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Abstract

The numbers of substituted derivatives of
diamantane, trismantane, and of the three possible
tetramantanes are calculated using Pélya's theorem.
Calculations are effected for C-labelled and [H-label-
led catamantanes for three cases : (i) including

stereoisomerism ; (ii) excluding enantiomerism ; and

(iii} excluding entirely stereoisomerism, i.e. cal-
culating only the numbers of constitutional isomers.

Introduction

In analogous fashion to the derivation of the bidimen-
sional benzenoid polycyclic hydrocarbons (polyhexes) from
benzene, one cun imagine the tridimentional diamond hydrocar-
bons (or diamondeoid hydrocarbons) to be derived from adaman-
tane. The polyhexes are classified into catafusenes and peri-

fusenes, according to whether their dualist graphs (resulted



= 32 =

by Joining the centres of condensed benzenoid rings) are acy-

: : : - 8

clic or cyclic, respectively.” .
A detailed discussion of the classification and nomen-

clature of diamond hydrocarbons is to be found in a recent

5 also containg

paper by Balaban und Schleyer; 2 that paper
an enumeration of polymantanes up to seven condensed adaman-
tane units (cf. ulso ref.6).

In the present report we shall only indicate that the diamond
hydrocarbons contain at leust one adumuntazne unit and are
wholly or largely superimposable on the diumoud lattice,The
group of diamondoid hydrocarbons whose carbon uatoms all be-
long in complete aduam, units(are face-fused, i.e. have six
common carbon atoms for each pair of condensed adam. units)
is termed the group of polymantanes. The polymantunes are

classified into catamuntanes and perimantanes, according to

whether the dualist graphs of polymantanes (formed by joining
the centres of the n condensed adam. units) is acyclic or cy-
clic respeclively. The catamantunes are called regular if
they have formulu C,  oH, .., and irregular otherwise(the
smallest irregulur cutamantaone 1is [1231] pentamantane and the
smallest perimuntune is [122127] hexamuntane). 411 dualist
graphs of cutumuntanes are stuggered C-rotamers of alkanes
which were enumerated previouslyv, but some C-rotamers cannot

5'5.For the nomenclature of

be dualist graphs of catamantanes
catamentanes the dualist graphs may be coded by the sequences
of four digits (1,2,%,4), as well be shown below for the te-

tramantunes. These digits indicate the four directions of va-

lencies in a tetrashedral carbon atom and the sequence codes
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the colling of the duulist :raph.

So far from the possible catumuntanes, only four hydro-

cuarbons are known (fig.l): n=1, adamantdne,e'g L3

10 1L

n=2, dia-

I13 n=%, triamantsne, III; und for n=4 there are

o
three isomeric tetramuntsnes, namely [121 ]tetramantane,l' IV,

mantane,

{123 ] tetrumantane , V, havin, o non-brunched ~uulist graph
and [1(2)3 ] tetramantane,VI, whose duolist graph is branched,

A1l known catomuntanes were obtained synthetically by
ﬂlCl3-cut315zed isomerization of isomeric suturated bridged
polycyclic hydrocarbons.

The numbers of substituted derivatives of udumantane
were discussed eurlierlf-li. In the present paper we develop
the preceding treatmentl4, adupting it for counting the num-
bers of substituted iscmers of di-,tri-,and tetrumantunes.

In the previous paper14, after counting (i) ¢l11 stereoisomers
by applying Polya's theorem to the adumantane molecule, dif-
ferent graphs were employed in order to count (ii) only dia-
stereoisomers, omitting enantiomers or (iii) only constituti-
onal isomers, omittin, entirely srereoisomerism. A similar
approach wus used subsequently for enumerating substituted
derivatives of cycloalkanesls.

In the present paper, we shall make use of Pélyu's the-

14

orem a8 in preceding paper ' and as shown for a variety of

organic stereoisomeric systemsby Davidsonl®,
We shall denote by C-labelled system a derivative where
one (or more) carbon atom(s) was replaced by un lisotopic carbon

or by a heteroatom; the vulence of the heteroutom must be 2

to 4 if a secondary carbon atom is substituted,or 3 to 4 if a
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tertiury curbon atom is substituted, ~Nalogously, a H-label-
led system is a molecule where one or more hydrogen atom(s)
have been repluced by univalent substituents.

An importunt step for the uapplication of Pdlya's theo-
rem is the finding of the cycle index Z(i) of sraph A which

expresses the s,mmelry operutions on this graph by

A Z H J‘c(x) (1)

Jnl xed k=1

The order |il of the symmetry group is the sum of coeffi-
cients embraced bg'Z:.

In order to obtain the numbers of sll stereoisomers in-
cluding enantiomers the molecule is considered us a geometric
object and only the proper rot.tion uxes are tzken into ac-
count., For obtaining diastereoisomers only, i.e. excluding
enuntiomers one has to take into sccount all proper and im-
proper rotation axes, s well as symmetry planes. for obtai-
ning only constitutional isomers, i.e. excluding entirely
stereoisomers one has to include still more symmetry operati-
ons by considering all relevant perxutations under the symme-
tric group S, combined with the cycle index for the u-label-
led diastereoisomers; the variable associated with secondary
carbon atoms is substituted by the symmetric group Sye
It should be mentioned that the same procedure can be ap-
plied for obtuining the numbers of constitutional isomers of

substituted cycloalkanesls.
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Diumintune (cn)8(0H2)6

For dismantune, Ci14Hog» II, we discriminate in Fig.2
the two kinds of vertices according to their degrees™: black
(closed) circles indicate tertiary carbon atoms (CH-type) or
hydrogens bonded to them and the variable associated with
these vertices will be denoted by t; white (open) circles
indicute secondary carbon atoms (CHz-type) with associated
variable s, or pairs of hydrogens bonded to them (associated

variable u ).

FIG. 2 FIG.3

Table 1 contains the symmetry operations displayed by
dismantane (point group 93).
Considering only the proper rotation axes, the cycle

index contains |A|= 6 symmetry operations, leading to all ste-

* B .
The degree of a vertex in a graph is the number of a-
djacent vertices, i.e. the number of its nearest neighbouring

vertices,
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reoisomers:

1 wBE, B 4.3
Zg (Dj,t 8) = E-(t 8y + 2t tzs + 3t,s, ) (23
for C-lubelled diumantunes.
y . 1.8 12, 202204 4 = 456
Zg (Dg,t,ul = ~6~ (tju]™ 2tytgug + “*tou, ) (3)

for H-labelled diamzntanes,
Including all symmetry operations from Table 1, i.e.

also the improper rotution axes and the reflexion plunes, the
cycle index for diastereoisowers is obtained (excluding enan-
tiomers) :

Zge (Dyst,8) = -—[(tl s+ 2t9eisls sedadye sefede e o

for C-labelled diamuntunes, This cycle index leads to the
numbers of constitutional isowers of C-labelled system.

i
% 5 - Tfe8 17 2,2,4 26
25" (25 tyw) —12[(r.lul v 2tftiuz+ 3t )+ '5t. 2 ug @

+ thub+ 2t t0ul] (5)
for ll-labelled diamantsanes,

For neglecting all geometrical informations on the H-
labelled dimmantane molecule one has to find the cycle index
of the graph presented in Fig.3 where all the pairs of hydro-
gens bonded to secondary carbon atoms are topologically equi-
valent under the symmetric permutation group 52' with cycle

index :

2(8,) = (s34 8,)/2



= "3 =
Composition of the point _roup P? with the symzetric
permutation group S? leads to the desire? cyele inYex on re-
placing Sy by

2
k

1
Sy ;(u + Usy ) (6)
Thus we obtuin from (4) und (6):
5

C_Bigil o
Z(Q3d;t,s z 55,u ) zia{tl[ELul + uz)] +

g 2T 2 2 afl 2 2
+ Z'tlts[;(u3 + ue)] + 3t2[5(u2 + u4)l +

# %tit%[%{uf + ug;]g[é\ug + u4f]2 + tg[%(ug + u4)13 +
+ ?tzts{%(ug + ulzﬂ} (7}

Replacing in (2)-(5) and (7) Sty by y end effec-
ting all algebraic transformations we obtuin the cycle indi-
ces., ror n-lesbelled diamuntane excluding stereoisomerism we

obtain:

18 16 2 4
Z = ——g(yl + Syl ¥yo + lSyl Yo + EOyi yZ + lﬁyigyg +

10 8.6 8.6 2.6 2.4
+ 6y yg + y1Ys + 125795 + 32y1ys * 64Y]YaYg +

2,22 1 8 6 4 6
+ 32y yzyg t 32y20 + 96455, + 96y,¥5 * 32Y2J3 + 24y1yi

4 8 8 6 ) 8,22
* 12y,05 ¢+ 243’1ng4 ¥ 48¥13334 g 243;3’23’4 ¥ 17’31:?;;::’4 +
3 2
+ 24y3y5ys + 125y5y7 + Gayoy] + Styygyry) (8)

in the previous cycle indices according to Pdlya's

treorem one has to introduce the figure counting series, by
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the substitution,

k
Voot ) = 1+ x (9)

Tor one type of cubstituent other thun hydrogen.

For more cowplicuted substitution patterns, other figure-
countin; series cun be r-?mployed,l7 e 8. ¥y T l+xk+vk for
two t,pes of substituents other thun h;drogen.

The coefficient of term x" which is obtuined by this
final substitution then pives the number of diamuntanes with
n substituernts of the rume type. The results of these calcu-
lations are presente? in Tuble 2, where the heading x? indi-
cates the number n of substituents of the sume type (other

thin hydrogen).

Triumantane 3(5”)10(332)7

The molecule of irisumuntane Cygll,, (III), is presented

in Fig.4.

FIG.4
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There wre Lhree Lypes of vertices, uccording to their
derreas symbolized as follows: the lur: e cloned cireles repre-
sents the quaternary curbon atow {correspoding variuble z )
the smcll closed circles denote the tertiury curbon utoms or
the hydrogen Louded to them (correspondin, vuriable t )
the opei circleas represent Lhe secondury curbon atoms or the
pulrs of hydrogens bonded to thei (correspondin, vuriuble s).

The code7

of its dualist gruph is 17 ; this dualist graph is
the curbon skeleton of propane. The point group is gg' Thernr

are four s iuetry operations: two proper rotalion uxes, Cy4C5

snd two reflekion planes T and T'. For C-l.belled systems
Lhe corresponding terms in the eycle index are respectively,
y%s, y;yg, lez «nd d%yq. In these terms the exponent of n
terms indicutes the number of curbon ctoms eon the symmetry
element, while the exponent of Jo terms indicuates the number
of pairs of carbon atoms which wure interchanged by the symme=
try operations.

Analo_ously to the previous section, we present in the
following the cycle indices for substitute? triamzntanes in-
cluding stereoisomerism, by considering only the proper rotu-
tios:

1

ur( ,Z2,t,8) = —(t
‘J2 5

10 7z g 59185 z} (1¢)

for J-labelled trizmuntune,

Zglgorts8] = (tlc 14 * t2al) (11}

for H-labelled trlenntane.
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o

Cn including ulso the reflexions, the cycle indices for
triumsntanes excluding encntiomerism wre obtained:
= 5 4
Zs.(EQ,z,t,sJ = 4[(tl szz + tosys qz) + & tQ\l qz +
w
+tit55i gz} (12)

for C- labelled trismsntunes , which cllows one to culculute

the numbers of constitutionusl isomers.

2 1%2 2:’
(1%}

3
il 3
Zg4(Cs,t,8) = Z[ﬁtlo 4, tgsT) S tgs§s5 v t2e3s7

for H-labelled triumuntuanes.

In order to find the cycle index for constitutional
isomers of [-lubelled triamantanes, we have to express the
equivalence of the pairs of hydrogens bonded to the same se-
condary carbon atoms by the symmetric permutation group 32

(6) introduced intec (1%):
Z(C,,t,s>2(S,,u)] = %[tio[—z-(ui + ug)]7 +
+ tg[%(ui + u25][§{ug + u4}]3 +
+ t2t4{ (u1 + uz)] [%(ug + u4ﬂ +
+ 1t 2[‘(“1 ¥ “2’]3 [%(u?, # uﬁ] 2} o

Then on replacing in (10)-(14) Sy»ty and up by y, we obtain
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the corresponding cycle indices wherefrom on introducin, the
fi;ure-counting series (9) the numbers of isomers are obtai-
ned. In particular, on replacing ty and u by Vi in (14the cy-
cle index for copstitutionul isomers of H-lubelled triamanta-

nes ls obtained:

1 2
” 24 22 20 2 18_3 16_4
2 = —f + . + 21 %5 v z
e O I Y2 * 3Oy Yn 3By v ¢

14 12 6 10

2
+ 24yly;yi + 8y%y2y3 + ayéz + ?4y%0y4 + 24ygy§ +

5.3 4,10 4.8 6 2 =
+ 8y2y4 + 8y1y? + ?4y152y4 + ?4yiy2y4 + Syiygy& +

2. 11 2 2.7.2
+ 8y ¥yt 24ylygy4 + E4y1ygy4 + Byiygyz + 4yioyg +

10 5 10,3 2 8,8 5
+ 8ByyT¥oyy v AY] Yoy, t 12y7y5 4+ 24y?y2y4 +

6
v 1258052 + 123393 + 2aydyly, + 12555352 + avdy10 .
5
+ Syiygy4 + 4yiy2y§ (15}

The numbers of isomers of substituted triamantunes are

displayed in Table 3.

(171] retramuntune 2,(CH);,(CH,)g
.8 mentioned earlier, there are three possible isome-
ric tetramantanes (IV-VI) Coolsge They will be Aiscussed in
this order. The first two are valence-isomers, i.e. have the

same partition of their vertex degrees, expressed by formula
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C,,(::I—I)l.,(CLI.,)8 , while the third his a different partition
expressed b; the foraula C3(CH)lO(CH2)9.
[121]Tetrumuntune (IV) hus point group €,y und is presented

in Fig.5 with the svme cowventlons us in Fig.%. It is known.12

FIG. 5

In 5a,letters a-h,j,k,1 indicate hyirogen atoms which are
symmetrical under C, rotation and letter i indicates the in-
version centre.The dualist graph is the carbon skeleton of
n-butzne in the staggered trans-conformation. There are four
symmetry elements: two proper rotation axes Clund 32, one re-
flexion plane @ and one inversion centre i equivalent to one
binary improper rotation axis 32. In order to sa e space, we
shall present together the cycle indices ZS and ZS' - ZS is
the first part, in round brackets of the expression,and Zs,ia
in square brackets.

For C-labelled h21]tetramantanes,

2.12.8
zltl s1

1
ZS,S.(g2h,z,t,s) = E[(



- 147 -




- 148 -

(16)

(L7)

For constitutional isomers of H-lubelled {171) tetra-

mantanes,

1 ok 8
2(Q,y st ,8-+2[S,,ul) = Z{tiL[E(ui + uz)] +

1 4 1 4
+ ?tg[;(ug + ud)] + t;tg[;(ui + U?ﬂ

1 4 2
{—(ué + u4ﬂ }
2
(18)
wherefrom on replacing Uy and tk by Yy e obtain :

2 2

18 5 16 6 147 128 14

+ 5631073 + 28y1°y3 + 8y1%yl + y1%v5 + B2yt + 12832y,

10..2 6 12 8 6
192y2 y4 + 128ygyz + 32y2y: + 4y1%ys * 8y12y2y4 +

+

i2.4 .2 10 9 10.7 10,5 2 8
+ Ay yoyy v 16y7 o * 32y7 Yo¥g * 16y] Yoyg *+ 24y1y§°

8 8 6 2 6 11 6 6
+ 48yfy2y4 * 24y1y5yy * 16y1y5T 4 32y1ygy4 * 1631ygy3 +
8.2
» 4vy” ¢ 830y, + A91Yag 19)

Results are displayed in Table 4.
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(173] retrumuntane Ch(Ch) 5 (CHYY (V)

With the szme conventions und corresponding variables
us for Fijures * und 5, the uolecule of [123] tetramantane
is presented in Fig.6. Its dualist graph is the curbon ske-
leleton of n-butane in the stuggered gauche conformation.
The point group is the lowest of tetramantanes, namely o
und hes us symwetry elements only two proper axes C1 and 02.
Since the unsubstituted molecule itself, as well as its dua-
list graph, are chiral, (uctually, [12%] tetromantane is the
smallest chiral polymantune) the numbers of isouers including
enantiomers will be exactly twice the numbers obtained on
disregarding enantiomerism. The cycle indices,however, will

be ideaticul for Z3 and 23,. Fig. 6a 1s analogous to Fig. 5a.

ig = 50(@532,t,8) = —(z2 125? + zztg g) (20)
for C-labelled.
" 8
Y = grllniball) = —(ti2 15 5 250D (21)

for ll-labelled.
B, substituting (6) into (20) wherever s, appears, we

obtain:
1 1 8
Z(gzitss"z[s2iu]) = E{tiz[g(ui + u2)] +

1 4
th;(ug + u4)] } (22)
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und finwlly we replce Sk'tk’uk by Fi in 1ll above indices,.

In particular, (P22?) is converted into:

28 26 24 2

. 2 22 2
2= ——E{yl + 8y ¥y, * 28y] y5 + 56y 3 0,4

Y5 + 70y1 y2 +

16_6
+ 64y3%y, * 9630y, + 64y5y; + 16y5y) (23)

Results are preseanted in Table 5.

(1(2)3] Tetramantsne C3(CH)10(CH2)9 (V1)

The molecule is presented in Tig. 7 with the same con-
ventions as in Fig, *. The duualist graph is the carbon ske-
leton of isobutune. The point sroup is s with three proper

rotation axes (Cl’CB'Cg) and three reflexion plenes (G,G:Wi

48 in the section before last, we have for C-labelled sys-

tems:

[

e O )
ZS,S'(QS;Z't'S) = ~[(zitlosg + 2z3tltés;) +

(o)

4.% 4
+ 32125471593 ] (24)
and for H-labelled systems:

10 18 3.6 4.3 9 (25)
Rtl uy ¢+ 2t1t3u3) + 3t1t2u2]

[oa T I

Zg,50(G5ityu) =

For constitutional isomers, we have:
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1 B 9
2(gy ;t,8>Z[S,,u]) = —I\tio[—(u; +u)) s
; > - - >

Q

(ui + ugﬂ [%(ug 4 u4ﬂ 4}
(25)

FGIP—‘

1 3
+ 2t t3[—(u, v ug)]” w3t

In all the three expressions we repluce Zk’tk’sk ~nd
4y by . In particulur, (25) yields the cycle index for con-

stitutionul isomers:

1 5
28 26 24 2 583 204
Z = ( + 95T s *+ 36y + 84 + 126y)
2072 i 31 I .)‘l J') 31 y2
128
+ l”ﬁar}‘8 5+ My}%g “6;&43@’ + 9y v, t Jioyg +

+

9 7 P T 5 3%
128y yx + 384y ¥s¥g + 384y Yayg + 128yy¥3y5 *

; 5 2 6 )
48ySy3t + 192,5y3y, + 28,5y 1y7 + 1923537 +

+

8
48y‘1’333«4 & 48yiy§2 + 19”5{%054 # ”b834y254 +

+

+

19253 35y; + 48ydvivy ) (27)

FIG.6 FIG.7

Results are presented in Tuble 5.
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Jonclusion

Table 7 presents u compurison between the numbers of
»*
mono znd disubstituted isomers of catamantanes with n=1 to 4.

14 those for the

The data for n=1 are {rom a previous paper,
remaining cutamuntunes are from Tubles 2-6 of the present pa-

per.

Conclusion on monosubstituted systems

On comparing the data from Table 7, it is uppurent that
monosubstituted adamuntanes are achiral, and that starting
with diumentunes, chirul monosubstituted catumantunes exist;
their number is obtuined as the difference between columns
(3) and (4). For exumple, positiouas lubelled a and b in II
and III give rise to chiral monosubstituted isomers,

Starting with trismantane, monosubstituted catamantanes
yiel? more than one Aiastereomer : e.g. ia III positions la-
belled ¢ and d give rise to diastereomers: the difference be-
tween columns (4) and (5) gives the numbers of diastereomers.

slso starting with trizmantane, mono-C-lubelled systems
(e.g. with heteroutoms) may be chiral becume of the lower sy-
mmetries: for n>3 there exist carbon atoms which do not lie
on a plane of symmetry. The numbers of such enantiomeric

pairs result as differences between columns (1) and (2).

*It is wssumed that substituents aure not chiral.
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Conclusions on disubstitute? systeus

Since the numbers of enunticmeric puirs result ug Air-
ferences between columng (1} und (2) for C-1ibelle? sistenms,
und between columns (*) und (4) Tor ll-lubelle? =rstems, it in
apparent that even sdumuntune gives disubstituted chirnl sys-—
tems, and also diustereocmeric systems. [lowever, for di-7-lp-
belled systems, chirulity is observed only sturting with A4i-
umantane,

It may be observed that in a few cuses, the numbers of
Adisubstituted g:stems are equul to the sguares of uolosubsti-
tited ones: for li-labelled stereolsomers of iri- and [121]-
tetramantanes and for Z-labelle? stereoisomers of [1717-
telrumantane. It is ulso interestiag to note that the numbers
in columns (1) «nd (%) for [1217tetramuntune are egaul to

those in columns (2) and (4) respectively, for [12%] tetra-

mantzne. This is better upparent on comparing Tuables 4 znd 5,
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