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Abstract: Let G be a bipartite graph with a vertices: Viyr Vo eeet
Va of the first colour and b vertices: Vas1?r Vasar oot Vaup

of the second colour. Let K and H be two rooted graphs. Then
the graph G{K,H} is obtained by identifying each of the vertices
vy i=1, «..., a with the root of a copy of K, and by identifying
each of the vertices Vi i = a+1, ..., a+b with the root of a
copy of H.

The main result of the paper (Theorem 1) relates the
characteristic polynomials of G, K and H with the characteristic
polynomial of G{K,H}. Analogous relations are shown to hold

also for the matching polynomials of these graphs (Theorem 2).

The spectra of various classes of graphs are determined.
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1z Introduction

Explicite analytical expressions are known for the eigen-
values of numerous classes of molecular graphs or, what is
equivalent, for the Hiickel molecular orbital (HMO) energies
of the corresponding classes of conjugated molecules [1,2].

In certain cases when the molecular graph possesses symmetry,

the eigenvalue problem can be solved by means of group theoretical
arguments [3-6]. Besides, several graph theoretical techniques
have been recently elaborated which enable the factorization

of the characteristic polynomial of some compound graphs without
the (explicite) use of group theory [7-10]. In the present

paper we offer a further result of this type.

We shall use the following notation and terminology. G will
always denote a bipartite (but otherwise arbitrary) graph with
a vertices of the first colour (which will be labelled by Vs
Vor weey Va) and b vertices of the second colour (which will be
labelled by Vas1? Vatar -t va+b)' Hence the vertices Ve Vor eeer
va (and also va+1, va+2, wkeia 5 va+b) are not mutually connected.

It will be assumed that a < b and a + b = n.

The characteristic polynomial of G is denoted by $(G) = ¢(G,x).
Its zeros form the spectrum of the graph G, which will be denoted
as

Sp(G) = {x1,x2, p— xn}.
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where the xj's, j =1,2,...,n are the eigenvalues of G and

by convention

It is well known that the eigenvalues of a bipartite

graph are paired, i.e.

x., =

3 xn+1-j for j = 1,2,...4n

and that at least b-a among them are equal to zeroc [2]. Therefore,

n a
$(@ = 1 (x-x) = 72 1 ex?. (1)
j=1 j=1
Let e be an edge of G, connecting the vertices v and w.
Then the following recurrence relation holds for the character-

istic polynomial of G.

$(G) = ¢(G-e) - ¢(G-v-w) - 2 ] ¢(G-C) (2)
¢

The summation in the above formula goes over all cycles C which
are contained in G. For the following discussion it will be im-

portant that if G is bipartite, then also all the subgraphs

appearing on the right side of (2) are bipartite.
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Further spectral properties of graphs the reader may find
in the book [2].

The matching polynomial of G will be denoted by a(G) = a(G,x)
Its definition and basic properties can be found elsewhere [11].

The zeros of o(G) form the A-spectrum of the graph G,
Sp, (G) = {y1, Yor eeer yn].

It is known that the A-spectrum of every graph is real [11,12]

and we may adopt the convention

From the definition [11] of «(G) it follows that

Yj = yn+1-j for 3 = 1,2, ceep N

and at least b-a elements of SpA(G) are equal to zero. Therefore,
n a
a(G) =1 (x-yj) =x" %0 (x -y Y (3)
3=1 3=1
The matching polynomial conforms to the recurrence relation

a(G) = a(G-e) - a(G-v-w), (4)

which is analogous to eq. (2)
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Let R Rz, aiaie Rn be a collection of n = a+b distinct

1!
rooted graphs.*® Let R; denotes the subgraph obtained by de-

leting the root from Ri'

Definition 1: The graph G{Rl’Rz""'Rn} is obtained by

simultaneous identification of the root of Ri with Vis

i=1,2,.0./n.

Godsil and McKay [10] have examined the spectrum of
G¥R1,R2...,Rn} in the general case when all the graphs Ri may be
mutually non-isomorphic. They proved that if A = \lAijll is the

adjacency matrix of the graph G, then
¢(G{R1,R2,...,Rn}) = det B, (5)

where B = IIBij\l is a square matrix of order n whose matrix
elements are defined as
i * ; .
Ay ¢(Rj) if  i#j
¢(Rj) if i=j.
Note that for Definition 1 and formula (5) it is immaterial
whether the graph G is bipartite or not.

If G is bipartite, we can introduce the following special-

ization.

*
A graph is said to be rooted if one of its vertices is

distinguished by a particular label. Otherwise a rooted graph
and its (unrooted) parent graph have exactly the same properties.
In particular, a rooted graph has the same characteristic
and matching polynomial as its parent graph.

The distinguished vertex of a rooted graph is called the root.
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Definition 2: The graph G{K,H} is the special case of
G{R1,R2,...,Rn} when R; = R, = ... = R, =Kand R .4 =R, > = ...
= Ra+b =it

Note that for a=b, Definition 2 determines a unique graph
G{K,H} only if the vertices of G are labelled. If a < b, G{X,H}
is unique also when G is an unlabelled graph. Note also that K

and H need not be bipartite graphs.

Definition 3: The graph G{H} is the special case of G{K,H} when
K = H.

In the following we shall focus our attention to the graphs
of the form G{K,H}. If K and H possess ny and n, vertices, res-
pectively, then G{K,H} possesses an, + bn2 vertices. Two examples
of graphs G{K,H} are given in Fig. 1; we immediately see that

G{K,H}#G{H,K}.

2. The Main Theorem

Let K* and H* denote the subgraphs obtained from K and H,
respectively, by deleting their rcots. Then our main result is

the following

Theorem 1:

yq(a+b)/2

6 (GLK,H]) = [¢(H) /6 (k)1 P /214 (x*) 6 m*

. $(C, [ (K) ¢ (H) /6 (k%) ¢ (1%)11/2) (6)
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0 O)
7 o AN
G L, L,
2 g:g © root

G{L,L,} G{L,L,}

Fig. 1
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and

s a
$(GIX,H]) = ¢(mMP™3 1
4

[¢(K)¢(H)-xj2¢<x*>¢(n*)1. (7)
:

Example: For the graphs G(L1,L2} and G{LZ'Ll} from Fig. 1

the application of eq. (7) gives

$(G(L,, Ly} = (x7-3x-2) [(x*-3x?) (x3-3x-2)-

- 3T (3 g (-1 11 xd-3x?) (13-3x-2) = 55T 300 (2o
and

$(6{L,, L ) = (x*-3x?) [ te3x?) (P-3x-2) - 2 T (x323) (x2-1) ]

(x>-2x) (x2-1) ]

[x*-3x) (x3-3x-2) - 25T

x4—3x2, ¢(L2) = x3-3x-2, ¢(L?) = x3—2x,

since ¢(L1)

¢(L;) = x°-1 and
SP(G) = {\"""‘_sgmr w Szﬂ—?l o, _v5;f1—7-’ 'Vszm}.

Before we proceed to prove this Theorem we point at a

number of its interesting consequences and special cases.
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Corollary 1: If K = H (and therefore also K* = H¥*), egs, (6) and

(7) are significantly simplified:

$(G{HY) = ¢ (HM)™ ¢ (G, ¢ (H) /¢ (H®)),

n
¢ (G{H}) =T
j=

[¢ (H)-x.¢ (H*)].
1 J

These results have been previously derive: by Schwenk [13]. They

hold for both bipartite and non-bipartite graphs.

Corollary 2: Sp(G{K,H}) contains at leas: b-a times the entire

spectrum of H.
Corollary 3: ¢(G{K,H})¢(X)P™® = ¢(clr,K})emP2,

In particular, if a=b, then the graphs G{K,H} and G{H,K} are
isospectral for arbitarary K and H.

The two simplest nonisomorphic isospectral graphs which
can be constructed in this manner are G1 = Go{Pz,P1} and

G, = G, (P, ,B,}.
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In the above example and in the following, Pn denotes the path

with n vertices.

Corollary 4: The graph G{K,P1} is obtained by joining the graphs
K to the vertices of the first colour, but joining nothing to

the vertices of the second colour. Then eq. (7) becomes

a

227 W [xo (K)-x %0 (K*)]

d=1

¢(G{K,P1})

Similarly
a

smP 2 [X¢(H)—xj2¢(H‘)].
=1

s(c{p,,H))
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In particular

2

= 2D —x 2.
¢(G{P2,P1}) =x (x %y 1),

J

n =
-

2

sp(G{P,,P.}) = {+/x.“+1 | j=1,...,a}\J{0, b times},
217 J

a
$(6{P 2,1 = P (*-1P72 1 P 2-1).
. 1 J
J=

Sp(G{P1.P2}) = (1ij2+1 | j=1.....a}L){o, a times}L)

L}[i1, b-a times}.

Examples: Let sd+1 denotes the star with d+1 vertices (d > 1),

rooted at one of its vertices of degree one. Then from Corollary 4,

1 2 ‘ 2.2 P i
Sp(G{Sd+1,P1}) = {tJ;(d+xj + (d-xj ) + 4xj J | =

= 1,...,allJto, (a-2)a+b-a times}.

For G being the cycle C 4 with 2a vertices and d=2, we obtain

2
the molecular graph of [2a]annulene which is substituted with
vinyl groups at the positions 1,3,...,2a-1. In the following
we shall refer to such derivatives of annulenes as s-substituted

annulenes.

Hence, Cza{s3,P1} is the molecular graph of the s-vinyl[2al-

annu 183\

C.{S;.R} ColSsR}  CofSs.R]
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SP(C2a{Sa’P1}) = {f[20052 %E + 1i¢4cos4 %1 + 1]1/2 | 9=1;.0ak. (8)

The molecular graph of s-allyl[2alannulene is 023{84,P1}.

C.{s.R}  Cefs.P}  cyfs.R)

sp(C,,{S,,B,}) = {:%Z[3+4cosz 11 +/(3-4cos? I0)2 4 16cos? I1y1/2

| 3=1,...,a}J{0, a times}. (9)

In order to prove Theorem 1 we need the following auxiliary
result.

Let G be a bipartite graph with a+b vertices as defined before.
Then G{k,h} is obtained from G by attaching a self-loop of the
weight k to all the vertices VirVgreearVy and a self-loop of the
weight h to all the verices Va+1t Vaspr +++r Ve The weights

k and h may have arbitrary numerical values.
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Lemma 1:
0(etk,n)) = (K B20/2 4 6, /R &)

Proof will be performed by induction on the number of edges
of the graph G.
In order to simplify our notation we introduce the wvariables

T and t as follows:

T =(¥2§ (b-adf2 , & = /2% o)«

x-k

For the graph On without edges and with a+b=n vertices

the Lemma holds because of

o(0) = x"

¢t {k,hh) = (x-k)? (x-0)°,
Assume that Lemma holds for all bipartite graphs with less than

m edges. Let G possesses m edges. Then the application of eq (2)

gives

¢ (G{k,h})

]

¢ (G{k,h}-e) - ¢(G{k,h}-v-w) - 2J¢(G{k,h}-C)=
¢

]

¢ ((G-e) {k,h}) = ¢ ((G-v-w){k,h}) - 2[¢ ((G-C){k,h}).
Cc

The graphs G-e, G-v-w and G-C are bipartite, possess less than

m edges and have the same difference b-a as G. Therefore,

¢ (G{k,h}) = T[$(G-e,t) -0 (G-v-w,t)-2]d(G-C,t)] = Tp(G,t). Q.E.D.
C
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It should be mentioned that a formula egquivalent to our
Lemma (in fact its special case when k=0 and a=b) was known
to Bochvar et al. [l4]. However, these authors have never

published a proof of their result.

Proof of Theorem 1: Let us write the characteristic polynomial

of K and H in the form

¢ (K) (x-k) ¢ (K*), (10)

$ (H)

(x=h) ¢ (H*), (11)

where k and h are adjusted parameters {(which depend on the
variable x).
The characteristic polynomial of G{K,H} can be calculated

R =,.. =R =H.

from eq. (5) by setting R1=R2=...=Ra=K, Ra+1= S . Svh

Taking into account the relations (10) and (11) one gets
(xR, 0
+ det - A
o {x=h}T

PGIE,HD = ¢ (k"2 ¢ (m*)°

where Ia and Ih are unit matrices of order a and b, respectively

and O is a zero matrix. On the other hand,

(x-k) I 0
~a &
det - A
o tx=h) L,

is just the characteristic polynomial of G{k,h}, i.e.

$GIK,HD = ¢(k"2 ¢ 1M P ¢ (alk,n)).



- 306 -

Eq. (6) follows now immediately from Lemma 1. Eg. (7) is then

obtained by applying (1). Q.E.D.

3. An Application of Lemma 1

Lemma 1 can be presented also in the form

a
6 (G{k,h}) = (x-mP™2 [(x—-—k)(x—h)—xj2

i=1

]

from which the spectrum of G{k,h} can be easily determined. In

particular,
Sp(G{0,+1}) = {%(:1+¢1+4xj2), %(:1-J1+4xj2)|

| j=1,...,a}Lj{t1, b-a times}, (12a)
sp(G{+1,0}) = {%(t1+¢‘1+4xj2), %(:1-./1—5%_2.”

| j=1,...,a}L}{o, b-a times}. (12b)

Let us consider the linear polyacene Lr with r rings.

d———@[...@—d

L,
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It possesses a plane of symmetry o. According to the well
known rules [3], ¢(Lr) is factorized into @(P2r+1{0,1}) and

o(p, ,.{0,-11).

£ -
&>
I
N
-
X
iy
o
Y
——

L)
<L)
I
e
——y
o
—
——

i = T s
Since Sp(P2r+1) {2cos T | §=1,...,2r+1},

we can determine the graph spectrum of the linear polyacene using

egs. (12a).

$(L =0 (Py {0,116, {0,-1)),

Sp(L,) = {#2(/9+8cos Ldx + 1) | 3=1,...,03U11,-1}.

r+1

This result is, of course, well known [1,5].
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In an analogous manner we can deduce also the spectra of

the following molecular graphs.

coSodisooBoe

r LBp

LCr

o (LA }=¢(P, - {0,1H e (P, ,-{0,~1}),
(LB )=¢ (P, ,,{1,01) 0 (P, ,,{~1,0}),

¢(Lcr)=¢(c2r{1,o})¢(c2r{-1,o}),
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Sp (1A ) ={ 1 (/9+8cos ;%%73 £ 1) [3=1,...,041},
Sp(LB ) ={214(f+8cos L =+ 1) |3=1,...,r+1}{Jl0,0},

r+2

sp(1C,) ={23 (Vo+8cos 2LL + 1) |3=1,...,1).

The spectrum of LCr has been determined previously, but by a

completely different (group theoretical) method [5].

4. The Matching Polynomial of G{K,H}

A statement which is fully analogous to Theorem 1 holds

also for the matching polynomial of the graph G{K,H}.

Theorem 2:

](b—a)/Z )](a+b)/2

a (G{K,H}) =[a (H) /o (K) [o(K*)a(H*

« a(G, [ (K)o (H) /o (K*) e (H*) 1 1/2) (13

and

N b-a 2
a(G{K,H})= a(H) it
j=

[a(K)u(H)—yjz o (K*) o (H*) ]. (14)
1

Example: For the graphs G{L1,L2} and G{Lz,L1} from Fig. 1 the

application of Theorem 2 gives

a(G{L1,L2})=(x3_3x)[(x4-3x2)(x3—3x)-4(x3-2x)(x2-1)]

[ ed-3x2) (x3-3%) - (3-2x) 2-1)1,
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@ (6{Ly, L, = (x*-3x%) [ (x*-3x%) (xP-3300 -4 3-2%) (x2-1) ]
[xd-3x2) (x3-3%) - (x3-20) (x®-10 1,
since a(L1)=x4-3x2, a(L2)=x3—3x, a(L?)=x3~2x, a(L§)=x2~1 and

SpA(G)={2,1,O,—1,~2}.

Proof: Theorem 2 can be proved by total induction. However,
we shall not present this proof here, since just the same
idea will be used in the subsquent paper [15] to obtain a more

general result - Theorem 3.

Corollary 1: If K=H,

a(G{H =a (H*)™ o (G,a(H) /a (HY)), (15)

n
a(G{H})= T [a(H)-yju(H*)]. (16)
=

Egs. (15) and (16) hold also for non-bipartite graphs.

Corollary 2: SpA(G{K,H}) contains at least b-a times the entire

A-spectrum of H.

Corollary 3:

a (IR, HD a (K P72 = o (G{H,KhHa@m) P2,

In particular, if a=b, then the graphs G{K,H} and G{H,K} have

equal matching polynomials for arbitrary K and H.
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Using Theorem 2 we can determine the A-spectrum of several
classes of graphs. As an example, for the previously considered

molecular graphs CZa{S3,P1} and Cza{s4,P1) we obtain

2 3 2 .
595 (C5,(83/Py1) = {*[2c08” ; +/4cos® 1y + 172 |5=1,...,a}, (7
S, (C, {8,,P, 1) = (+£2[3+4c082 1, +/(3-4cos? 2,12 + 16008 1 1142
Patt2a'"47% “Z 8. = 3 3
3 =1,...,al{J{0, a times}, (18)

where ) ={21XT
i | a

5. An Application:

Further Artifacts in the Topological Resonance Energy Method

Few years ago the topological resonance energy (TRE) was
proposed as a theoretical index of aromaticity of conjugated
molecules [16]. In spite of numerous successful applications,
several intrinsic difficulties of the TRE method have been recently
reported [17,18]. In particular, it was demonstrated [18] that

a conjugated vinyl compound R-CH=CH, and the pertinent allyl

2
radical R—C(CH2)2 (where R stays for an arbitrary conjugated
substituent), have nearly equal TRE values, irrespective of their
strikingly different chemical behaviour.

Using the results of the present paper, we can easily compute
the TRE of s-vinyl- and s—-allylannulenes. From (8), (9), (17)

and (18) one can immediately calculate the numbers which are

presented in Table 1.
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Table 1

The TRE values (in B units) of s-vinyl[2alannulenes and

s-allyl[2alannulene polyradicals

a vinyl allyl difference
2 -0.941 -1.040 +0.099
3 +0.212 +0.233 -0.021
4 -0.432 -0.492 +0.059
5 +0.117 +0.132 -0.015
6 -0.282 -0.324 +0.041
7 +0.082 +0.093 -0.011

From Table 1 is seen that the TRE's of s-vinyl- and
s-allylannulenes are nearly equal. Their difference is always
smaller than 0.068 (except for a=2) and is thus negligible in
chemical considerations. Therefore we may conclude that the TRE
method cannot distinguish between relatively stable vinyl
compounds and highly reactive, hypothetic and never synthetized
allyl polyradical species. Furthermore, in the case of (4m)-
annulenes, TRE predicts a higher aromaticity for the s-allyl
species than for the s-vinyl molecule. These conclusions are in
contradiction with experimental facts and are evidently arti-

facts of the TRE method.
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