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Abstract

Paths of different lengths are taken as a basis for character-
ization of atomic environment in a molecule, for character-
ization of molecules, and for characterization of classes of
molecules. Enumeration of paths in a graph is briefly outlined
and some properties of derived sequences of path numbers are
given. It is conjectured that the list of path numbers is
unique to the graph. A support for the conjecture is indicated
by a reconstruction, though only acyclic cases have been con-
sidered. Use of truncated atom codes 1is briefly indicated.
Construction of molecular codes by summation of atomic path
sequences , term by term, is outlined and the properties of



the molecular codes discussed. Examples are given of molecular
codes in some polycyclic structures. Generally similar struc-
tures will have similar molecular codes. This property is used
for characterization of classes of structurally related mole-
cules.

+Dedicated to Professor Bo¥o Tezak

Introduction

The study of chemistry 1is primarily concerned with problems
of forming and breaking bonds and synthetizing, isolating,
and identifying unknown substances and determing their molecu-
lar structures. The number of registered compounds is now
over four million and is still increasing. Various molecular
forms (constitutions , confiqurations, isomers, tautomers,
enantiomers, etc. ) clearly demonstrate the enormous number of
the combinatorial possibilities in nature, even when one
restricts attention to only a few kinds of atoms. Yet, it is
surprising how combinatorial chemistry, initiated over one
hundred vyears ago, T and recognized before the turn of the
century as a new and distinctive branch of chemistry,2

still has not firmly established itself. During past years
there have been numerous contributions to the field of

chemical combinatorics and chemical topology, although these

have not been necessarily recognized as having a graph-theo-
retical origin. As an example, we may mention the Coulson and
Rushbrooke theorem on the pairing of orbital energies in simple
MO calculations3 for molecules whose graphs are classified

as bipartite. The current revival of interest in chemical appli-
cation of graph theory4 has already lead to numerous new results.
Particularly application of graph theory helped viewing some old



problems from a different standpoint and contributed to clari-
fication of some ambiguities concerning such concepts as aroma-
ticity, molecular resconance energy, molecular additivities, etc.
However, chemical graph theory as a subject is still in the
early phase of development. Complexity of some problems that
are currently important to chemistry contributes to an interest
in graph theory and promises further evolution and expansion of
chemical graph theory as a prominent branch of theoretical
chemistry. Already now graph theory has been found valuable in
the field of chemical documentation, computer use in chemistry
(artificial intelligence, pattern recognition, computer assisted
synthesis), chemical kinetics, and statistical mechanics. In
such applications primarily graph theory provides help with
book-keeping of numerous combinatorial possibilities. Similarly
in studies of chemical transformations and even in some ab
initio calculations graphs are used to visualize complex inter-
relations. However, graphs are not merely a diagramatic repre-
sentation of relations, they can be altered, augmented or frag-
mented in a meaningful way and corresponding to certain mathe-
matical or chemical operations. Such applications although not
yet numerous justify claims to the fundamental character of
graph theory in chemistry, which is parallel to the role of
group theory, statistecs, and quantum mechanics, each of which
characterizes distinctive property of nature. Group theory is
concerned with symmetry, statistics with distributions, quantum
mechanics with interactions, and graph theory with relations
(binary relations - to be precise). Since relations can be de-
picted as graphs we may equally consider connectivity as the
basic quality of graphs. Relationship to chemistry is now ob-
vious: molecules can be viewed as graphs, chemical bonds corres-
ponding to binary relations. Consider now the problem of enume-
ration of all isomers of given molecule. Clearly the problem
does not belong to quantum mechanics, nor statistics, nor group-
theory. Combinatorial aspect of the problem arises in having
multiple possibilities of linking bonds, the topolegical aspect
is reflected in the fact that the result does not depend on
details of graphical representation. Non-triviality of the pro-

blem, which is deceptively simple, is well known to all who have



been confronted with the isomorphism problem.S The above is
historically the oldest graph-theoretical problem in chemistry
and despite an important advance made by Polya who derived his
counting theorem6 the enumeration of structures of certain type
as a topic still remains of interest and poses problems.

There is no doubt that chemical graph theory is on the
rise and that it will earn its deserving place in chemistry,
though in this respect, chemistry is today behind physics and
biology where its role is fully recognized. Historically,
chemistry was the first among natural sciences to find use for
a graph-theoretical approach. Equally, in return, chemistry
contributed to developments of some aspects of mathematical
graph theory. A visible trace of past close relationship between
chemistry and graph theory is adoption of some chemical terms in
the mathematical graph theory literature. However, since chemical
graph theory has not been so firmlv established, and is still
ignored in some chemical circles, one may doubt its role in
chemistry, or at best agree its importance in some very special
problems of peripheral interest. Some explanation for the lack
of past impact of graph theory on the main stream of develop-
ments in chemistry would be desirable. Most likely, the reason
for delayed recognition of graph theorv among a majoritv of che-
mists is the past concern in chemistry with problems of limited
combinatorial content. Just as groun theory, which had not been
well known in the early 1930's, obtained enormous impetus by the

development of molecular spectroscopy and interest in highly

symmetrical systems, so will graph theory surge to unsuspected
heights when current interest in complex structures and complex
problems further expands and makes the use of graph theory rather
obvious. Just as one may procecd in problems of limited symmetry
without the use of the otherwise powerful tool of group theory
and resolve his questions intuitively, so in problems of limi-
ted combinatorial contents one may also proceed intuitively,

not realising that he operates with some graph-theoretical
concepts. It is with problems in which the number of combina-
torial possibilities "explodes" that one can either (1) continue



investigating the problem and consequences using available
graph-theoretical methods or devising new approaches, or (2)
abandon the problem as impossible. Unfortunately, in the past,
the limiting computational facilities have frequently forced
one to look for a simpler problem with subsequent detrimental
consequences for development of chemical graph theory.

Graph theory is of interest in chemistry because it is pri-
marily concerned with structures and manipulations with struc-
tures. One can compare structures, combining or dissecting them,
or looking for particular fragments in them. Such operations re-
quire an ability to recognize a structure, distinguish among
non-isomorphic structures, order or classify structures. Nor-
mally one examines a structure and selects suitable graph in-
variants for characterization of the structure. Frequently this
requires enumerations of some components or alternatively use
of standard mathematical methods applies (e.g., evaluation of
the determinant of the adjacency matrix, graph spectra etc.).
Analysis of large molecules, although straightforward can fre-
quently be tedious and the use of computers is preferred. This
requires a method for encoding for a structure suitable for com-
puter manipulations and retrieval. Depending on application, one
may be interested in reconstruction, fragment search, ordering
(which may be only partial), or similarity among structures and
their relevant properties. It is clear that these various as-
pects appear in many chemical problems. Table 1 summarizes some
of these operations on graphs of interest to chemistry. The
brief descriptions only serve to clarify the operations qualita-
tively, not to define them.

This contribution deals with the concept of atomic and mole-
cular codes based on enumeration of paths as the fundamental
graph invariants. Such codes are mathematically given by a se-
quence of integer numbers, and, as will be seen, provide use-
ful identification of atomic molecular environments. Hence, one
can anticipate use of such atom codes in chemistry. In fact, the
notion of atomic neighbours and paths is not so novel in chemis-

try, and has been frequently implied in discussions of molecular
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properties. Nevertheless, it appears that the concept of atomic
paths has not had complete formal mathematical development. Our
emphasis is on this formalism, and as will be seen, such an
attitude has lead to various useful developments. Atomic codes
have been found useful in discerning regularities in available
atomic and molecular data,7 lead to sequencing of structures
that show trends for the relative magnitudes among apparently
unrelated data,8 and produced a scheme for a quantitative
measure of the degree of similarity among molecules9 with sub-
sequent applications in structure-activity correlations and

drug design type work.lo

Table 1

A Selection of Operations on Graphs of Interest in Chemistry

AUTOMORPHISM CGraph symmetry. The problem of finding
labels for a graph that will not alter a
form of the adjacency matrix

CHARACTERIZATION Assigning a set of parameters (or single
index) that reflects some structural fea-

tures, to a structure

CLASSIFICATION Grouping structures according to a set of
preselected parameters into smaller lots

COMPART SON Watching for differences in selected para-
meters among two or more structures

COMPOSITION The process of combining constituents
(such as fragments) intoc a system

CONSTRUCTION Building of a structure or a graph accor-
ding to prescribed rules or of prescribed
form

DISCRIMINATION Selection of a singular parameter or a li-
mited number of parameters for structure
differentiation

DISSECTION Dismembering of a structure in smaller

fragments, preferably parts which can not
be fragmented further



ENCODING

ENUMERATTON

FRAGMENTATION

FRAGMENT SEARCH

ISOMORPHISM

ORDERING

RECOGNITION

RECONSTRUCTION

RETRIEVAL

SIMILARITY

o b

Assigning to a structure or graph a set of
parameters, usually derived by counting the
selected graph invariants

Counting structures of fragments of a parti-
cular form, size, or shape

Breaking a structure into smaller parts
Subgraph isomorphism. The problem of iden-
tifying the occurrence of a smaller struc-
ture in a larger system

Verifying whether two graphs have identical
connectivity, and therefore represent the
same system

Sequencing structures according to a selec-
ted set of parameters

Testing a structure or graph against known
structures or a list of known properties
Recovery of a structure from a collection
of incomplete data or collection of frag-
mentary data

The process of finding items of particular
interest among large quantity of data
Appraise the degree of agreement or dis-
agreement among given structures with re-

spect to a preselected feature

Paths and Their Enumeration

A path is defined in graph theory as a sequence of verti-

ces (or edges) in a graph which are connected, with no vertex

appearing more than once in the list. The length of the path

is the number of edges involved. The enumeration of paths in

large graphs is difficult because of their rapid proliferation

as the size of the graph increases and especially as more

rings are introduced. Although many molecules of chemical

interest will fall into a class for which enumeration of paths

is possible and practical, one should be aware of the exponen-

tial growth of the number of paths so that one can recognize



-12-

intrinsic limitations of a method using paths with no restric-
tions. As an illustration of the almost hopeless situation,
consider a 10 x 10 grid graph and the task of finding the
number of ways one can go from one corner of the grid to the
opposite corner.11 Problems of this nature appear in the
physics and chemistry of very large molecules.‘|2 Currently
such problems can only be tackled using probability calcula-
tions. (The above example is estimated to have 1024 possible
paths.) As will be seen later, molecules of medium size and
medium complexity(e.g., having 20-30 atoms and 6-7 rings) have
only 103 = ot possible paths and are fully within the reach
of detailed examination.

To illustrate the concept of paths, enumeration, and derived
codes, consider a relatively simple molecule of 3,3-dimethyl-
pentane:

(&)

|6

C = f3"‘ Cy—Cs

B

Ia Table 2 we list all paths starting from atom 1. In this

case there is only one path of length one and one path of
length two, there are three paths of length three and finally
one path of length four. The number of paths of length one, two
three, four, etc. can be listed as a seguence p1, Pos p3,p4,
which represents a code for the considered atom. For atom 1 of
3,3-dimethylpentane we cbtain the sequence 1, 1, 3, 1. In
general other atoms will have different sequences signifying
their participation in paths of different length.

Table 2

Path length 1 2 3 4

Paths 1-2 1~-2-3 1=2-3-4 1-2-3-4-5
1-2-3-6
1-2-3-7

Number of paths 1 1 3 1
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Between pairs of atoms in acyclic structures there is a unigue
path so that the number of paths of a given length corresponds
to the number of neighbours of a given distance. As a further
illustration in Table 3 we list atomic codes for all heptane

isomers. The numbering of atoms is shown below:

7
2 4 € 2 4 € 2 4 ¢
//ﬁ\\¢’/\\~//\\\
7

7
28
i 3] =

[
Z 4
€ 7

€ 7
)2\)4\
1 3 &
5 ¢
2 4
q 3
-
Table 3

Atomic Codes for Heptane Iscmers

n-heptane 2-methylhexane 3-methylhexane
1 & Tyl,A,1,1,1 1 %= 1,2:0.1,1 Y % 012,13
2 % 2,1,1,1,1 2 % 31,1,1 2 22,151

3 2,205 3 25,351 3 3,251

4 2:2,2 4 2,2,2 4 2,3,1

5 2,2,1,1 5 % 2,1,1,2 5 % 2,1,2,1

6 * 2;3:1,1,1 [ R 1 s [ 6 * 1,1,1,2,1
7 % 1,1,1,1,1,1 7 0% 1,2,1,],1 7 B2 2,1



=Pl

Seellytueats 2,3-dimethylpentane 2,4-dinethylzentane
1 1,1,2,2 1 V25210 1. & d,2.0,2

2 2,2,2 p 3,2;1 2 % 31,7

3 3,3 3 3,3 3 2,4

4 2,2,2 4 20.9:7% 4 % °3,1,2

5 1,1,2,2 5 10 5 % 1,2,1,2

6 2,2,2 6 1,2,3 6 * du2,18

7 1,1,2,2 7 B 7% 1,2,1,2
2,2-dimethylpentane 3,3-dimethylpentane 2,2,3~trimethylbutane
1% 1,3,1,1 1 % 1,1,3,1 1 1,3,2

2 % 4,1,1 2 2,3,1 2 4,2

3 2,4 3 4,2 3 3,3

4 % 2,1,3 4 2531 4 1,2,3

5 * 1,1,1,3 5 % 1.1,3,1 5 3,30

6 * 1,3,1,1 6 15358 6 1,82

7 0% L,3,1,1 7 13,2 7 iy

* indicates unique codes

Previous work

Enumeration of neighbours a certain distance away is nei-
ther such a novel nor unfamiliar concept and must have been
considered in various problems in one form or another. The noc-
tion of a “"shell of neighbours" was considered attractive in

the field of chemical documentation.13

It is the basis for a
systematic enumeration of all alkanes and leads to a particu-
lar hierarchy of structures of interest in the study of the
various additivity schemes.14 A rather comprehensive system

for encoding atomic environments by Dubois‘]5 is essentially
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based on neighbour and path concepts. The approach was used in
structure-property correlations as well as providing a basis
for a logical scheme of chemical nomenclature.16 Simple enume-
ration of neighbours already in such regular structures as
benzenoid conjugated hydrocarbons will characterize atomic en-
vironments and provide basis for a classification of chemical
shifts.’

The number of neighbours a given distance away is the prime
feature of the wellknown additivity scheme of Grant and Paul17
which predicts magnitudes for carbon chemical shifts in paraf-
fins. Truncated atomic codes in this case provide the basis for
classification of carbon atoms and subsequent illumination of
the trends for the magnitudesof the chemical shifts.18 Atomic
codes have also been found useful in searches for fragments in
acyclic and polycyclic structures.19 Finally, atomic codes
lead to construction of molecular codes (as will be outlined
here) and the latter have found important applications in re-

cognizing regularities in available molecular data.

Properties of Atomic Path Codes

An examination of Table 3 reveals some properties of ato-
mic path codes. The same code may appear in different mole-
cules, yet may describe somewhat different environment. For
example, the code 2,2,2 describes different environments in
n-heptane, 2-methylhexane, 3-ethylpentane, and 2,3-dimethyl-
pentane. In each case the distribution of the next-to-nearest
neighbours is different, although the number of neighbours a
certain distance away is always the same. Hence, it should not
be surprising to find that even within the same molecule two
atoms which are non-equivalent may have the same code. For
example, in 2,3-dimethyl-4-ethylhexane atoms a and b both have
the same code 3,4,2 but are clearly non-equivalent.
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It is important to consider how much of the information on
a structure is preserved in the list of atomic codes. If we can
reconstruct a graph from the list if atomic codes than atomic
codes have preserved all the original connectivity information.
In some cases already a single atomic code does preserve all
the information. Clearly such is the case with the code
1,1,1,1,1,1 of n-heptane, since in the course of reconstruction
each time only one neighbour has to be added to the already ex-
isting fragment. Such singular codes which suffice for a recon-
struction of a grpah necessarily have to be unique to the
structure, other codes may appear in different structures. In
Table 3 we have indicated these unique codes with asteriks (*).
They can be recognized quickly by observing that they cannot
contain entries larger than one in succession. Only 3-ethylpen-
tane, 2,3-dimethylpentane and 2,3,3-trimethylbutane of the hep-
tane isomers have no such unique code. Their reconstruction
will require use of several codes. On the other hand, the ex-
istance of the unique codes also indicates that the list of
atomic paths is, in some cases, redundant.

Another question which needs attention before considering
reconstruction is the legitimacy of the atomic code list. A
list is legitimate if it has been obtained from a graph, and
therefore corresponds to the graph. Some necessary conditions
on atomic codes to ensure legitimacy are obvious. The codes
(for acyclic graphs) must represent a partition of the same
number. Since acyclic graphs are bipartite, one can further de-
duce that the sum of alternate entries in a code is the same
for atoms of the same class. In addition, the sum of the pro-

ducts of the first entry in a code times nth entry for all
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atoms equals the sum of the nth and nth + 1 entries.zo Finding
whether a given partition is graphical (i.e., corresponds to
a graph when terms represent valencies of vertices) has been
solved for graphs and directed qraphs.z1 The present problem
is more comprehensive as it also requires conditions for next

nearest neighbours and neighbours beyond.

Atom Codes and Graph Isomorphism

Comparing graphs and verifying if two graphs are the same
can be conveniently performed by examining the corresponding
lists of atomic path codes. Although we have no proof, it
seems likely that two different graphs should have different
lists of atomic paths. We have examined all graphs with fewer
than 12 vertices and have found no case that contradicts this
assertion. In the collection we considered, we have already
several pairs of isospectral graphs22 among which the charac-
teristic polynomial cannot discriminate. In addition, we have
examined numerous isospectral graphs of graphs with 12 verti-
ces and more and have not found one identical list of atomic
paths.23 Another, even more restrictive group of graphs, not
only have the same spectra but also have the same other matrix
functions (e.g., permanent). Such a pair is:24

Again we find different lists of atomic paths. All this seems
to justify the following

CONJECTURE: Two graphs are isomorphic if and only if they have
identical lists of atomic paths

Recently Shelly and Trulson25 verified that the hypothesis is
correct for all acyclic alkanes with up to fourteen carbon
atoms.
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So far we have not considered cyclic and polycyclic graphs,
but, as will be seen later, the above statement applies to

them also. The primary difficulty involving cyclic graphs is
finding all the paths, since their number is increasing expo-
nentially with the size of the graph and the number of cycles.
To refute the conjecture, two graphs would have to be non-iso-
morphic and have identical lists of atomic codes. Such graphs
should not permit a reconstruction (i.e., in the process of
reconstruction one should arrive at an ambigous step with al-
ternative possibilities, each possibility producing a different
graph) . Hence, each successful reconstruction provides additional

strength to the conjecture.

Reconstruction of Acyclic Graphs

We will illustrate the reconstruction procedure on cne of
the nonane isomers. In Table 4 we give the list of atomic codes
as derived by inspection of the molecular skeleton. Atoms have
been arbitrarily numbered from 1 to 9:

9

Table 4

Atomic Codes for 2-methyl-4-ethylhexane

1 80050 & = DARPES
2 3,1,2,2 b o B
3 2,4,2 O R
4 3.3 . (F B8

5 2,2,8.2 & i DL
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6 3008 B ) il 8
7 Lellig 2 g - 2,4,2
8 bt h - 3,1,2,2
9 Loy g5 252 i - 3,3,2

In addition we make an ordered list of atomic codes, starting
with the codes with the smallest initial entries. When there
are several such codes, one compares the next entry in the se-
quence, and if these are again identical, the next path num-
bers are tested, and so on. Labels (a) to (i} are introduced
only for the purpose of reference. One should realize that the
list of atomic codes (whether ordered lexicographically as
shown above or in some other arbitrary way) represent the re-
gistering of a structure without the use of atomic labels. The
collection of atomic codes

1ila2iss E.0,00008 R
55k 50 1,.3.9.5 2009
2,4,2 Tl 20 3,3,2

represents molecule 2-methyl-4-ethylhexane. If the conjecture
that list of atomic codes is unigue holds we would have simple
label-free encoding of molecular skeletal forms. This particu-
lar property of atomic codes will be of considerable interest
in applications involving the comparisons of different files
which are based on different internal labelling system or the
comparisons of different nomenclature systems.

The reconstruction is accomplished when we establish which
codes in a list of atomic codes belong to adjacent atoms. By

knowing adjacency relationships we know the graph. Because










































































































































