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1. Introducticn

We recall from part II that we considered finite sets X and Y,

and correspeondingly the set YX

of all the mappings ¢ from X
into ¥

SR | ¢: x » ¥Y).

We denoted by SX and SY the symmetric groups on X and Y.
If G and H denote permutation groups on Y and X, i.e. G < SY’
0< SX’ then they induce various permutation groups on YX, and

the problem is to enumerate their orbits or even give a more
detailed description of them.

In part T and part IT we mainly considered problems of the
following type:

1.1 Ptlya-problems (cf. ref. 22):

The following permutation representation A\ of H is con-
sidered:
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4
Yq? H + SYX: h » [¢.h_1]

The image of H under Yq is denoted by EH:

B A yl[H].

It is this type of an enumeration problem which is mainly used

in applications to graph theory (ef. 10). If e.g. P denotes a

set of points, then we take for X the set P{g} of all the

unordered pairs of points, put Y:={0,1}, and take for H the
group SPE}, which is induced from SP on P{2}. In this case a
[ yX may be considered as a graph, an orbit of the group as

class of isomerphic graphs (see part I and II).
A generalization of 1.1 is the following type of problem:

1.2 de Bruijn-problems (cf. 1):

We consider the following permutation representation Yo of
GxH:
¢
The image of GxH under Yo is denoted by GH:
GH IR N [GXH] :
This group GH is called the power group of G and H.

This type of problem finds also various applications to graph
theory. For example if we apgain take X::P{E}, Ya={0,1F; H:=S%2}
and G:= S[O 13» thenan orbit of the permutation group
2
3{2}

P
(S¢0,1¥)
consists of a class of isomerphic graphs with point set P and
the class of the complementary graphs. Thus if we denote by

B(-) the number of orb.its, then (2}
s{2} S

. P = B
1.3 2 B((S[O,i]) ) B(E )

is just the number of classes of selfcomplementary graphs with
point set P.

A generalization of 1.2 can be described as follows:
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1.4 The exponentiation (8):

Let GiH denote the wreath product of G and H, i.e. put
GiH := ((f,n) | f: X + G, h ¢ H},
and define the multiplication by
(£,h)(£*,h") := (f£!,hh'),
where for each x ¢ X:
£fYte) §= EOIET bad, £f0xd s £1(n 1y,
We consider the following permutation representation of
this group GiH:

GiH + 8 (f,h) » ($), where y(x) := f(x)¢(h-1x).

73: YX:
The image of G:iH under T3 is called the exponentiation
of G and H, and it is denoted by [G]H:

[61® .- v5[GH].

There are only very few applications known of this kind of
enumeration problems (e.g. the enumeration of so-called Post-
functions), the interested reader may confer ref. 11. But
exponentiation groups are sometimes taken for the group H in
Pblya-problems, e.g. H := [sz]sn arises in the enumeration

of Boolean functions.

It is important to notice the following:

15 EH < GH ! [G]H 5

In order to make this more precise, we denote by G*, diagt®,
H' and diagG‘H' the following subgroups of GiH:

G* = {(f,1) | £5 X » G,
is called the base group of GiH and is a normal subgroup.

diag G* := {(f,1) | f: X + G constant}

is called the diagonal of the base group. Finally we put

H' := {(e,h) | h e H},
where e(x) := 1G’ for all x € X. H' is a complement of G .
Another subgroup is the product

diagG®-H' = {(f,h) | f: X > G constant, h ¢ H}.

We notice that the following holds:
G* = @% . ® G, |X| factors,
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diag G% = G,
H' = H,
1 * LI
diagG +H' = GxH.
Using this notation we obtain a better formulation of 1.5:

1.6 (1) BY = v [H] = v [ExH] = v5lnt],

(11) 67 = y,[oxH] = vylaiaga® H'].

1"

But there is another enumeration problem, which looks quite
different. It covers the enumeration of superpositions of
graphs, and it was introduced by J.H. Refield in a paper, which
was overlooked for many years (ref. 23), but which was pub-
lished already ten years before the famous paper by Pdlya

(22) appeared. This problem reads as follows:

1.7 Redfield-problems (23):

Let m and n denote natural numbers and let M be the set
of all the (n,m)-matrices, which contain in each of its
rows all the elements of m := {1,...,m}. We define an

equivalence relation "»" on M as follows:

(aik) 8 (B, ) 1= Jo €S such that b, = a

y . B11

k

Any two such matrices are called column equivalent, since
each of them can be obtained from the other one by permu-
ting the columns.

TP
i,0

The equivalence class of (aik) is denoted by (aik)m’ the
set of equivalence classes by Mm. It is eclear that we have

for the orders of M and of Mm:

IM] = mt", while |M | = g
If now Gl""’Gn denote subgroups of Sm H Sm, then we con-
sider the following permutation representation Yy of the

direct product Glx...xGn:

Y

(agyn ]

(ggagy )

vyt G %...x Gn + Sy (gl,...,gn) - [
Redfield noticed that there is a bijection between the set of
orbits of YMIGl*"'*Gnl and the get of certain isomorphism

types of superpositions of graphs (cf. 23, 20).
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Another case of interest is:

1.8 The matrix group (21):

Let M be defined as in 1.7 and take subgroups G < Sm and

H < Sn' We consider the following permutation representa-
tion of G.H:

75: GiH ~+ 3 (f,h) =

M

N

1x)n I
(f(i)a )
ntix Y

The image v;[GiH] is called the matrix group of G and H,
it is denoted by [G,H]:
[G,H] := Y5[G1H] :
In each one of the cases 1.1, 1.2, 1.4, 1.7 and 1.8 the
question is how we can get information about the orbits of
the permutation groups EY, g, [:G]H and [0,H], assuming a
certain knowledge on the orbits of G and H.

The first step will of course be the enumeration of the orbits

using Burnside's lemma and the permutation character of the
representations Y (ef. part IT). The last step would be a
construction of a complete system of representatives of the
orbits. Between these two steps one might derive theorems

on the number of orbits with certain properties like pre-
scribed length et cetera. In addition ore may ask for a uni-
fied treatment of all these results, attempts in this direec-
tion have been made in ref. 13 - 16 and 18 - 20.

In order to provide a solution of these problems we shall at

first introduce a generalized wreath preoduct of groups together

with a particular permutation representation. Afterwards we
shall show that this generalizes 1.1, 1.2, 1.4, 1.7 and 1.8.

The evaluation of the corresponding permutation character will

finally allow a unified treatment of the results, which are
hitherto known.
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2. A generalization

2.1 Def.: Let H denote a permutation group which acts on n and
has the orbits bl""’br' Let Gl""’Gr be groups and put

(Gi,...,GP)1H = ((f,h)]f:E+gGi,Vi(ieb54f(i)eGj),hEH}.

This group is called the generalized wreath product of

Gl""’Gr and H. (The multiplication is defined as in 1.4)

The normal subgroup

*
(Gl""’Gr) = {(f,1) e (Gl,...,Gr)mH}

is called the base group. If in particular G “:Gr:G’ then

a4
2.

n

(G vusG)¥H = GiH:

If now m,n and s denote natural numbers, and if s < m, then we

denote by M“®” the set of all the (n,s)-matrices, which contain
in each of their rows just s pairwise different elements of m.

This means that the rows of each (aik) e M%7 rorm injective

s-tuples over m.

For Gi < Sm’ 1 <1 <r, we define the following permutation

representation T<s> of (Gl""’Gr)lH on M%7

(a5,)
(ra)s

<3>

2.3 37 Uy gl ol ® 8

<S> (f’h) H
M g, 2

1,

We notice that mM<1”

mappings from n into m. This shows that the following is true

may be considered as the set of all the

if we denote by *2" the similarity of permutation groups:
2.0 (1) [6)¥ = v [61H)% v 16.4],
(i) 6" = vy laiage® u'] ¢ vV [aiag6" -0'],

(iii) EB" = vylur] ¢ o R

This shows that 2.3 covers Polya-problems as well as de Bruijn-
problems and the exponentiation group. In order to treat Red-
field-problems, we introduce the column equivalence of 1.7 as
an equivalence relation on MS”, We notice that its classes
are just the orbits of the image of the following permutation
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representation § of Ss:
(a:

)
k
2.5 §: S_+ S T o &
B e [(a o )] ;
i,00 °k

The salient point is the compatibility of § and y‘
following sense:

5% in the

2.6 Def.: Let a: P » SR and B: Q + SR denote permutation re-
presentations of the groups P and Q on the same set R.
We call B a-compatible if and only if the following holds:

¥ (p,a,r) ¢ PxQxR 3 Q' € Q (a(p)B(g)r = g(g"da(pir).

Thus g is a-compatible e.g. if «[P] is contained in the norma-
lizer of 8[q] in sg.
If B is a-compatible and if R denotes the set of orbits of
8[Q) on R, ¥ the orbit of r ¢ R, then it is easy to check
that the following defines a permutation representation o of
P on R: _

_ r
2.7 u: P+ Sﬁ: p >

«{pJr ¢

The following result of de Brujn (2) on the character of &
is important:

2.8 Lemma: The number of al(E(p)) of points fixed under «(p)

is equal to
A 5 [r | reR, alp)r = gla)r}].
th qeQ

It is not difficult to verify that this is true.

We shall apply this to the permutation representations Y<s>

of (Gy,...,6,)1H and § of S_,. It turns out that § is y <87
compatible, so that we obtain by 2.6 and 2.7 the following

permutation representation ¥*57 of (Gl""'Gr)‘H on M%7
- (asq.
29 ¥°FE WysuensB 0l > § s (f,n) » | i
M<8> (f(ida -1 ) 3
h “i,k

This representation has the dimension

2.10 |M<3>| = (2)5!“'1
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We denote the image of this permutation group by

[Gi""’Gr5H]s and call this group a generalized matrix group:

<g>
248 [Gl,...,Gr;H]S iz oy [(Gl,...,GP)lHJ
It is clear that in the case when s := m the following holds:
2.12 Lemma:

e TR
(i) ™ [(Gl,...,Gr)l{IS”]] = yyloy xoox e l,

9}

(ii) vy ™(6,...,6)1H] = vs[C1H]

This together-with 2.4 shows that y<s>and the corresponding

<s>

representation y generalize the enumeration problems, which

were introduced in the first section.

3. The permutation characters

The groups GI""’G were subgroups of Sm acting on m. Let

r
us denote by G: the permutation group which is induced by
G; on the set g[s of the injective s-tuples of elements of
m and by NiS the corresponding natural representation of

Gisl, regarded as representation of Gi’ 1 2% 85y

We recall that the orbits of H < Sn were denoted by bl""’b
and we define a mapping ¢ as follows:

1—.3

AL o:m > r: ie J , if i€ bj'

Then the corresponding outer tensor product

[31 . [S] # 7% NISI

Ne(iy % Vel ¢(n)

is a representation of the base group (Gl""’GP)*

[s] ,

(Gl,...,Gr)lﬁ. ik Vi denotes the representation space of Ni
then it operates on VN“@...QVMH) as follows:

(f‘,l)(v@(i)@...avﬂn)) 1= f(l)v¢(1)® .@f(n)v¢(n).

The following equation defines an extension of this represen-
tation to (Gl""’Gr)'H (efi 16, 2u3508
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@...@f(n)v

(f’,h)(vﬂl)ﬁ...@vo(n)) = £(1)v 43 O(h_ln).

s(n”!

We denote this extension by

It is obvious that we have the following: —_—~

n
“5” has the same character as N[s]

3.2 Lemma: vy
i=1 #(1)

We would like to evaluate this character. IE order to do this
we notice first that the representation N!54 of S, (onm 54y
is transitive, so that it is induced from the stabilizer of
any injective s-tuple, in particular it is therefore induced
from the subgroup Sm—s’ the stabilizer of the last s symbols.
If we denote as usual (cf. 12, 4.7) by[m-s] the identity re-

presentation of Sm- then we have

s’
N[S] = [m-s] + Sp+

Denoting by "4" the induction, by "+" the restriction of re-
presentations, this yields:

3
3.3 NySd = [m-s] + s + 6.

In order to use this for an evaluation of the character, we

denote the cycle decomposition of h ¢ H as follows:
c(h) . ) 1,1,
h= 1 (j,hj,,...5b h
v=1

(j, peing the least symbol in the cyclic factor (j,++-b ¥ Jid
of h and j1 < j2 =< “‘<jc(h))’ so that there are uniquely de-
termined elements
. -1. -1v+1-
g, (f,h) := £ )F(h 7§ )...f(h 3.4

which we call the cycleproducts corresponding to the cyclic
factors of h with respect to the mapping f. It is known that
the cycleproducts determine the conjugaecy class of (f,h) in
G‘Sn’ and hence they show up in formula 2.12 of ref. 16 for
the character of certain representations of wreath products.
An application of this formula yields the character of Y<S>

by 3.2:
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3.4 Theorem:

If (f,h) ¢ (Gi""’Gr)‘H and gv(f,h) are the corresponding

cycleproducts of h with respect to £, then we have for the

<S>

number al(Y (f,h)) of points fixed under Y<S>(f,h):

c(h) _
ORI L LS TERCR I

v=1

Putting s:=1, we obtain by an appliecation of 2.4 to 3.4 imme-
diately the theorems of Pdlya, de Bruijn and Kerber on the
number B(-) of orbits of EY, ' and [GIH as corollaries (put

|X|=n, |Y|=m, and denote by a, (h) the number of k-cycles in h):

3.5 Corollary:
(1) BeEly « L 3 pf(H

k]

18| heH
n a, (h)
41y Blehy » —t— . R R
lc|lH| (g,h)eGxH k=1
c(h)
(it BT = —ter £ n (g, () .
|G| "|H| (f,h)eGiH v=1

In order to provide an example we evaluate (c¢f. 1.3) the num-
ber

2-8(s,") - B(EM)
of classes of selfcomplementary mappings with respect to H.
3.5 yilelds

3.6 1 ge pe(h)
THT oy

- 3

where the restricted summation ' is to be taken over all
heH which consist of cyeclic factors ofevew lengths only.

It remains to evaluate the character of Y<S>. We apply lemma

2.8. This lemma shows, that the number of points fixed under

v*%7(f,h) is equal to the following expression:

3.7 4 & [(Cay) e M | Vik(a  _, =f(ida ;).

s! oeSg igo Tk h “ik

<5>
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To make this more explicit, we iterate a
so that we obtain

Veew, i,ka _, = sea™ o™ iya o ).
i,o 'k h “i,k

This yields in particular:

3.8 Y1<v<em), 12k Ssta -1, =g (f,n)a. ).
: v v J_ sk
Jusu k AY)

Let now svh’ 1 <2 < c(g-lu) denote the least symbols in the

cyclic factors of Jl', 1 < v < c(h). 3.8 shows by successive
application that the coefficient aj s determines the j -th
) v
v' VA

row of the matrix (aik) completely. Furthermore 3.8 shows

that each a, 7 occurs in g (f,h) in a cyclic factor of the
£l Y
voovi 3
same length as s in ¢ 1y, and finally a, and a.
v \J’S\) J\)’S\)X'
must occur in different cycles of g (f,h) as soon as x § '
v

since the rows are injective s-tuples.

This shows that the coefficients aj - uniquely determine
v’ o
the whole matrix (aik)' The number of matrices (aik) with the
property
3.9 Vika _, =f)a , )
i,o "k h i,k

is therefore equal to the product (over all y, l<v<c(h)) of
the numbers of injections from s into m, which have the pro-
perty that the cyeclic factors of gl are mapped onto cyclic
factors of gv(f,h). But this number of injections is equal to
; [ak(gvfi,h))
k=1 ak(r *)

-1
a, ( v)
]ak(g’lv)!k ko .

This altogether proves the following .

3.10 Theorem:

<8> <8>

The number al(v

(f,h)) of points of which remain

fixed undery<5>(f,h) is equal to

-1
e(h) s f[a, (g (f,h)) _ a, (o "v)
i [k e ]ak(c oy ¥
k=1

— £ 1
s! ge vzl
Ss

ak(r_l")




- 78 -

Because of 2.12 we are interested in particular in the case
s:=m. We obtain

e n m fa, (£(y)) a (q)
311 2, (L) =gy z nl[k ’ }Bk(o)!kkc :

oeS, v=1 k= ak(o)

This yields Redfield's main result since the product in 3.11
does not vanish only if all the f(v) are of the same cycle-
type as o, in which case the double product is equal to
a, (o) &
(n ak<°)!k DI
k
Applying this to 3.11, we obtain Redfield's result from 2.12.

It reads as follows:

3.12 Theorem:

Bk n-1
(nmaglk ™) , if all the g, are
i i
ai(Yﬂ(gl""’gn)) = { of cycle-type (a1,...,am)

0, otherwise

The permutation character of the matrix group turns out to be:

3.13 Theorem:

1. ethy M [3k(8v(f,h)) . ak(c)

ai(\rs(f,h}) = T ak(a-‘-wJ aR(O‘ 'J!k

=

n n
ocSm v=1 k=1

Applications of the lemma of Burnside yield the various num-
bers of orbits.

This provides a unified treatment for the derivation of the
permutation characters of the enumeration problems introduced
in section 1, so that we are now in a position to start a
closer examination of the orbits. Klass has shown in ref. 17,
how a knowledge of the subgroup lattice of the permutation
group in question allows the enumeration of the orbits of
prescribed length. But the subgroup lattice is mostly unknown,
so that other properties of the orbits should be prescrited.
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4. Enumeration of orbits by weight

It is our aim now to obtain generating functions, which enu-
merate the orbits of ¥ by weight. This means that we are
looking for polynomials p e Q[Zl""’zlYl]’ where the coeffi-
cient of

o a
A 1 | Y|
zZ i = Z1 P Z!Yl

is equal to the number of the orbits, which consist of
mappings ¢ with the property

=4 g
ag =l [yl 1 24 < |Y.
More generally we can start off with a weight function
4.1 w: Y » Q[Zi,...,ZIYI],
which yields the mapping
. X .
4.2 whs ¥ +Q[z1,.__,Z|Y|]. ¢»XEX w((x)).

We call the functions w , which arise in this way, a multipli-
cative weight of R,

It is easy to see that multiplicative weights of vX are

[G]H-compatible, i.e. they are constant on each orbit of[G]H,
as soon as w is constant on the orbits of G (on Y). We notice
that this implies that such a w®™ is furthermore GH— and Ef-

*

compatible. w” is EH— compatible even without any assumption

on w.
Using such a weight w™ on YX we can define a weight W on the
set B of orbits b by

L3 W: B + Q[zl""’Z|Yﬂ: b w w*(¢), for any ¢ ¢ b.

It is our aim to choose w in such a way that the polynomial

by £ W(b)

beB
is the generating function for the enumeraticon problem in
question. Putting w = 1 for example, U4.U4 yields just the num-
ber of orbits.

We would therefore like to evaluate the polynomial 4.4 for a
given weight function w. Let us at first consider this problem
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for the power group ot being the permutation group on YX, the
exponentiation group will be treated later on.

In order to apply representation theoretical arguments again,
we consider the corresponding representation

o N

1 x| g

N v diagG™-H',

N bein% the natural representation of G, acting on the tensor

power élR[Y as follows:

4.5 (g,h) v, ®... 8 Vx| :F gvh_11®...®gvh_1lx‘.

The tensor power is therefore a left G-module and a left H-
module. Thus {cf. ref. 3,4) the homogenecus component of the
identity representation of G affords a representation of H,

so that the enumeration problem of the power group can be
solved by an application of Burnside's lemma to this particu-
lar representation of H. This representation is called the
permutrization of the natural representation of G by the iden-
tity representation I of G, and it is denoted by

4.6 Nzﬁlxl I.
It has the character (cf. 3,4)
by x o Ty o 1 g (g™
" X = Iz race(g .
I TGl geG k=1

This shows that we obtain from a G-compatible weight w the
following expression for HW.L:
1 11Xl Y
4.8 £ W(pb) = b n b w(y.)") ”
beB THT pen TOT yog i =
‘EG k

Immediate corollaries of this are the well known enumeraticn
H

theorems of Pdlya (22) and de Bruijn (1,9) for E and GH in
weighted form:
4.9 Corollary:

(i) T2 G < Sy H 28, wim~ Q[Zi""’zm] is G-compati-

ble, then we have for the orbits by,...,b, of ¢l ang

for W(bi) iz w¥(e), b ¢ by wh(e) := E wie(i)):
I=1
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(1)

a
( (w3 ;

[ =1
iy

=1 e z it
|G| |H| (g,h)eGxH k=1

Cn i

"

(1) If 0 = Sps wim o+ Q[zl,...,zn] any weight function,

then we have for the orbits bl""’bs of EH and for

n
W(bi) 1= w‘(¢) 2o ow(e(id), ¢ e by
i=1
s n m a, (h)
powby) =1 x p oz ow@HE .
fied |H| heH k=1  j=1

In order to derive an enumeration theorem for the exponen-
tiation group in weighted form, one uses the weighted form
of Burnside's lemma and considers the trace of a certain

operator on a tensor space.

The notation, which is needed in order to describe this, is
quite complicated, but not difficult, we therefore prefer
to leave it out. The interested reader is referred to
references 19, 20 and 15.

It is clear that the enumeration theorem of the exponentia-
tion group in weighted form implies the theorems of the
power group and of the group EH, since both these are sub-
groups of the exponentiation group. One may therefore derive
the exponentiation group theorem first and then get 4.9 as
corollary. We preferred to do it the other way round since
we wanted to point to the representation theoretical concept

of permutrization which gives 4.9 directly.

It should be mentioned that in a sense dual to the permutri-
zation is the concept of symmetrization, which is used in
ref. 14. The theorem on the exponentiation group reads:

4.10 Theorem:

If G< S, He S, wim~ Q[zi,...,zJ is G-compatible,

n!

then we have for the orbits b,,...,b; of [q] H and for

n
Wiby) := wh(e) = T wlp(i)):

i=1




<= §D] =
c(h)
1 n

1

- v
1 L le|™H] (f h)ZG H v=1 ( i WL TR
s,h)eGiH v= gv(f.h)J-J

5. Cycle-indices

It is well known (see parts I and II e.g.) that the enumera-
tion theorems in weighted form can be formulated in terms
of certain polynomials Z(H), the so-called cycle-indices,

which are defined as follows:
" | x| a;(h)
5l Z(H) := T}Tr th kE]_ Zs € Q[Zi,...,zlx

1.

4.9 for example shows that the generating function for the

Pblya-problem can be obtained from Z(h) by substituting w(,j)k
d

in Z(H). We express this by

]

for Zy

5.2 W(by) = Z(H [ B
1 J

i

We call this substitution Pdlya-substitution.

Using this notation 5.2, we obtain result 4.8 in the follo-
wing form:

5.3 Theorem:

Under suitable assumptions (ef. 4.9 ) we have

s
owW(by) = z2(H | I w()),

i=1 d

The evaluation of the polynomial Z(H) is therefore of great
interest. We would like to draw the attention of the reader
to a general method, which allows to evaluate the cycle-index
from the permutation character, subject to the condition that
we know for each element of the permutation group in question,



o, U ana U] . INe resultlng expresslons 10r tne cycle-inal-
ces are awfully complicated, but with the exception of trivial
cases such cycle-indices can be evaluated anyway only with the
aid of a computer. This method of Moebius-inversion provides
also the cycle-indices of [G;H] and [Gi""’Gr;HJs'

It should be remarked that in the case of the weight function

5,6 wi Y > Q[zl,...] Poyy vz,
the Pdlya-substitution yields a polynomial, which already
Redfield had used, and which is called the group reducticn

function:
5.7 Grf (H) := Z2(H | ¢ zj)
% 1=l a, (h)
g B I (zlk I zlYT) 2 .
[H| h k=1

Foulkes pointed to the close connection between Grf(H) and
the Schur-functions (ref. 5,6). We described this already in
part II.












