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Preface

This paper contains a very short introduction to the theory of
ordinary differential equations and an exposition of some spe-
cial subjects of the mathematical theory of chemical kinetics.
Though a section on existence and uniqueness has been included
(in a form adapted to the needs of chemistry), our principal

aim is to train the chemist in handling differential equations
that are frequently met with in chemistry. Therefore we have
omitted many subjects (e.g. Bernoulli's equation, Riccati's
equation, etc.), that are commonly treated in elementary courses
on differential equations. On the other side we have discussed

some topics in greater detail than usually.

0f course, the present treatise is not complete. To get biblio-
graphical information on the subject is difficult, because ar-
ticles from journals of chemistry have not been included in
"Mathematical Reviews" (the review journal "Zentralblatt der
Mathematik" has not been at our disposal). As a guide we used
the bibliographies of [5] (43 titles) and [l12] (111 titles).

The symbols v (for all), 3 (there exists), € (element of) and

< (subset of) are frequently used.
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ORDINARY DIFFERENTIAL EQUATIONS OF CHEMISTRY

1. General Remarks.

A differential equation DE is an equation that relates some deri-
vatives of an unknown function to each other and to this func-
tion itself. An ordinary differential equation is a DE, where

the unknown function depends on one variable only. We call this
variable the independent variable and the unknown function the
dependent variable. If the unknown function depends on several
independent variables and the equation involves partial deriva-
tives, then we have a partial differential equation. A chemi-
cally reacting system without space variations can be descri-

bed by a set of ordinary DE with time t as independent variable.

The order of a DE is the order of the highest derivative occur-

ring in it. Thus the equation

x! = £{t,x) (' =

is of the first order. In chemistry we are usually concerned

with systems of DE of the first order such as

xi = f1(t, x1, Kyr «enr xn)
(1.1) xé = fz(t, L PN SYRRERY xn)
xé = fn(t, Kys Koo wees xn)



Here n unknown functions of the independent variable t are to
be determined. We may introduce the vector X = (x1, —_— xn),
X' = (Xi. e xﬁ). F = (f1, e fn). Then the system 1.1

can be written as one single vector differential equation

(1:1") X' = F(t,X)

A differentiable vector valued function X defined on an t-inter-
val I is called a solution of 1.1', if X'(t) = F(t,X(t)) ¥ t€I.
The problem to find a solution of 1.1' that satisfies X(to) =

X ,, where tD €I, is known as the initial value problem. Often

<)I
to is the left endpoint of I, but it may also be an interior
point or the right endpoint. In order that a DE be suited to
describe a deterministic process, the initial value problem

should have a unique solution. Therefore we'll give in sec. 2 ex-

istence and uniqueness theorems for the initial value problem.

In DE of chemical reactions the X, mean concentrations and some-

times a component x is included, that means temperature or

n+1
some other thermodynamic variable. These quantities are always
nonnegative. A vector X is called nonnegative, X > 0, if all
its components are nonnegative. In order that 1.1' describe

a set of chemical reactions, it must have the property, that

every solution with nonnegative initial vector remains nonne-

gative for all time.



We consider a single chemical reaction between n species

Byre-eidhp, whose concentrations in a homogeneous mixture of
dc
0 re ey o
1 dt
= h(c1,...,cn.T). It was one of the early discoveries of chem-

temperature T are c;,...,c , and suppose that ¢
il
istry that —— = n, = const. (i = 2,...,n). Therefore c! =
D) i i
nih(c1,....cn,T) for i=2,...,n. The atomic hypothesis implies

that n integers Vyresesvy can be chosen such that

(1.2) ci = “19(01""'cn'T) o (R |

n
7! h. The reaction isthen symbolized by |} v A, = O.

where g = v
The v, are the stoichiometric coefficients and the function g
is known as the reaction rate. The rate of many reactions is
of the form (see [4], p. 19 f£.):

E

_ “RT ¥y
(1.3} gEE. 9 E*Ci

Where ko' E, R are positive constants. The species A, is called

i
a reactant or a product of the reaction according to whether
Vig S O or Wiy ¥ O. There is always at least one reactant and

at least one product . Therefore n positive numbers Y; can be

n
chosen such that | v, = 0 and thus

v
=i i

(1.4) (ZTici) = ZYici = (ZYivi)g(c1,...,cn,T) =0



Now consider S reactions with rates qj(j =1,...,5) between N

N° Let uij be the

stoichiometric coefficient of the species Ai in the j-th reac-

homogeneously mixed chemical species A1,...,A

tion. The rate of change of cy in the j-th reaction is Vijgj
and therefore the total rate of change is

(1.5) cf = }
j=

1vijgi(c1,...,cN,T) i=1,...,N

To get a differential equation for T is more difficult. Assuming

constant pressure, a comonly used simplified equation is

s N

1
(1.6) T s ¥ UG (Crpiees i) (G = J &6
CP 321 Ky N | N jo1 17pi

where Qj is the heat of the j-th reaction amd cPi is the heat

capacity at constant pressure of the i-th species. If we adjoin
1.6 to 1.5 and write n=N + 1, Xy = ci(i = 1 eaayh=1) %, = T,

d

then we get a system of the form 1.1 with 2" member independent

of t.

2. Existence and Uniqueness

Consider the initial value problem

(2.1) X' = F(t,X) () = Xy

In this section we treat the question whether a solution of

this problem exists in some interval I and whether it is uni-



que. The famous existence theorem of Cauchy-Peano, which requires
only continuity of F, is a local existence theorem, i.e. it
guarantees existence of a solution only in a small neighbor-
hood of the intial point. A general procedure which leads to
existence theorems in the large is furnished by the theory of
completely continuous operators of Leray and Schauder. The
following basic theorem, which results from this theory, is

stated without proof.

Existence Theorem

Let F be continous. For every vector-valued function X, defined

and continuous in I, let ||X]||

sup (|x1(t)| + |x2(t)|

I

+...+|xn(t)|). If there exists a number K > O, independent of
A, such that

(2.2) X' = AF(t,X) X(to) = AX 0 < A<

implies ||X|| < K, then the initial value problem 2.1 has at

least one solution defined in I.

This general existence theorem is the base of the following

theorem, where specific conditions are imposed.
Theorem 2.1

Let xo %z 0 and let F be continous and satisfy:
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(i) fi(t, XyreoerXy _qu 0, xi+1"""xn) >0 for X > O,

(ii) 3 m, M and n positive numbers Si such that

n n

L Sf (kX)) +m ] 8.X, <M ¥X >0, ¥t>t,
i=1 i=1

Then there is at least one solution of 2.1 defined and nonnega-

tive for all t > to'

Proof: Suppose first that in (i) the inequality involving fi
is strict. Choose a number a > O and let

M

n
I = [ty t,+al, L =‘[ 8;x s+ 6, =min 6., K = (L + TﬁT) (1 +e

i=1 i i [e]
Let X be a solution of 2.2 for some A, O < A < 1. Since Xo > 0,
the solution cannot leave the positive orthant. For suppose, it
does leave it, then for some t1 and i we have xi(t1) =0,

1 2 e % % i ]

xi(t1) <0, xj(tT) >0 (j =1,...,n). But (i) implies xi(t1)
Afi(t, XqreoesXi_ g4 0, xi+1,...,xn) > Oi,a contradiction. Now
consider the function v(t) = E&ixi(t). It satisfies v' + Amv =

L] — -
Zﬁixi + AmV = k(ZGifi(t, X) + miaixi) < AM and v(to) = AL.

Multiplication by e)\mt and integration yields
(VeAmt)' = (v' + Amv)ehmt < MM ekmt
v(t)ekmt - v(to)eAmto i % (ehmt_exmto)
vit) = v(t e M) 4 B g gmam(Eot,),

+ e}m]a)

|~

(AL + 1%{) (1
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Since Xy > 0, 60 > 0, it follows

|mla, ¥ tel

=1 M
¥ () <6, (L+3) (1 +e
and hence ||[x|| < K.

Thus the conditions of the Existence Theorem are satisfied. There-
fore a solution X(t) exists for te[to, t0+a] with X(t0 + a) > O.

In the same way we can show that the initial value problem
X' = F(t, X) X(to + a) = X(to + a)

has a solution in [to + a, t° + 2a]. This process is called
continuation of the solution X. Obviously continuation is possi-
ble up to any value of t > to. This proves the theorem, when

strict inequality holds in (i}.

We'll only sketch the proof for the general case. Let {em}

be a sequence of positive numbers converging to zero, e.g.

g & o

5 (m) _
" . The functions fi = fi + €y have the property (i)

with strict inequality. Hence for m = 1,2,... there exists a
solution X(m)(t) of 2.1, where fi is replaced by fi + em,
defined and nonegative for all t > to‘ There is a convergent

subsequence of the sequence x(m)

whose limit is a nonegative
solution of 2.1. (strictly speaking this argument requires

a Lipschitz conditon for F).
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Definition: A function F(t, X) defined on IxD, where D is a=-
subset of Rn, is said to satisfy a Lipschitz condition with
respect to X for the constant k > 0, if for every t,X,Y such
that (t,X) and (t,Y) are in IxD

n n

y |fi(t,X)-fi(t,Y)| < k ): |xi_Yit

i=1 i=1
This condition is satisfied, e.g. if F has continuous partial

derivatives with respect to LSS CYRRRETES (see [20], p. 5).

n

Theorem 2.2

If F satisfies a Lipschitz condition with respect to X, then
there exists at most one solution of 2.1.
A proof is given in every text book on DE. We may combine

theorem 2.1 and 2.2 and get
Theorem 2.3
If F and x  satisfy the conditions of theorem 2.1 and 2.2 all-

together, then there is a unique solution of 2.1 defined and-

nonegative for all t > to.

Example 1

Consider a number of R isothermal reactions in a homogeneous-

mixture of N > R chemical species. The rate equations are
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=
Il =~

(2.4) c! = vi.gj(c],....,cn) = fi I [ . |

J

j=1

Gavals ([5], p. 8) has pointed out, that there exist numbers

N
Yip (4=1,...,N.; 1=1,....,N-R) such that J v

fon W, i Y
J iz i17ij
N-R
(1=1,....,N-R; J=1,....,R) and ] vy;; > O (i=1,....,N).
1=1
N-R
Then (ii) is satisfied with m=M=0, §; = ) Yi,- Indeed,
1=1
) LT 1L T3
§.f. = Y £. = )} Foio Nz Sl = )
151 1T g2 g2 A1 TR g8y 92y 3¢ 11 13T 524 55
)
( YV, :)E. =0
i=1 - S g iy

We will illustrate this with two special examples.

The reactions

v.A —l—> v,B —2—> v

are described by the equations

B = T
v -
(2.5) €y = Vygy Vg,
S3 = Nggy

Condition (ii) of theorem 2.1 is satisfied because



s 1=

ct (=4 (ot

=l + _3“+ B o g, + (g1—g2) + g, = O. If we assume that
vy 2%'U3

9; =kjey (k; > 0), then condition (i) is satisfied, too.

Next consider the enzymatic reaction (see [8])

S+E-1> C—2~—> P+ E

f—

=1

with the equations

s' = -k se + k_,c
e' = —kise + (k_1 + k2)c
(2.6)
c' = k1se = (k_1 + kz)c
p' = k,c (kyok_y.k, > 0)
Here s'+e'+2c'+p' = 0, and we may put 61 = 62 = 54 =1, 63 = 2,

Therefore conditions (i) and (ii) are satisfied.

Example 2

Consider a continuous isothermal stirred tank reactor with cons-
tant volume V and constant volumetric flow rate w of input and
output streams. Let Cif be the input or feed concentrations,
which are given functions of time. As a result of the mixing

the concentrations in the output stream are the same as those
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in the reactor. If R reactions between N species occur, then

the equations are (see [5]1, p. 29)

W

R
W) o - 3 = =
(2.7) C1 = i7 (le Ci) + Ji‘lvijgj fi i=1,.c0.,N

With Yi1 and Gi as in example 1 we get

Since the cif are bounded, there is an M > O such that

N
7 dicif < M and therefore
=1

<=

i

w
I 6,f, +5 I8y <™
i.e. condition (ii) is satisfied.

An existence proof for non-isothermal reactions is given in

sec. 4.

As much as concerns uniqueness let's remark, that F has al-
ways continuous partial derivatives and hence satisfies a
Lipschitz condition, if the rate functions have the form as
in 1.3. The derivative with respect to T, absolute tempe-

rature, contains the factor 5—5 e%%

RT

which is continuous
even if T » O.

For later use we prove the following
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Comparison Theorem

If £f(t,x) is continuous and if in [to,t0+a] the functions x

and y are differentiable and satisfy

(1) =x'-f£(t,x) < y'-f(t,y) X(to) & Y(to)

then x(t) < y(t) in [to,t°+a].

Proof: Consider the function z(t)=y(t)=-x(t). Obviously
z(to) > 0. If not z(t) > O for all t € [to,to+a], then there
is a t1 such that z(t1)=0, z'(t1) < 0, i.e. y(t1) = x(t1),
y'(ti) < x‘(t1). But y(t1) = x(t1) and (i) imply

x'(t1) < y'(t1), a contradiction.

3. Elementary methods of integration

The process of solving a differential equation is called
integration. The simplest DE is x'=f(t). It has the solutions
x = [£(t)dt + C, where C is a constant of integration to be
determined from the initial value. The unique solution satis-

fying x(to) = x4 is

t

€3.1) x=x_+ [ f(s) ds
@ t

o

Now consider the scalar DE x'=f(t,x). If it can be written

in the form



& i

(3+2) x' = g(x) h(t)
then the variablesare said to be "separated".

If g and h are continuous, then a solution x of 3.2 satisfying

x(to) = x_ exists in a neighbourhood of to' according to the

o

existence theorem of Cauchy-Peano. If g(xo)=o, x = xg is a so-

lution. If g(xo) # 0, then a solution can be obtained by so-

ving the equation

(3.3) = [h(t) at + C

foer x (it can be shown by the implicit function theorem that
this is always possible near to) and giving the constant C the
appropriate value. One might ask the questions: can the solution
; be cpntinued up to any value of t > to . what happens, if

g (; (t]) = 0 for some t, > t ? It turns out, that the latter

is impossible, if g is Lipschitzian and g(xo) # 0. To prove

this, suppose that g(x1) = 0 and that x(t1) =X for some

1
t1 > to where x is defined. Then x is a solution of the

initial value problem x' =g (x) h (t), x(t1) = x But this

1°
is impossible because the constant X, is also a solution of
this problem and the solution must be unique. Therefore it
is legitimate to use 3.3 even if g has zeroes. The gquestion
concerning continuation will not be discussed here to its

full extent, but only applied to examples.
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Example 1
(3.4) x' = a(t)x
We have g(x) = x,h(t) = a(t); then equation 3.3 reads

In|x| = | d—: = fa(t)dt + C

If x(to) = then

ol

i =
(3.5) x(t) = xoexp(f a(s)ds)
t

(o]

Continuation of the solution is not limited.
Example 2

(3.6) x' ==ax” (a >0, n>1)

_(dx

We get at+C = = (n-1)_1 % (n=1) or, solved for x:

1
(3.7) x = [(n - 1)(at + C)] n=1

1 =Un=1)

If x(0) = X5 # 0, then C = o %y

I X < 0 and n is

even the solution 3.7 is not defined for all t > O.
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Example 3

Reversible reactions involving two molecules of reactants
and/or products, lead to rate equations of the form

x' = g(x), where g(x) = —ax + b(1—x)2 or -ax2 + b(1-x)2. If

g has two real zeroes a and B, we may write, neglecting a con-

stant factor,

(3.8) x' = g(x) = (x - o} (x-B). (a < B)

[}

” - dx - e
B eaes ] (x-a) (x-B) =~ B-c It X8 " xa &

1 1n |X=B

a-B X-a
xo—B
Let x(0) = x_. We set t = O in (*) and get (f-a)C = 1ln | |
o Xg=a

Now we take exponentials and get

() |§;§| = exp [(B=a) (t+C)] = c exp(R-a)t
xo-B
where ¢ = exp(f-a)C = Ixo—a;'

Since gl(a) = g{B) = 0, a nonconstant solution never takes
the values ¢ or B. Therefore if x # a, B is a solution de-

fined in I, then only three cases are possible:
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x(t) < o V€I, a < x(t) < B VteI, or x(t) > B VteIl.

1st case: X < a

We have sign (x-a) = sign (x-B8) = -1 and hence from (*%)
(x=-B) = (x-a)¥Y, where Y = ¢ exp (B-a)t. This gives x-xY =
B-a¥

1

B-aY. X = —_—Y— i.e.

x = B-acexp(f-a)t
1-c exp(R-a)t

Since x_ < a implies |xo—a| > [x,-a| or ¢ > 1, the denominator
is < O for all t > O, and thus the solution is defined for all

t > 0. It is easily seen that x(t) » a for t + «,
2nd case: a < x < B

In this case we have sign (x-a) = -sign (x-B) and therefore
(x=8) = = (x-a)¥Y, x+x¥ = B+a¥, i.e.
B+acexp(B-a)t

(3.9) x =
1+c exp(B-a)t

Since ¢ > 0, the deominator is positive and the solution is

defined for all t > O. Again x(t) » a for t » =,
3rd case: x > B

Since sign (x-a) = sign (x-f), the solution is the same as in
the 1st case. But x_ > B implies [xo-B| < lxo—a1 or ¢ < 1. There

fore a t > O exists such that 1-c‘exp(B—a)t" = 0, hence the

solution cannot be continued up to t .
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Example 3'

(3.8") x' = = (x-a) (x-B) (a<B)

This equation is reduced to 3.8, if t is replaced by -t. We
consider only the case Xy > B, because we'll need it later.

The solution is

B-ac expl-(B=a)t]
1-c expl[-(R-a)t]

{3,912 X =

where ¢ < 1, Hence the denominator is > 0O and the solution is
defined for all t > 0. We have lim x(t) = B. Application of

troo
formulas 3.9 and 3.9' will follow in sec. 8a.

There are still many elementary methods of integration which
can be applied to particular types of equation. Most of these,
however, are not related to any known problem in chemical

kinetics.

4. Linear equations and systems

The general linear differential equation of first order has

the form

(4.1) x' + a(t)x = b(t)

The sclutions of this equation are
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(4.2) x = e-Ja®Iat (o o o faltiatg,

and are defined for all t for which a and b are defined and

continous. The solution which satisfies x(to) = Xgr is given
by t s
t—j a(s)ds t ¢ J a(wau
(4.2') x(t) =e ® Iz, ¢ fhlE) e as]
£

(]

Now we consider the linear homogeneocus system with constant

coefficients
N
= F g Xy {:= 1 juwewsn
This can be written in vector form
(4.3) X' = Olx

where (Ot denotes the (m,n) matrix [aij].

The general solution of 4.3 is an expression containing n constants
such that any solution of 4.3 can be obtained from it by assi-
gning appropriate values to these constants. It is known that

the solutions of 4.3 form an n dimensional vector space, i.e.

any linear combination of solutions is itself a solution. A

set of solutions that is a basis of this vector space, is

called a fundamental system of solutions. Thus, if {X1,XZ,....,

x“} is a fundamental system for 4.3, then every solution of
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4.3 can be obtained in the form X = ):Aixl, where the )\i are

real numbers.

An eigenvector of Ol is a real or complex vector # O such that
OX= AX or (0l- AE)X = 0 (E = unity matrix), where A is some
real or complex constant. In shis case )\ is called an eigen-
value of the matrix Ol and X an eigenvector belonging to A.
Note, that every scalar multiple of an eigenvector is it-
self an eigenvector. The eigenvalues are the solutions of the

characteristic equation det(0f - AE) = O.
Theorem 4.1

Corresponding to every eigenvalue ) of Ol there exists at least
one solution of 4.3 of the form

(4.4 X(t) = (o, %, o, e*t,...,0 &Y

where (c.l,cz,...,cn) is an eigenvector belonging to A. If O
has n distinct eigenvalues, then the corresponding set of solu-

tions forms a fundamental system for 4.3.

Proof: See [20] p. 60 f.

N 3 At at §c
If X is complex, A = a + bi, then e =e (cos bt + isin bt) and
the solution is oscillating. On the other hand if Olhas n

distinct real eigenvalues, then the components of any solution
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of 4.3 pass through at most a finite number of maxima and

minima.
Example
Let Ol = (-Z _g), a>0,b>0, a# b, and consider the system
X' = 01X, i.e.

| -
(4.5) X3 = -ax,

L -

x5 = ax, bx2

The characteristic equation

det (0L - AE) = |27 N=t@+nm+n =0

_b...

has the solutions A1 = -a, Az = =b. In order to get an eigen-

vector belonging to X1, we solve the algebraic system

-(a + )«l)c1 =0

a C.I"(b + A,I)Cz =0
Since A1 = -a, we may choose ¢, = 1 and this leads to ¢, = a
For A = Az = -b we get ¢y = 0 and ¢, = 1. Therefore the solu-

tions

b-a*
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(4.6) Xy =cy e

where c1, c2 are now arbitrary constants.

The system 4.5 can also be solved by integrating the first

equation apart, which gives x, = c1 e At and replacing this

1
in the 2nd equation, obtaining xé + bxz = acy e_alt which is

of the form 4.1. Applying 4.2 we get

-bt

e_atebtdt] = e [c2 + c

_ bt
X, = e [c, + [ac,

in accordance with 4.6. This method works also in the case
-at

a = b and yields X, = e (02 + a ctt).
A linear system is called inhomogeneous, if it contain terms
that are free of X. Consider the inhomogeneous system

(4.7) X! = Tseeeaen

I~5

1
(=

[
b3
+
2
-
]

The general solution of 4.7 is obtained by adding the general

solution of 4.3 to a particular solution of 4.7.
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The rest of this section is not neededin the further course
of this paper. By means of formula 4.2 and the Comparison
Theorem we will prove an existence theorem for non-isothermic

reactions in a continuous stirred tank reactor.

We make use of example 2 (sec. 2). The equations 2.7 for ci
remain unchanged, except that now the gj depend also on T.
The heat balance gives an equation similar to 1.6, but with
the term % (Tf - T) added. Here Tf is the input or feed tem-
perature. In this way we get the system of DE

W R
1 = 5 - i =
cj =5 (cge - cy) + qu Vij 93 I L. |
(4.8)
¥
T = (T - T) + = Q.9
v ‘Te GO e
N
where Cp 5 §1cpici

)T 3y =1,....,R (see [2], p.47)

cp and Cos denote the specific heat at constant pressure resp.

volume.
Theorem 4.2
If the following conditions are satisfied:

(i) the specific heats cpi and Cui (i=1,....,N) are inde-

pendent of T
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(1i) gj(c1a----ch) = sup gj(c1a-~-rCNrT)<°°
O<T<w»
R
(iii) .£ “ijgj(c1"""ci—1' 0, Cy qreeesCyr T) >0

j=1

N
M) o 50 LS Vs B0 T 65

if £

Then the system 4.8 has a solution that satisfies given non-
negative initial values and is defined and nonnegative for all

i

Proof: We have to derive estimates for solutions of

X' = AF(t, X) x(to) = XX,

or explicitly

cl = Am(cif - ci) + Azui.g.

i 373
(4.9) T' = AM(T. = T) + = I Q
’ £ c 393
p
c.(t)) =2rc T(t ) = A T_ wherem = L
i'"o oi o v

Let (c1,...,cN, T) be a solution of 4.9. Conditions (iii)-(v)
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imply that it is nonnegative. We consider v(t) =.§ Gici(t),
where the 6i have the same meaning as in example1;1of sec. 2.

We get v' = Eéici = Am (Elicif-v) and v' + Amv < AM for some

M > 0. It turns out, that K as defined in the proof of theorem
2.1 is an upper bound for the ¢;- In order to get an estimate fo
T, we need a positive lower bound for Cp and therefore a posi-
tive lower bound for the cy - Since (v) implies mzdicif > €

for some € > O, we get v' + imv > A€ and, after multiplication

with eAmt and integration

-Am(t-t ) | € =Am(t-t,)

vit) > v(t e + Z(1-e ) > vit)

since m = % > 0. Therefore v(t) > AL for t > to‘ where
AL

L =1L§ coi' But then c(t) > Ndkfor at least one index k, hence
€. I
= Pk~ _
CP g Cpici > A N6 ACO > 0 and from 4.9

T' < Am (Tf -T) + Co Engj

Now, using O < A < 1, Tf >0, T >0 and 4.8 a, and dropping

terms with negative on and negative vij' we obtain

_1 s il
£t CO {Zon gj + TZZvij cvj gj}

T' < mT

or breefly

T < FT(t, c1,...,cN) + rz(CT""'cN)T

































































































































