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A simple formula is derived for the number of meso-ionic heterocyclic
[m] = annulenes obeying the Hickel rule. The treatment is extended in

order to allow for restrictions on certain pairs of atoms being adjacent.
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Sulabarn {wiin ':'ciemu..;] enumerated the heterocyclic annulenes
obeying the Hickel rule, and later Balaban and Hf::rclry2 expressed the

3

formulae more concisely by the use of Pélya's Theorem. Balaban” has
recently pointed out that the enumeration of the subset of these compounds
which are meso-ionic remains an unsolved problem: we now present a
simple solution.

Let there bkem atoms in the ring, which may consist of three types
of atoms only, X, Yand Z. Then the number of distinct structural isomers
with my of type X, m of type Z (and my, of type Y) is given2 by the

My Moy
coefficientof x "~z in:
Fm=Z(Dm;1+x+z). 1)

Here Z wn) is Plya's cycle index4 for the dihedral group Dm; and
in the standard manner, the p'th power of the indeterminate 5 is replaced

by (1+ 55 + EE)E . We shall represent this coefficient by the symbol

Em (Qx rg_z). It is obvious that

m_x+mY+mz=m 3 (2)
The formula (1) is quite general. But now =3 if we specify X to be an
atom providing two  T-electfons (such as pyrrolic nitrogen), Y one providing
one T-electron (e.g. carbon) and Z no T-electrons (e.g. boron), and
assume the Hickel rule to be fulfilled, we hove] the further restriction
2mx+mY:4n+2, (3)
with n an integer. In the Figure, we illustrate all the solutions of equations

(1 - 3) for the simple but chemically interesting case m =5, classified in

accordance with the concepts defined in the remainder of this paper.
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Non-meso-ionic

1. Without X-X or Z-Z Adjacencies

Y——V,
Y/ \Y
my = 1, I‘I’\Z =0
\x/
Ve ¢
X/ \X
m =2, My =1
X z \Z/
Il. With X-X but not Z-Z Adjacencies
Ye—Y.
Z/ \X
my=2, my,=1
z \x/
X=X
/ \Z
m, =3, my=2 Z\X/
IIl. With X-X and Z-Z Adjacencies
i——7
/ \x
rl“lx =3, my, = 2 X\x/

Meso-ionic

FIGURE — Classification of Heterocyclic [5]—Annulenes obeying the

Huckel rule.
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Balaban'** defines a meso-ionic compound, in terms of the above
symbolism, as one containing no odd-numbered chains of Y between X
and/or Z. This is easily seen to be a useful generalisation of the more
usual definition, which states that, if X, Y and Z and the compound are
neutral, a meso-ionic compound has no canonical valence-bond structures
which do not contain formal charges. MNow it is easily sman'll’3 from (3)
that m,, must be even. It is accordingly convenient to furn the definition
round, and state that a non-meso~ionic compound only contains even chains
of Y. Therefore, in such compounds, Y atoms can only occur in adjacent
pairs Y2. In order to enumerate these non-meso-ionic compounds, our
combinatorial question is now: 'In how many distinct ways can my, atoms
of type X, % m,, groups Y2 and m., atoms of type Z (total m atoms

or groups) be arranged?' And the answer is immediately seen to be

Er_n “im . (m NG -TZ)' We have thus obtained the simple result that the
number of meso-ionic compounds is given, with m, Myr M and m,, as

previously defined, by

meso _
Cm (mx ; rnz) = Cm(mx, mz) - Cm _a

bmy, (e ) - @

This is illustrated in the Figure and the Table for some simple cases, which

. . > 1
agree with earlier tabulations, ’

1,3

Balaban ™ has also pointed out that, on grounds of likely chemical
stability, it might be interesting to enumerate subsets of the heterocyclic
annulenes obeying certain restrictions on which pairs of atoms could be adjacent

(e.g. no Z - Z adjacency permitted). The general solution to this problem

has recently been found by Lloyd.s Although he employs the picture=language
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of stringing coloured beads on a necklace, normal in the combinatorial
literature in this conrexf,4 we shall here express his result in chemical
terminology. Let m, My My, and m be as previously defined. Let
there be certain restrictions on permissible adjacencies specified (vid, infra)

by a 3x3 mafrix_zl", and a vector b, of dimension 3. Then the number of
m m, m
distinct structural isomers is given5 by the coefficient of x, = "2_\(53_2

in the expression

R =1Z(C_i9+16 )
where, form odd, & = y' (T et (5a)
and, formeven, 20 = v* (1™ "D 104 g (1) Py (o)

Here z (Cm) is the Pdlya cyc|e-index4 for the cyclic group Cm,'

and for the p'th power of the indelermina're_sk the following non-standard
substitution is made:
s — w (T P (6)

where fr stands for the trace of a matrix. The unsymmetrical matrix T,

has zero entries for (_1_')ii if the _i'th and _]"rh atom are not permitted to be
adjacent, otherwise (D|| =x i Similarly lii is zero if atoms of type i

may not be adjacent to each other, but otherwise b i = 1. The matrices

are identical in form to T, but all enfries x I are replaced by their k'th

s

k
power, x—. The row vector v' has v.=x The column vector e
5 > Yo T2 e

i
has all its elements equal to 1. The row vector d' hc:sgi = (IZ)i .

If, for example, we apply the restriction that only Z - Z adjacency

is forbidden, we have

L= X % X3 andla,= 1
Xp % Xq 1
X 0 0



We shall denote the coefficients in (5) obtained under these circumstances
6 e

by Q‘ﬂ (TX, n_llz). Lioyd™ has calculated them for m= 7; we have

obtained them for the lower values of m . If the restriction is that neither

X =X nor Z - Z adjacencies are permitted, then

'I,= [} Xy  Xg and'le’= 0
x1 %, x3 1
x| % 0 0

Such coefficients we dencte by E " (TX’ TZ)' For example, our expansion

ﬁJrT =bis

_.3 3 3 2 2 3 2: 3 2 2 3
Ré—x] *q +x2(x] *q +x1 x3)+x2 (xl x3+5><l g +x]x3)+

3 2 2 3 4 2 2 2 5 é
+x, (x] +4 Xy %q +4 X % T xq ) Xy (2 X"+ 3 Xy +2 g )+x2(xl+x3)+x2 .
Our numerical checks for both types of coefficient agree with earlier h:ul:n.tlciﬁons.]'3
If we now consider the enumeration of those heterocyclic annulenes which
are subject to any adjacency restrictions and which are also meso-ionic, it is
immediately clear that the previous logic is entirely applicable here also, so
that, in an obvious symbolism, e.g.,
meso - _
I:)m (mX' mZ‘) B Dm (mX' mZ) Dm -k rnY(mX' mZ)’ @
meso - _
and E e (mx,m£ —Em (mx,mi Em-% mY(rrs(, mZ). (8)

1,3

Numerical checks agree with previous tabulations *~ and are illustrated in
the Figure and Table.
The expressions (1) and (5), and our results (4), (7) and (8) can readily
be generalised, and provide complete explicit solutions to these enumeration
problems.+
+|r is perhaps worth noting that (1) and (5) can also be used for saturated rings,
where of course the limitation (3) is inapplicable, and X, Y, Z can stand
for any desired type of atom. E.g. E_ (2,2) =5 also means that there are

five structurally isomeric diaza-disila-cyclohexanes which contain neither
adjacent nitrogen atoms nor adjacent silicon atoms.




APPENDIX

" . 5. :
We have found that, in practice, Lloyd's method™ is laborious. We
here present an alternative method of enumerating the cases where Z atoms are
not allowed to be adjacent. Though neither so elegant or general, it is much

quicker, especially for m_, £ 3. It is based on the same idea used for meso-ionic

~Z
compounds in the main part of this paper.

For the case m., = 2, we obtain by exact analogy the result

D_(my,2)=C_(my,2)= C__ (my, 1)
When m, = 3, we have two similar terms. But those isomers having triples (three
adjacent Z atoms) will in general have been counted twice. We apply the
Inclusion - Exclusion Principle, and add a term to enumerate them. However, a
triple with a symmetry plane will not have been counted twice, and a final term

corrects for this. Thus

D (my, 3)=C (my,3) = G__,(my, T, N+C_ ,(my, 1)~
_[zm=3 _[Fm-4 ) _sm—z
H My H my, 3 My Je
m, m m
Here G ) is the coefficient of x - z—Z w = in

% (myr moy myy

Z{D ;1 + x+z+w).
m

Here and henceforth, wherever a binomial coefficient or a factorial has a fractional
argument, that term is to be set equal to zero.

When m, = 4, pairs and triples are similarly enumerated. Quadruples (four
adjacent Z atoms), whether general or symmetrical, are counted just once in this way,
and no correction is required for them. But it is necessary to consider the occurrence
also of two pairs of adjacent Z atoms. Straightforward application of the Inclusion-
Exclusion Principle, avoiding double counting of quadruples as pairs of pairs, and
allowing for the fact that isomers with pairs of adjacent pairs may have CZ’ Cs or sz

symmetry, leads finally to the following formula.
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D (mxr 4) =HE (mxl 4) =G 'I(mxr 2:’) +Gm z(mxr 1r ]) =
(2 m-2)" (3 m=A) _
*Coez M2~ Congliye V- ey " G
o Gmea _ GmeA) _ _Gm-3n )
* m)‘(? [E m—Y—z). Gwm_-T. & m 1) G M - e m )%

_ (4 m=-3)., ' i1m-35 %m_—4
(3 mx)'. (3 mY-‘l)'. % im -'F é my /e

It will be noticed that, for a given parity of rﬂcnd of m., at most four of the last
nine’ terms are non-zero.
With these formulae, one may enumerate all isomers up to m =9, and many cases

for higher m. If is to be noted that in this method individual coefficients can readily be

I3’6

determined. All numerical checks] proved satisfactory. We also present the

polynomial for m =9, (We now prefer to use x, y, z rather than Xys Xps Xge The
expression is symmetrical in x and y, and we only explicitly give terms with mx\ m.- )
2 2.7 36 45 8 7 26

R9 (y +xy +4xy +7xy +10xy") +z (y +4xy +16xy +28x3y +38 x y4)+

» oy % Bwy +36x2y5+57x3y4)+z By s 10sy” w8t B 4

i 14()/5 +3 xy4 +6 x2y ) + symmetrical terms.
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