h

such that for 858128y € G; h]’hz’h €H

1

@ B(hyhy) = Bn -®n,, (182, - gl<g2h>, %h = .

Let A be a G-set, i.e. a set A together with a map
3 GxA— A :(g,a)r—>ga,

such that for g1>8y €EG, a€A
(4) (gy8p)a = gy(gpa) » l;0a = a.

Let B be a H-set on which G acts compatible with its action on H, i.e. a
set B together with two maps
(5) HXB— B :(hb) > heb; G x B— B :(g,b) — 5b

such that for hl,h h € H; 8128598 €G, bEB

%8 218 1
sby msy, SATENY - '( zb), C = b, B(heb) = Bhefb

27

6

(hyhy)+b = hy+(hyeb), 1,

In this situation we want to define a generalized wreath product H fc-= HA>q G
of H and G with respect to A together with a natural action of thig group on
the cartesian product A x B and the function space BA of all maps from A
into B.

We do not exclude the case, in which G acts trivially on H and B8, in which

case our definitions reduce to that of ordinary wreath products.

At first we define the group HA of all maps f : A— H from A intec H

£, & HA, a €A -

with multiplication defined as usual argument wise, i.e. - with £,f,

by
)] (Fy+f5) (@) = £ ,(a) - ,(a).

G acts on HA in a natural way by automorphisms: for g € G, f € HA and a € A
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we put
(8) &) (a) = (g 'a).

A
Then we have for g],gz,gEG; f,f'.f2 €'H

A g (8 1
(9) 192¢ 1( Zf), e -f, Bz, = B %8,

since for all a € A:

(10) (gl(ng)) (a = g‘((ng) cg]‘a>) - g'(ng(g;‘g;‘a))

(g,8,) 1
= ( i f) (s ( Gf) (a) = £(a)

and
an (gfl . gfz) (a) = (gfl) (a) (gfz)(a) = 8 (g7 'a) » Br (e 'a)

- g(f](g"a) . fz(g"a)) - g((f]-f2>(g"a>) - (g(fl-f2>) (a) .

Thus we can define the semi-direct product HA>4 G of HA and G, consisting

of all pairs (f,g) with f € HA and g € G, and the multiplication, defined for
A
(f],gl).(fzsgz) €H 1G by

g
1
(12) (fl,g]) p (f2=52) = (f] T 8182)-
We also write H | C instead of H 3 G.
A
The group HA, identified with the set H* x ]G of pairs (E,IG), is normal in
H I G and its factorgroup is canonically isomorphic to G. In Y the group

A
(HA)const of all constant maps A —> H, being identifiable with H, is G-invariant,

(though not necessarily normal in HA), thus H { G contains the semi-direct prod-
uct H>1G in a canonical way as a subgroup. Further interesting G-invariant sub-
groups of B are for infinite A the subgroup (HA)fin of all maps f : A-—H

. = o A
with £(a) lH for all but finitely many a € A and the group (H )alm.const of

all almost constant maps f : A -— H, i.e. all maps f, for which there exists
h € H with f(a) = h for all but finitely many a € A. Obviously

A ik T S
a3) ) = ahy, - e i

alm.const. const

Moreover, if A possesses the structure of a topological space and each g € G
A

T (or (K )comp) of all maps £ : A+ H

with f(a) = lH for all a € A except for a in some discrete (or compact) sub-

set A' © A, is a G-invariant subgroup of HA, which will be of some importance later

acts continuously on A, the group (HA)

on.
Finally, for any G-invariant subgroup H' < H the group wA of all maps

A — H' 1is a G-invariant subgroup of HA and so are (H'A) = H'A n (HA)

const !

const
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WA A
(E') (H )fin. “h (H ) and

RS 3 A
alm.const BYA (6T fin ?

=u?n @

For all these G-invariant subgroups V < HA we can form the semi-direct product

alm.const.

A
t
(M disc.

)disc.
VY16 as a subgroup of H | G. In particular, H] fe<u[G for any G-invariant
5 =

subgroup H]i" of H. A A

Now let us define and study the action of HJ G on A x B and on 8%, For
. A

(f,g) € 16 =H J G and (a,b) € A x B we put
A

(14) (f,8) * (a,b) = (ga,f(ga)+ 5b).
Obviously lyrg * (a,b) = (a,b) and for (f},8)),(f,.8,) €H {5

A & &
(15) (f],g])((fz,gz)(a,b)) - (e pe(aa 5500 + Zb)

8y &y
88,3, f,(g,8,3) ° (fz(gza) . b)) =
8] -1 818y
= lg8,2,f,(g,8,2)" (fz(gl » g,g2a)) - b) =

g 8.8
(g gza,f (g,8,3) * ( Ifz) (g,gza) G Zb) =

=1f" 2'5132) + (a,b) = ((fl,g,) = (fz,gz)) (a,b),

so (14) defines indeed an action of H [ G on A x B. This implies an action of
A
H I G on BA, considered as a subset of P(A x B), the set of subsets of A x B.
Mure precisely, for F : A — B an element in BA fsg) €H I G and a € A we
put i
8 8 il
(16) F:A—B:arr °F(g a)),

defining an action of G on BA, and get
an ((5.0)F) @ =£@ « B@E'a) = £@ + D (@).
Our first result is

Theorem l: If H acts transitively on B, then HAi H [ G acts transitively

on BA. If H acts fixed point free on B (i.e. if heb = b A for some h € H and

some b € B implies h = ]H), then HAi H £ G acts fixed point free on BA.

Proof: If F, F'E€ BA and H acts transitively on B, we may choose for
a€ A an element f(a) € H with f(a) « F(a) = F'(a) and thus (f,]G) «+ F=F"'

If H acts fixed point free on B and (f,]G) « F =F, then f(a)+ F(a) = F(a)
A i i = =
for all a € implies f(a) lH for all a € A and thus (E,IG) IHIG &
A
Corollary 1: If H acts regularly on B (i.e. if H acts transitively and

fixed point free on B), then HA acts regularly on BA.



For any F € B2 let (HJ’G)F = {(f,g) € H[G | (f,g) = F = F} be the (full)
A A

"symmetry group" of F. Since (H[G) = (g,f) (HIG)F . (g,f)_] , all symme-
A (g,£)F A
try groups are conjugate in HfG , if H acts transitively on B. Thus, it seems
A
more appropriate to classify elements F, F',... € BA with respect to the action of

G, say, considered as a subgroup of H[G, or some other significant subgroup.

Concerning the structure of (HIG)F, we have
A

Corollary 2: If H acts transitively/fixed point free/regularly on B and if
F E BA, then the canonical map HfG — G :(f,g) — g maps the symmetry group (HIG)F
A A

of F surjectively/injectively/bijectively into G.

Proof: The kernel of (H[G), — G :(f,g) — g consists of all f € H' with
A
(f,]G) « F=F and, thus, is trivial, if H acts fixed point free on B. If H
acts transitively on B, we can find for each g € G some f € HA with

(1 A,g) < F = (E,IG) + F; so we have for any g € G some f € WY with

(f—],g) € (HIG)F , and since this element (f_l,g) € (ch)F will be mapped onto g,
we see, that the transitivity of the action of H on B implies surjectivity of
(H,[c)F — G.

A

§ 2 Imperfect crystals

Now let A be the 3-dimensional euclidean space Es and let G be the group
o( EB) of all isometries of E3. Thus 0( Ea) contains the subgroup 0+(}E3) of
index 2 of all proper (orientatilon preser§ing) isometries of E3 and the trans-—
lational subgroup T < 0+( Ea), consisting of all translations of Ea. Obviously
TR, o Ea)/T 05(R), the 3-dimensional orthogonal group, and
o( m )T x10 (R) = m3 = 0( R ), the semi- dlrect product of m3 and O m3),
taken with respect to the matural action of O R ) on B . We write det(g) =

if g € O ( E ) and det g = -1 otherwise.

For the choice of B and H we discuss several possibilities: we may either

choose B = BD as just a finite set, consisting of various symbols xo,Xl,...,Xn

for chemical substances, particularly chemical elements, but including one symbol,

say Xo’ for the "empty substance", and H = Hu as the group I of all permuta-

B

tions of Bo’ with G acting trivially on B and H , OF we mag chocse B = B]

. . - - + o -
as a finite set,consisting of symbols X X . Xk Xk+| xk+l,...,xn,xn for chemical
substances, some of which (more precisely, the last n - k of which) come with a

pregiven orientation + or - in our three-space, and we may choose H = H, to consist

1

: + - + - n

of all permutations m of Xo""’Xk’xk+]’xk+]""’xn’xn which permute the XO,...,Xk
+ - + oy= i

among themselves and the xk+],xk+1,...,xn,xn in such a way, that

W(XE) = X? L H(XIE) = X}“ (i,j = k+l,...,n; €,n € {+, -}), with G acting
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i-detg for i = k+l,...,n;

trivially on H, and on [Xo""’xk}' but gXi =X
c€ly, -}, g €6 =0(ED.

Finally we may choose B = B, to consist of, say, BD x 82 (or By % 82 or
* e + - 2 i 2 3 .

{xo,..,,xk} U {Xk+]’xk+]""’xe’xe} U {Xeﬂ""’xn} x %) with 5% c[R’ the unit

sphere in =’R3, - so any element in By consists = essentially - of a chemical sub-

stance X, together with a pregiven direction in E3 -, and we may put

HZ = HD x 0( IR3) (or H] x 0( Ra) or ...), acting on Bo X S2 component wise, with

2

G acting on 1-12 = H0 x 0 ﬁR3) and B = BO x 8 via the homomorphism

6 =0( lEB) — 0( R3) and the latter group's natural action on the second component,
i.e. either by conjugation or the standard action of 0O IR3) on 52.

IE 3

3
Tn any case we get a natural actiom of H | o( !Ea) on B

. Now let V < H‘2
be G-invariant, e.g. one of the groups discus%ed above. The central definition of

an imperfect crystal is now the following:

3
Definition 1: Using the above notations we define an element F € E to be
an imperfect crystal structure relative to V < HE”, if the canonical map H :g G— G
maps (V>4 G)F onto a crystallographic subgroup U of G, i.e. a discrete

subgroup with a compact quotient space.

To define equivalence of such imperfect crystal structures we imbed G = O( E3)
into the group G] = A( IE3) of affine transformations of IEB, which acts on all
H's and B's in a natural and compatible way. Thus we can form H g G] and con-
| itself, idenfificd wich
1 g Gl' or VXG inlE case V is mot only G-, but also G, -~ invariant. With

1 1
t[ﬁese notations we have

sider subgroups W < H £ G] of this group, e.g. G

E
Definition 2: Two imperfect crystal structures FI’FZ EB 2 are W-equivalent,
it there exists some element w € W with w(V>a G)F wl= (V> G)F =
1

Let us discuss some special cases:
In case V = {1}, the trivial group, we get the usual perfect crystal structures.

3
=3 = = @mF
In case B Bo {Xn’xl’XZ} and V = (H )const

the subgroup of order 2, consisting of the identity and the permutation,

with H' < H =& the
-0 B

permuting X1 and X2 and fixing Xo, we get - essentially - the well known
Shubnikov-groups.

3
Incase B=B8 ={X,X ,...,X} and V = H.E with H' < H =1 consisting
o o2 | T = g B

of some (or all) permutations fixing X » we get, at least, those imper?ect crystals,
whose underlying geometric crystal structure is perfect, i.e. the crystal structure,
we get by neglecting the difference between the various substances X],...,Xrl and
taking into account only their position in three space.

3

In case B =B = {X X} and V=(HE3) or V=(HIE) we get
a o’ " n o “fin o “comp Ee

those crystal structures which differ from being perfect only at a finite or a
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3
compact set of places, whereas in case V = (H§ )disc we may get crystal structures
of the following kind: at first we define an underlying perfect crystal structure

F : ES Ed Bo’ such that for any % € Bo the preimage F-l(xi) is either empty

or non-discrete and then we disturb F a little by changing its values at a

discrete set of places.
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