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1. THE EQUATIONS OF ION TRANSPORT

In these notes, we shull be concerned with giving a fairly simple-
minded, yet rigorous description of the way in which condensed regions
containing mobile charge carriers respond under the influence of applied
electric fields or electrochemical gradients. Such consideraticons are
important in the description of the current-voltuge characteristics of
electrochemical devices, such as batteries, or of the electrochemical
behaviour of resting or excited nerve and muscle cel!st Those aspects in
vhich we shall be chiefly interested are in estimating the coupling of the
various ionic densities and fluxes to the electric field, and where possible,
evuluating them, and in estimating the manner in which neighbouring ionic
media influence each other. Our interest will centre mainly on steady state

processes, but we shall also look briefly at transient effects.

A typical system we shall study is shown in figure 1.1, which will aloo
serve to introduce some of the symbols used in the description of the theory.
Two semi-infinite media, occupying -» <y, 2 < @, and x > /2, x < -%/2
respectively, contain N species of ions. These are separated by the membrane
in -2/2 < x < 2/2 which is permesble to some or all of the ions. The average
densities (in particles cm %) of ions in the right hand region x > 2/2 are

~t g ~+ i . . .
respectively Pys Pos woes Py- The situation where cne or more species is absent

~4 ~— ~e
is handled by setting pi = 0. Similarly, we define pi, ey DN in x < -%/2.

If the membrane is permeable, and, say SZ # ;;, the system is not at
equilibrium and the possibility of using the system as a concentration cell
exists. 1In fact much of the worlds available energy is stored in salinity
gradients in the ocean. The two regions may also be at different temperatures

but we shall not consider this case.
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Figure 1.1. Showing & permeable membrane separating two ionic media.

The symbols are explained in the text.

If jons are moving from one side to the other, we can expect a space
charge to build up in the vicinity of the membrane and decaying as we move
away from it. This will manifest itself as an asymmetric distribution of

> - -
ions Di(X, t), or more generally pi(r, t), and an electric field ﬁ(x, t)
or ﬁ(?, t) when the geometry does not have the symmetry of figure 1.1,
but perhaps that shown in figure 1.2, where a cylindrical structure typical
of a nerve cell is shown. The possiblility of transient states is introduced

by the time dependence of pi’ £ ana a;.
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Figure 1.2. Cylindrical geometry. The interior of the cylinder corresponds
1o the region x < -2/2 in figure 1.1.

If the membrane is permeable to some of the ions, we can expect the
space chargeto extend there. In attempting to relate the space charges in

the various media, we will see a key role played by the dielectric constant

clx) = ¢ x > 8/2

e -2/2 < x < L/2

€ x< =R/2

The movements of the ions we shall describe by Tluxes gi(;’ t),
defined as the number of particles crossing unit surface area at the
L o . - >, &+
point r, at time t. The quantities pi(r, t), E(r, t) and aj(r, t) for

various types of arrangement, will for our purposes, describe the system.

We shall commence by deriving certain connections between these
quantities based on conservation of matter and the laws of electromagnetic

theory. We begin with the equation of continuity.
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Consider any volume V¥ (simply connected) with outward normal —1':

enclosed by a surface S. The total number of ions of type i in V is

ns = [ 0, G vav (1.1)
v

The number of particles crossing S per unit time is

J 2T, t)n as (1.2)
a4
5
and is hence the number of particles leaving the system per unit time.
an, (t)
This is - ~3L and s0
=5
3, (r,t) s o
e dav + a,'n ds =0 {1.3)
t i
v S5
or, applying Gauss' theorem,
s
ap, (r,t) 5 s
J {—=—+ V-a.(r, t)lav = 0. (1.4)
v 3t i

This must hold for all volumes V, and so we conclude that

api(ri,t)

et 3-Ei(r, ) = 0. (1.5)

This is the equation of continuity, and holds at each point.“ for any of

the N species of ion.

If the particles are charged, each is characterized by a valence Zss
so that the charge on a particle of type i is Z,4, g being the protenic
charge. The z are integers. The total charge density at (;, t) is

-> N >
AT, t) =q ] z,p.(F, t) (1.6)
g2l & *

which is related to the electric field E(r, t) by Poisson's equation

* V must lie wholly within a region.

B Except for points on the phase boundaries.
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VeB(r, t) = 4ma(T, t)/e (L)

(kmq/e) X Zipi(;’ ). (1.7a)

We should note that ion fluxes and hence currents produce also a magnetic
field ﬁ(;, t). Magnetic effects are assumed negligibly small. Equations
(1.5) and (1.7a) are all the equations we can get without resorting to

model building, with we are now forced to do.

Thus far, our apprcach has been a continuum one and we shall endeavour
to proceed in this manner. We shall first consider a little more fully the
time dependence of our eguations, and restrict ourselves to changes which
may take place over times very long compared with molecular relaxation times,
typically 10"12gec. Thus for example, the nerve action potential occurs over
about 10_3 sec, which is much longer. With this restriction, we assume that
our systems are in local thermodynamic equilibrium, to the extent that we
can ascribe meaningful local thermodynamic functions at time t. Thus, we
could speak of a local electrochemical potential ui(;, t), meaningful in

3 . > b d .
a small, macroscopic region ér about r, at a time t.

Qur next, and more serious problem arises when we come to discuss the
"small macroscopic region &, To speak of local thermodynamic properties
6% must have two properties. Firstly, it must be large enough to contain a
sufficient number of particles for thermodynamics to be meaningful. Experience
with computer simulations would indicate that 1000 particles can be ascribed to
a thermodynamic significance. Secondly, 6% should be small enough so that our
fields B(¥, t) and densities 3&(;, t) do not vary significantly over its
extent. We shall see that in many situations, these two conditions cannot
be simultaneously satisfied and that a more molecular theory is appropriate.

Unfortunately such a molecular theory does not exist.
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Ignoring these difficulties, let us proceed, and split up our systems
into small regions where local thermodynamic functions can be defined on a
suitably long time scale. We define a local electrochemical potential

function ui(?, t) in the Tollowing way.
> 0 -+
ui(r, t) = ui(p, T) + kT 2n Zi + ziqw(r, %) (1.8)

where ug(p, T} is a function of pressure and temperature, Zi is the local

activity of speciles i, Q(F, t) is the local electrostatic potential so that
B(F, t) = - $o(¥, t) (1.9)

We shall assume that the hydrodynamic characteristics of the system are

such that p, T are constants.

To proceed further, we require some information sbout the dependence of
the activity Zi on the local densities pi(?, t). In all applications of the
theory, it is assumed that the system is sufficiently dilute that Zi may be
approximated by pi(?, t). The errors introduced by this are uncertain, but
clearly may be expected to be larger in more concentrated systems. Let us

therefore rewrite eq. (1.8) as

b (Fy 1) = wllp, 1)+ xam oy (F, ) + 2,00(F, t) (1.20)

The watchful reader will note the difficulty of taking the logarithm of the
dimensioned quantity Pyt this term should include a constant with dimensions

length3 which will disappear upon differentiation.

As ui(;, t) = constant implies equilibrium, and hence zero fluxes, one
now assumes that the fluxes may be determined by the gradients of ui(;, T

In linear theory, we write
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ai(r, t) = - pi(r, t)gi-vui(r, t) (1.11)

where w, is the mobility tensor. If the regions are locally homogeneous

and isotropic eq. (1.11) takes a much simpler form
- > -
ai(r, t) = .- pi(r, t)inui(r, t) (1.12})

vwhere w, is the mobility. Substituting (1.10) into (1.12) yields
-
a, (r,t)

o T V. (F, t) - (z,0/kThp, (¥, 0)E(F, ). (1.13)

Eq. (1.13) is the generalization to charged systems of Fick's law of diffusion.
Egs. (1.5), (1.7a) and {1.13) can be regarded as (2N + 1) differentisl equations
for the (2N + 1) unknown functions Zi(r, £ pi(?, t) and B(¥, t) and form

what is known as the Nernst-Planck equations. As the name implies, they

have been known for a long time.

It is possible to reduce these equations to a somewhat more tractable foru
in & few less general cases. Most of these are one dimensional problems
(i.e. involving symmetry in tve the space variables) and most are restricted

to steady states of the system.

In our study of these equations we shall find that, in addition to the

N
function Q(F, t) = q | zipi(?, t), the function
i=1
DT, t) =} 0, (¥, t) (1.14)

also plays a significant role in simplifying the equations. We shall also
see that restricting curselves to univalent electrolytes, and also to
electrolytes containing two types of ions also leads to equations which

are more tractable than the full set of Nernst Planck equations.



Our first equation is got by dividing (1.5) by wikT, adding over i

and using (1.13), (1.7) and (1.1%) where necessary. We find

! 1 api 3
L = 92p - & vu.(Pv.
b sarae = VB = g S (1.15)
i=1 i
w_ kT
Similarly, dividing (1.5) by , ond summing over i in the same way, ve
i
have
N z; ap ﬁ
_ 2
i£1 T T S (h— vv-d) - 1 Y (1.16)

If we restrict ourselves to a two-component system, egqs (1.15) and (1.16)

become
- 2] 5 1
(zy - z,) €(m2kT = mik‘l') Bt (h'nq)(ml KT ~ wkT
= 72D - = k'I‘ 7+ (Ey.E) (1.17)
= 1 3E
(z) - 2,) {(kaT mlkT)zle 3t (Tq) (m KT~ wzx'r A v
(z +z )
= P2 - (@) —E 20k

mq

& zleD]} (1.18)

Equation (1.17) and (1.18) are two partial differential equations for two
unknown functions f and D. A solution of them does not seem feasible, but
we shall nevertheless, learn some things from them, when we tidy them up in

the next section.

In many situations, such as theanalysis of the resting potential in
membranes, voltage clamp experiments or the steady performance of batteries

and concentration cells, we need to study the time independent and steady
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state versions of these equations. Such a study is in any case, a prerequisite
to a consideration of equations like (1.17) and (1,18). A further
simplification occurs when we consider systems containing only univalent

ions, i.e. when all zi = *1. Equation (1.17) becomes

V2D - l”fm v-(Fv.E) = 0 (1.19)
and (1.16) yields
v {pEs TF-E) - (EiED) = o (1.20)

We shall see that, for various geometrical arrangements, these equations

can in meny cases, be solved.
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2. NON-DIMENSIONAL FORMS OF THE NERNST-PLANCK EQUATIONS

In many situetions in Physies, it is valuable to identify suitable
dimensionless parameters in the equations. For example, the guantity
(%) is a dimensionless measure of the electrostatic potential. We begin
by identifying a typical density DO in the system. This might be the
average D(0) of the initial density over the region under consideration,
or the value D(ﬁ, 0) at a reference point at t = 0, which point we may

conveniently label to be the origin. We define

AT, t) = B(T’;J-t-—)- (2.1)
0

ir (ﬁ%ﬂ is dimensionless, the guantity
-+ B
3 =45

(r, t) X7 (2.2)

has the dimensions of inverse length. Replacing D and ﬁ in equations (1.17)

and (1.18) by A and 8, we find

2z Z
| 2 .37 ekl v 1 1 . 38
{2y - 2,) {(mikT - mQRT)Bt * (hﬂquu)(wlkT msz)v 2t)
= uZ A _ ekT . :
Ve A HEZD_U v (-0.-V 3) (2.3)
and
2fon ! 28 ekT %1 %y 8
(zg - z,) {(kaT = wlkT)zlz? 3t (hﬂqzbo)(mlkT - wsz) at

kT kT > >
= V'{(H-EQB-D")V(V'_G*) - va)(]w—;zg)(zl + 22)V°9

- z,2,4} (2.4)
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It is comforting to note the appearance of the Debye parameter

2
_ kg’ D,

2
R (2.5)

which has dimensions of inverse length squared. Thus K 292, denoted by

Vé is a dimensionless operator, whereas
-l

ds =k 9 (2.6)

is a true dimensionless electric field. With these definitions, eqs (2.3)

and (2.4) simplify further to
z z
-1 1 2 oA | 1

(z - 2,) ((szikT = szsz) at (WzmlkT - rczusz)VE' g_%]

=v2A-v-(c§>v-(ﬁ>) (2.7)
£ £
-1 1 1 3n ! 2g
(z; - 2,) “K2w2kT - szlk'r)z1z2 o (?"JIFI" - x?wgk'r)vf,' it
b

=TT B) - (2 +2) BB ) - 230
(2.8)

We see immediately how useful this analysis has been, because the variable

s = Kz(m1u2);§ KT t (2.9)

is a dimensionless measure of the time. As all the spatially varying quantities

in our equations turn out to have a magnitude of 1, our dimensionless analysis

predicts that the system will respond to external perturbation with a

characteristic time

tp ~ (k20w ))% xm)™, (2.10)
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Values of tR for ions in water at warious ionic strengths are shown in the

table below, taking (wleé KT = 107° em.? see”!

Concentration & tr
(m.2™1) (em™?) (sec”™h)
D51 10" 107°
0.001 sig™ 107
1n‘5 10t ol
1077 10° 167%

Table. Showing the relaxation time of an ioniec gystem as a function of

ionic concentration.

We shall presently estimate the Debye purameter in a nerve membrane as about
108 cm_z, 50 that a value of 107 sec for the relaxation time for the action

potential is quite encouraging.

The dimensionless steady state equations for univalent systems are

much more compact and have the form
e
VEA-V-(@V-®)=O (2.11)

V0@ B) - e®) = 0. (2.12)
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3. SOLUTIONS FOR SMALL ELECTRIC FIELDS.

In this section, we study state Nernst Planck equations when the
dimensionless electric field QD is small. We shall find, for fields with
planar, cylindrical and spherical symmetry, that the equations become linear

under this approximation.

These solutions are not without physical interest. 1In the study of
ion fluxes across biological membranes, we shall see that the fields in the

surrounding aqueous media are described quite well by the linearized equations.

These equations have a certain intrinsic interest as they admit the
possibility of both monotonic and oscillatory solutions. The oscillatory
solutions are in fact precluded because of the requirement that the density of
ions remain positive. One of the equations is well known, the cther two are
not. In the case of vanishingly small fluxes, we recover the familiar

Debye-Hiickel results.

In one dimensional flows, with an axis or centre of symmetry, the
>
dimensionless field C) has only a single non-zero component. For the

planar case, we denote
E=Kkx . (3.1)

Instead of working with eq. (2.11), we return to eq. {1.13) and the
continuity equation (1.5). For steady states in one dimension

dai

'T= 0 (3.2)

so that a, are constants. Eq. {1.13) then becomes
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a,
Ee—— Y
i kD _w, kT
i

-

dAi
~m - %45 BE

vhere &, = Di/D(O). Summing (3.3) over i yields, upon integration

ME) - % @2(E) =y - at

vith

If the dimensionless field 2 < < 1, eg. (3.L4) becomes

A(E) = vy - ag

(3.3)

(3.4)

(3.5)

(3.6)

approximately. Multiplying egs. (3.3) by Zs and summing, for the case

z, = %1, we find

i

Using eq. (3.6) to eliminate A from eq. (3.7), we find that

2
d—dg@--(v—ug)@) = -8

—XZ.UA.
b I

(3.7)

(3.8)



-52 -

As remarked earlier, the solutions of (3.8) may be either monotonic
or oscillatory, depending on whether y - af 1is either positive or negative.
However, we see from (3.6) that A(£) must be positive and hence so must we

have

Y -af>0. (3.9)

Eq. (3.8) can be readily transformed to the standard form of Airy's equation,

by setting

= u_2/3(7 - ak) (3.10)

so that (3.10) becomes

2
LQ @ --w?/r. (3.11)

The properties of the solutions of (3.11) are discussed in aprendix 3A. In

the case of zero fluxes, (3.8) becomes
2@ ”
e ® =0 (3.12)

which is the well known Debye-Hﬁckel equation of equilibrium.

At this stage it is instructive to study the dimensionless flux

a.
B i
1 kD w. kT

07i
We consider first an aqueous electrochemical system at various current
densities and ionic concentrations, shown in table 3.1. We see that Ai

can be very large or very small, depending on conditions prevailing in

the media.
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Current density
m.2 103 102 10
0.1 AR 107" 1075
-2
10 0.032 0.0032 0.00032
o 1 0.1 0.01
w0 32 3.2 0.32
167° 1000 100 10.
-6
10 3.2x10% 3.2.103 320

Table 3.1. Values of A.

A second example is provided by ions moving withing a biological
membrane. The solubility of iong in lipid phases is very low, as the
partition co-efficient of an ion between agueous and lipid phases is about

1075,

Table 3.2 shows similar data for this system and we can see that A
is quite large, even for very low current densities. These examples show
that the approximation of the Nernst-Planck equations even for this simplest

of systems is a matter of some complexity.

1A 10"
c
0.1 3.6 0.36
0.001 100 10.0

Table 3,1. Values of parameters Ai typical for membranes as a

function of external eletrolyte and current density.
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For ions moving in a region with cylindrical symmetry, along the radial
direction say, the steady state equation is rather different. From the

equation of continuity, we find for the radial flux

= mi/r (3.13)

1

where mi is a constant. Eq. (1.19) then yields, neglecting smell terms

A=-alogk+ vy (3.1k4)
where
a = g (3.15)
421 DouikT

with £ = kr the dimensionless radius. Egq. (3.14) is the first sign of
trouble, because of the singular term - o log E£. Physically, this has a
simple explanation, as & region with cylindrical symmetry cannot be in a
steady state, with non-zero fluxes. This is because the interior is finite
and hence non zero fluxes imply that the densitites there change with time,

hence violating the assumption of steady state. From eq. (1.20) we obtain

agg 1 - @ 4y -alog k) =- plE (3.16)

with

(3.17)

The linear equation (3.16) is not one of the standard forms. Its

asymptotic form is analysed in appendix 3B. For ions moving in a region
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of spherical symmetry, we have, for *»+ radial flux

a = mi/r2 . (3.18)

Eq. (1.19) then becomes

A=-alE+yY (3.19)

and we see again the problem of the singularity at the origin introduced
by quasi-steady states in a finite region. The parameter a is again defined

by (3.15), with m, constant. From eq. (1.20) we obtain
a2 24@ 2) = 2
€0 29D @y -a v 282 = - b (3.20)

with 8 given by (3.17). The origin is now a regular singular point of the

differential equation, which it is not for the cylindrical case.

If we solve this by the method of Frobenius, setting

o
®=t"7a £° (3.21)
n
0
we find that the roots of the indicial equation are ¢ = -2 and o = 1.

Thus eq. (3.20), with the inhomogeneous term absent, has a solution analytic

near £ = 0. In appendix 3C, we list the principal features of the solutions

of eq. (3.20).

We thus conclude this section by noting that the small field equations
may be solved in all geometries of interest. 1In all cases, these equations
have singularities which result from the fact that a finite region cannot

be in a steady state unless a source or sink is present.
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APPENDIX 3A. SOLUTIONS OF THE INHOMOGENEOUS ATRY EQUATION (3.11).

Equations (3.11) is the standard form of Airy's equation, and has

2,3
been much discussed .

We consider first the homogeneous equation

2
%;; -vw=0. (3a.1)

The solutions of this for complex v are discussed on pages LL6 et seq. of
Abramowitz and Stegun? For our purposes, it suffices to study the case
when v is real: the two linearly independent solutions, denoted

Ai(v), Bi(v) are shown below

Bi(x)
0.6
0.L]
0.2 Ai(x)
2 ﬂ 6 *

Fi e 3A.1: Airy functions for positive argument.

For negative v, Ai(v), Bi(v) are oscillatory, but we do not study this

case here. We have 1im Ai(v) = 0 while lim Bi(v) does not exist. Thus
Vo 3y T

Ai(v), Bi(v) resemble the functions e~ respectively. They may be

conveniently computed from their series representation for small v, and

their asymptotic form for large v. We now study the solution of (3A.1)

and (3.11) for the case a < < 1, with @ (0) =0, @'(0) = e. The

formal solution with these initial conditions is
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® () = ﬂea—lls[Ai(v)Bi(f:) - Bi(v)ailvy)] (3a.2)

where

-2
= g /3

0 is the value of v at E =0 .

Now, as a + 0
273
g Pl o (3A.3)

We may then approximate (3A.2) using the asymptotic expansions for

Ai(v), Bi(v). We have, for v » =

3/2
ailv) ~ (i/_w*/“e'”a" (1 - —2) (34.}a)

2¥m h8v3/2

3/2

Bi(v) ~ -l-v-l/qe+2/3 ¥ gy 3 +__) o (3a.4v)

¥ ths/z

Using these, we may readily show that

@(E)”%Eeg—e_€]=ssinh5 (34.5)

vhich is the well known result of Debye and Huckel. It is left as an exercise

to find the first order corrections.

We need now to find the solutions to the irhomogeneous problem (3.11),

viz.

®ll —‘V@ o BU-2/3 .
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Using the method of variation of parameters, we can show that

@ (v) = nsa-l/s{Ai(v)Bi(vo) - Ai(vo)Bi(v)}

_T.203 (% . .
+ BT @ [Ai(v)Bi(t) - Bi(v)ai(t)lat (34.6)
Yo
The solution (3A.6) is of some complexity, but shows that @9(5} may be
calculated under these circumstance in terms of known functions. It is

left as an exercise to study the asymptotic form of the solution 3A.6.
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APPENDIX 3B: ASYMPTOTIC SOLUTIONS OF THE CYLINDRICAL EQUATION (3.16).

Again we study the homogenecus differential equation
@" + E_l®' = @ (v - @ logt + £°2) =0 (3B.1)
We set

YZ

®
@ =Y'z+2'Y

@ ="z + 2y'z' + yg"
and choose Z s0 the co-efficient of Y' is zero, i.e.

dz -1
2dg+g Z=0

g g HE (38.2)

Then (3B.1) becomes

n
(=}

Y" - Y(y - o log&+ % 5-2) (3B.3)

which for small o is a slowly varying function of &, provided £ = 0, The
3
method of Wentzel Kramers and Brouillin (W.K.B.) may then be used to

obtain epproximate solutions to eq. (3B.3). We first define
1/2
n=|al /2 (3B.4)

so that
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%;%—- Y(v[u|-1 - sgn o log n + % sgn a log]ai + % n2) =0
whence, for n > 1 and |a| + 0 is of the form
" - YX(n) =0
with
X(n) = 1|al_1 + %-sgn(a)log|u| - sgn(a) log n + %-n“z +®as a + 0,
Let us choose o > 0, so that
X(n) = [ya™! + %103 a - log n + % n2] .
Then
¥ - X(nk =0 (3B.5)
has solutions for large X(n) which behave asymptotically as
n
Y = T el [ ox)1 o) (38.6)
Setting
r2 = Yu.-l + % log a (3B.7)

we see that, for r2sso0
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x(n) /=12 - 10g n + ;37 171/ (38.8)
1/2[1+W(1ogn-ﬁ%)+ o (3B.9)
Ve, %_ r—s/z(log _— h_?) 5 0{1"5/2
1/2

Xm)' " =11 - 5%7 (log n - 13; n2) + o(r7%))

JX(n)i/zdn ~TIn - % r"Yn log n -n+ % n) + o(r-1)

so that
v,(n) ~ 7% 4 3 7% (10g n - rg)}exp(*n(r + 2 17)xn 70/2 (35 1)
We should also study the case T2 > > 0 with n + » so that
log n < I'2 = log n, - (3B.11)

In this situation, we may neglect the n-z term and study
r2 - log n = - log n/n, .
Setting
t=mn5-n

r2 - log n - o(n2) .
Ny 0
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Then, the equation is

a2y & . _
;gr-noY—O (3B.12)

which may be analysed in terms of Airy functions if required.
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APPENDIX 3C: SOLUTIONS OF THE SPHERICAL LINEARIZED NERNST-PLANCK EQUATION.

Eguation (3.20) is

2
%@—+§-%@*- ® (v - o/t + 2/82) = = gfe? . (3¢.1)

This is a standard linear second order equation for which £ = 0 is a
regular singular point. We consider the homogeneous equation with B = 0,

and look for solutions of the form
®-¢ I ce® (3c.2)
to the equation rewritten as
EP®"+2k@' - @(ye2 -ag +2) =0 . (3¢.3)

We have, following the standard method

Je,{lo+no+n-1
n=0

) }U+n ,U"‘I‘l

+ 2(o + n)

- ¢ {x

n=0

o+n+e o+nt+l
i }

£ =0 . (3c.4)

— + ¢
Equating the co-efficients of 60, Ec 1, «ve to zero we find that

cplo? + o -2) =0 (3¢.5)

so that ¢ = 1 or -2. Studying the case ¢ = 1, we find

ucu

¢ = - e (3c.6)



where
F(1 +n) =n(n+s) (36.7)
and, for n 2 2, the recurrence relation
e, = (ch_2 - ucn_l)/F(l +n). (3c.8)

The solution corresponding to ¢ = 1 may thus be built up from (3C.6 - 3C.8).

Any attempt to construct the series corresponding to o = -2 fails as

the two zeros of the indicial equation

2

0 +0=-2=20

differ by 3. The method of Frobenius may then be employed to find the solution

-2 :'1 1 '
cog + cli + c, + cag log & + ..

which is singular at the origin. As this equation is included only for

paedogogical reascns, we do not treat it further.
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I, STEADY STATE SOLUTICNS FOR LARGE ELECTRIC FIELDS

For a univalent system with planar geometry, eq. (2.12) takes the form

2
‘i—dg =2@® -8 (h.1)

where 8 is given by eq. (3.9). For large fields ® , the full equation

(3.3) must be used to eliminate A: the result is

P _ 1 o
Té@-—2®+®(v—ni)—8 : (h.2)
To reduce this equation to a known form, we define

-2
-3

s (v - at) (4.3a)
w(s) =%a_]/3®(l‘;) {4.3p)

so that
g—:‘} = oW + W - % go~ ! (h.4)

which, according to Ince4, is the Painlevé transendent of the second kind.
We include this note purely for pedagogical purposes. When we come to
actually solving the various problems, we shall see that we always obtein
(4.2) with an initial value problem; that is, we are given (@ (0) and

(@ '(0), and thus the problem will be best handled numerically.

To show that eq. (4.2) makes sense, we now study it in the case

a=8=0. Itis then

2
L9 - lov o . (4.5)



@G = @) cosh 12+ Aay)™t + @ (0)F stany?) (h.9)

where the sign chosen is the sign of the space charge (double layer) or the
negative of the sign of the surface charge. This can be shown to agree with
the solution of the Poisson Boltzmann equation, if we observe that the
distance is scaled with respect to the Debye parameter evaluated at the
point £ = 0. To complete our catalogue of solutions, we obtain the

solution to eq. (h.5) in 0 < £ < x# with @ (0) and @ '(0) specified.

An integral of eq. (4.5) satisfying the boundary conditions is
@ '(6)2 = ;@"(2) + @)1 - 3@20) + $@*0) - @ 2(0) + @' (0)2. (b2

The function on the right has two real zerocs

2(-(1 - 2@*(0)) £ Y1 - @' (0)?) (k.11)


































































































































































