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ABSTRACT

For polymers with regular structure ...-G-G-...
two graphs are defined: the ratograph, R, and the fascia
graph, F. Using the rough structure of the automorphism
group, A(R), of the rotagraph a procedure is developed
to determine the eigenvalues and eigenfunctions of R.
Using these sets the eigenvalues and eigenfunctions of

F are obtained by means of perturbaticn theory.

The band structure of the eigenvalues of the infinite
graphs is investigated. The mathematical conditions for
the existence of forbidden zones and gaps within the
band strucuture are given. A way to determine the over-

lapping and self overlapping of bands is outlined.

The use of the procedure presented is discusssed

briefly.
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(1) Introduction

From a number of molecules, G or XGY, undergoing

a polymerisation reaction the polymer, G is formed

M’

where M is a number of the order 10 to 104. For our

purposes it makes no difference if the polymerisation
considered has to be classified either as a polyaddition,

(a), or as a polycondensation (b), in which »# molecules

(a) MG Hxaﬁgﬁi

(b) MXGY e
-MXY

XY have to be eliminated. In both cases we call G the

monomeric unit of the polymer. The structure of G is

represented by the simple connected graph G
G = [U,K], (2)

where U represents the set of vertices, K the set of
edges. The cardinalities of these sets are n and m
respectively. The automorphism groups of the G are
denoted by A(G). - Polymers are of great interest not
least because important natural products as well as

synthetics belong to this eclass of compounds [2].
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We shall restrict our considerations to those poly-
mers only which have a regular structure as indicated

in (1). There are two types of polymers to be considered:

(1) The polymeric chain is closed or itself: Each monomeric
unit is connected to two neighbouring units by the
bonds formed during the peclymerisation. The polymer
has a wheel-like structure; its structural graph we

call a rotagraph, R.

(2) The polymeric chain is open: There are two terminal
monomeric units, which are connected to only one
neigbouring unit each, but the others to two
as above. The polymer has a band-like structure;

its structural graph we call a fasciagraph, F.

Certainly the band-like polymers corresponding with F
are favoured statistically in the chemical reaction but
mathematically R can be handled more extensively than F.
Further, in the limit of infinite polymers, the eigen-
values of both graphs, R and F, coincide as shown in

section 6 and appendix 1.

In this paper we will define both graphs, R and F.



el o e

Using the rough structure of A(R) we will outline a
certain way to detect the exact eigenvalues of R and
the approximate eigenvalues of F. The main purpose of
this paper, however, will be a discussion of the band
structure of polymers if M»«; the origins of the over-
lapping and the self-overlapping of bands as well as

their separation by forbidden zones will also be treated.

(2) Rotagraph R and Fasciagraph F

We start with the union (#G) of M equal components
GJ|JGM = {1,2,...,M} as investigated by Harary and Palmer
[3]. Its automorphism groups are given by A(wG) = SM[A(G)].
The vertices of each component GJ are labelled by an index

vén = {1,2,...,n} in such a way that the bijection

Ug — Uﬁ ¥vEn and ¥J,KeM
J K
ULeG; UJEG,

represents an automorphism of (MG). It is obvious
that (#G) represents the starting material of the

polymerisation on the left side of (1).

To construct R from (MG) one has to add an edge

set, KE, which represents all the bonds formed during
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the polymerisation. If 1 bonds are formed between two
monomeric units we have to define 1 edges in R connecting

two neighbours, say GJ and G In consequence of this

J+1°
we have to partition the vertex sets UJ into three

subsets, Uf, ug and Ug respectively: (i) to Ui belong

those vertices of GJ which are incident with the edges

connecting G and GJ; (ii) to ug belong those vertices

a=
of GJ which are incident with the edges connecting GJ

and G (iii) to Ug belong those vertices of GJ which

J+17

are not incident with these edges:
T ) J J
uy = uf Uug Uud, (3)

where Ug is a disjoint subset by definition. For simplicity
we assume that uﬁ and Ug are disjoint toox). Then the
cardinalities of these three subsets are 1,1, and k = n-21
respectively. Referring to the partition (3) we may label
the vertices beside the supercript JeM by a pair of indices
such as Ug'k, where j = 1,2 and A€l = {1,2,...,1} or j = 3
and A€k = {1,2,...,k}. This alternative labelling of

the vertices of UJ must be unambiguous; therefcre it

* there are only a few polymers, e.g.: polymethylene
(~CH,-) =, for which uf and ug are not disjoint. It will
be seen later that this assumption does not lead to

loss of generality.
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requires a bijective relation, r «<—— (j,}), for
each rén and for each (j,A) belonging to (1,£), (2,48),
or (3,k) respectively. With this notation the edges

connecting GJ and GJ+1 in R are defined as follows:

J J J+1 i T
K"_;\%{ (0] 40 U353 | U 5 €651 U 6 3

The difference R\(#G) is then given by the union

which immediately leads to the

Definition of R:

R = R(6,m,k") = (w6 UkE. (6)

It is obvious that the structure of R is uniquely defined
by the following three elements: (i) the graph G of the
monomeric unit; (ii) the number ¥ of the monomeric units;
and (iii) the edge set i connecting a pair cf neighbouring

units.

The fasicagraph F differs from R in the point that

in F the monomer units G1 and GM are not connected directly.
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Therefore

F _ R .M _ J
k= kb« U K. (2)

i 1232 (m-1) Y

This leads immediately to the

Definition of F:

F=FG,u,k) = we) Uk, (8)
where G, M, and KV have the same meaning as in (6).

(3) Some properties of the automorphism group A(R) of

the rotagraph R

The addition of the edge set KE to (MG) qualifies the
equivalence relations established in (#G) in two respects:
(i) the automorphic mapping of the monomeric units onto
each other cannot further form the symmetric group SM;

i and ug
and Kg respectively may distort some

(ii) the incidence of the vertices of U

the edges of Ki-1

with

equivalence relations established ultimately in the mono-
meric units. - Although we may conclude that the auto-
morphism group A(R) of the rotagraph has to be a subgroup

of A(MG), actually



S

AR) (S, [A6)], (9

we have to notice too that the symmetry of both factors
of the wreath product will be reduced in general.

As the example given in fig. 1 shows, A(R) has not al-
ways the general structure of a simple wreath product
at all. Fortunately for our further purposes we do not
need the detailed structure of A(R); the structure of
the automorphic mapping of the monomeric units onto
each other is sufficient.

Let us suppose firstly W ang U

1
are inequivalent subsets so that they cannot be mapped

Y introduced by (3)

bijectively onto each other. If we now map GJ onto GK

this means in detail

e T K|
6, «—> Gg = {Uj —> Uj|J€[1,2,3}} (19)
g § J K J X
or, still more detailed: U1’1 3 U1'1, U1,2 Ko U1’2. cu
Since one vertex, UJ , incident with the edge {UJ_1, UJ }
1.1 2.1 e

EK3-1 has been mapped onto U$ 10 incident with the edge
’

K_1, UK }GKK'1, the other one has to be mapped onto

2,1 1,1 v

U§_1 €Gy_,. Ceneralized, (10) implies the mapping
’

{u

GJ+L > GK+L ¥LEM, (

=
=

etc,
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Because K represents any member of M, (11) obviously corres-
ponds with the set of the cyclic permutations of the indices
JEM forming the cyclic group CM. We may summarize the

results to give

Proposition 1: If Ug and Ug are inequivalent sub-
sets the automorphic mapping of the monomeric units GJ
onto each other forms the cyclic group CM operating on

the index set M,
From this follows immediately

Proposition 2: If each vertex UﬂGGJ forms an
equivalence class by itself the automorphism group of

R is given by
A(R) = CM[En]. (12)

Proof: (1) If each vertex UgeGJ forms its own
equivalence class the internal automorphism GJ <~ GJ
consists only of the identical mapping, forming the
group En. (ii) From proposition 1 follows that the outer

factor is given by CM'

The order of the wreath product CM[En] equals M.



& KJ*“E
v

Figure 1: Part of a rotagraph R[G,M,Kv). The degree
of A(R) obviously is 8», its order equals
44. This order cannot be realized for all
integral values of M by a wreath product of the

general from C,[B] or D, [B'] respectively.
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It should be mentioned that » is the minimal value of the
order of A(R) because the mappings GJ —_— GK are al-
ways feasible in R. Any increase of the internal symmetry
of the monomeric units is followed by an increase of
the order A(R).

Let us now suppose that Ui and ug

subsets such that the internal automorphism GJ > GJ

are equivalent

contains the bijections

v Ael. (13)

Then GJ - GK means in detail:

_ J 3, 3 a3 .l T
GJ < GJ = {[u1 — u1, u2 S u2, u3 > Ua],
Ny 5 J
[U1 s u2, U3 —> U3]}, (14)
where U <—> UJ stands for {U) , «— UJ | xe£}. Then
1 2 1,4 2,2

the vertex UJ can be mapped either onto the vertex

3 [
U? y or onto Ug Vi this means in detail an alternative
r I
, J=-1 J K-1 K K-1
mapping of the edge {UZ,R' U1,R} onto {UZ,R' U1,A}eKv

K+1

K
1'l}eKv. The second

as discussed above or onto {U§ G U
’

option may be generalized to

GJ+L S GK—L ¥ LEM. (

1=
{11
~
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It is obvious that (15) corresponds with the set of

the permutation of the following type

R . J-1 J i o o IS .

ow e K¥2 K+1 K k-1 K-2...

Together with the set of cyclic permutations they form

the dihedral group DM‘ Hence we may formulate

Proposition 3: If by the equivalence of the

J J J
1 2 1,4

feasible for all A€e then the automorphic mapping

subsets U, and UJ the bijections U — Ug , are
’
of the monomeric units GJ onto each other forms the

the dihedral group DM operating on the index set M.

The bijections (14) do not necessarily imply that

A(R) has the form UM[B]; figure 1 illustrates the point.

The changes in the equivalence relations within
a monomeric unit of R by the addition of K§ to (MG)
are simulated by a graph, G' = G LJ(&J{U1 ar Ys J\}).
£ r r
It is obvious that G' = R(G,M=1,Kv), but this graph

has no chemical meaning (see sect. 7.9).
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(4) Eigenvalues, eigenvectors and eigenfunctions of

R(G,n,K")

The adjacency matrix R of the rotagraph R consists

of ¥ x ¥ quadratic blocks each of the size n x n:

R = (Ryp)|J,KeM

RJK =3 =6 veeis K=
=V sawws K= (J+1)mod M
=vl ... K= (J-1)mod &
.l ¢ e otherwise

G represents the adjacency matrix of the monomer graph
G, V the adjacency matrix of kY. According to these
definitions, the elements of both these matrices are
either O or 1. From (16) it is obvious, that R has

T

cyclic block form (R1M = V" and =Vv). If ca

Rurt
represents an eigenvector of R, the indices will be
discussed below, the eigenvalue problem is given as
follows:
R+ x3n cd=uwR.cd=o,
! u U
The matrix HR, defined by (R + xI), has the same cyclic

form as R; both matrices differ only in the diagonal

blocks

H =D =6 + xI; ¥ JEM. (

[=3)

=

=
1~

=
lioo
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There are (nxM) eigenvectors Cajuen, jeM satisfying
(17) . They all together form the matrix of eigenvectors
¢ which may be split into » blocks lejeM each of them
consisting of (nM) rows and n columns:

€ = {E

C C

1 Gy vee Oy cee )y
= ped o ] 5
C, = (Cy c2...cu...cn). (19

For the sake of simplicity we suppose that in R
only the minimum of equivalency is realized. Then
according to (12) the automorphism group of R is given
by A(R) = CM[En]' From this it is to be expected that
the block Cj corresponds exactly with the j-th irreducible
representation Fj of the general cyclic group CM formed
by the set of the operations {s¥}. The characters of Fj
are given [4] by the row x(rj) = (mg), where O <rz(m-1)
and mj = exp(2ijn/m). Under these circumstances Cj and

ca should have the following respective forms:

- a i 30
.= ; 4 J = ]
C3 CJ an Cu r.]_.l
J
chj chu
2 2.3
mjcj mjcu (20)
w”-1c wM_1cj
3 i u
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where cj stands for a nxn matrix and cﬂ for a column vector
consisting of n elements. Introducing this form into (17)

and using (18) one obtains for the k-th row of HR the

following:
k-1 #ooT j
3 . « MT F D 2 NCIEE =0
Wy lm] g 1 e
or
[w,” VF 4D+ w, Vl- ¢l =0, (21)
J ] H ==

where 0 stands for an nx1 column vector. The fact that

(21) does not depend on the row index k, reflects the
generality of (20). Further by (21) the original

(nM)x (nM) dimensional problem (17) is reduced to M
problems (0<js(m-1)) of the dimension nxn. If A(R) is

of a higher order than CM[En]' there are internal equi-
valence relations in the monomeric units GJ which allow
some further factorisations of (21). In section (7.8) we
shall discuss briefly some aspects of such a factorisation,
but in what follows we shall assume that the auto-

morphism group is represented properly by CM[En],

Now let us define the matrix Ej by
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E. = K VT A B s, V] (22)
g = Ty B, Nl ££
It is evident that

(1) Ej is hermitian;

(2d) Ej has an even number of complex elements;

(iii) the maximal number of complex elements of E. eqguals

21, sinhce \Kvl & 3

{iv) Ej is a (real) symmetric matrix if and only if

The reduced eigenvalue problem (21) may be rewritten

now as follows

s

This demands that the determinant of Ej has zero value:

[IL¥]
=S

- = Tl 1 o=
det Ej—Ej— |Ers1 = 0. (

For the sake of clarity in what follows we summarize
the non-zero elements of Ej' By dropping the supposition

Uf r}Ug = ¢ introduced in the text following (3), we obtain:

(i) diagonal elements: Egr =

_ ey e T
= x if U & (U1ﬂU2)'

J

=x+z, if O
3j r

€ (U‘{ﬂu‘;):



= Tog ~

(ii) off diagonal elements: Egs =

=1 if (u],ullec:

= uy if (o, 07" 1ex?;

= wjx if {ui'1,ug}exg"1;

= 2, if (0277, ul1ex?™T A (0], 00 ekl
= 14, if {U‘g,u‘;]eGJ A {u‘g,u‘i“]exg;

= 1+ if (vl,ulrec; A (07, ulrex] ™

) J T J-1 T, J=1 J T+ J
if {Ur,US}GGJ A {Ur ,US}EKV A {Ur.US }eKV.

I
-
i
~

herein 2z. stands for z. = w, + ? = 2cos§. with §. =
W in 3 stands r j wj w] 6] t 63

= 2jn/M.
Concerning (24) we may state the following

Proposition 4: The expansion of Ej = 0 leads to
a polynominal, E(x,éj) in x of degree n with real coef-
ficients, Av(cosﬁj), as follows:

v_
Av(cosﬁj) X" =0, (

0

Ej = E(x,éj) =

1]
i
pu

I o~3

v

The coefficients Av(cosﬁj) represent polynominals
in 2coséj of maximal degree 1 with integral coefficients,

B as follows:

v’
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h
v
P y
A, (cossy) = ) Byt (200864)7; h < min(n-v,1) (26)
A=C

Proof: (i) Because the diagonal elements, Egr'
equal either x or (x + 2cost) it is obvious that

E(x,ﬁj) represents a polynomial in x of degree n. -

(ii) Since Ej is hermitian the coefficients of this poly-
nomial, Av’ have to be real. Therefore their dependence
upon 6j is expressed by the real argument cosaj, but not
by the complex ones, mj and m;. - (iii) Since [Kvl = T B
has maximal 1 pairs of complex conjugated elements, Egs =
Therefore the exponent of the highest power of w. and

J
w; respectively, occurring in the expansion of Ej, cannot

exceed the value of 1; (in this the sums mq + w“g =

= 2cosg6j obtained directly are transformed into
polynomials in cosﬁj of degree g). - (iv) The factor

of x" in (25) represents a sum to which all the possible
products of (n-v) off-diagonal elements contribute. If
Eir = x for all r, these are the sole contributions

to Av(cosa); however, if some of the diagonal elements
are given by Egs = (X + Zceséj), contributions of the
type (2(:056)p times all the possible products of (n-v-u)
of diagonal elements also occur. In nc case the exponent,
A, of (2(:056j)A in (26) exceed (n-v). Therefore:

X g min (n-v,1). - (v) If in the product of the off-
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diagonal elements the factor mjm; = 1 occurs, A cannot
reach that maximal value. Therefore the summation in (26)
runs actually up to by & min (n-v,1). - (vi) Apart from x,

] J
only; consequently the B, are integers also.

w. and w., the elements of Ej consists of integers

It should be noted that E(x,ﬁj) is a function
of a single variable, x, whilst Sj plays the r8le of
a discrete parameter referring to the irreducible re-
presentation Fj of CM. The n roots of (25) represent
the eigenvalues, xg = =, (coséj), of (23). Upon inserting

them into (23) the eigenvectors cj are obtained. Thus

the eigenfunctions, ¢3, are given by
s
]pU

n

)

y=1
7 . N ag= AT
= 7:_ L o by

where ¢i stands for the orthonormal basic function correlated

to the vertex Ui € Gj whilst ¢g represents one of the

symmetry adapted functions belonging to the irreducible
presentation Fj of CM' There is no need for any speci-
fication concerning the basis functions ¢g; but in what
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follows it is assumed that the ¢g are real orthonormal

functions.

Proposition 5: If j*¥0 and j#M/2 the eigen-
(#-3)

" are degenerate each other pair-

functions wa and ¢

wise, that is :

(M=3)

=
v v, (28)
(M=3) _ 3
Xu Xu.

wéM-J) and xéM-J) are abbreviated by wa and xa respectively.

Proof: (i) From the definition of mj it follows

(#=5) = w;' Since the basis functions are assumed

to be real, therefore the equality hoclds

that w

(M=) _ 4%
@r = ¢r

(ii) As a consequence of this, = E; and hence,

E(mn-9)
from (23) it follows that

Cim=4) = S§°
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(iii) Upon inserting these results into (27) wﬁ”'l) = wa"
is immediately obtained. - (iv) Since xa = xu(coséj)

and cosﬁj = cosGM_ the other equality in (28) follows

3
at once.

(5) Eigenvalues of the infinite rotagraph R(G,w,Kv) -

Band structure and density of eigenvalues

As pointed out above, Sj = 2jn/m represents a discrete
parameter referring to rjeCM. Consequently the difference

(6§ §.) = 2n/M is non-zero. However, if ¥ tends to be-

#1773

come infinite, this difference tends to zero

3 ; 27
lim (&6.,,-6.) = lim *— = 0. (
Pronas: L e

I~
o

This means ﬁj is no longer a discrete parameter but a
continuous variable within the range 0 < § < 2r. In the
same way as 6j refers to FjeCM any distinct value of §
refers to exactly one distinect irreducible representation

T(8)€C,.

The form of (25) is not altered by M+~ but E(x,8) = O
represents now an implicite function of the two variables

x and 4. When interpreted as a pclynomial in x of degree n
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with real coefficients which are continous functions of

cosd, E(x,8) = O produces for each value of § a set

of n roots depending on §, {xg = xr(cosd)|ren}, which

belongs to F(G)eCm. Therein the indices are used such,
8

that 2 «

» b S for all rén. A differential increase of

§, say from § to (8+dd), causes a differential change

§

of the roots, say from X to (x§+dxi); the set of these

roots belong to I'(&+d8)ecC .

Let us consider now what happens to the root xi
if ¢ runs continuously over the whole intervall 0gd<2m: The
set {xi:xr(cos6)|0§6<2ﬂ] forms a continuous band of eigen-
values. It is obvious that each eigenvalue of this band
corresponds to another irreducible representation ['(§)€C_.
Therefore each irreducible representation T (§)€C_ contributes
exactly one eigenvalue to the band. Since rén a total
of n such bands are formed. These results are summarized

to
Proposition 6: The spectrum of the eigenvalues of
the infinite rotagraph R(G,M,KV) consists of n continous

bands

[{xi: x (coss) | og§<2ml|rent. (30)



-

53

Figure 2:

(a)

===
==
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>
P x

(b) (c) (d)

Continuous bands of eigenvalues: (a) well
separated by a gap Ax>0; (b) mutually adjoint
each other; (c) overlapping each other; (d)
self coverlapping of a single band.
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Each eigenvalue cof such a band belongs to a different
irreducible representation of C_ and vice versa each
irreducible representation of (_ contributes exactly

one eigenvalue to each band.

In the band structure of the spectrum some typical
details may appear which are sketched in figure 2: A
pair of bands may be well separated by a fonbidden zone
or a gap, Ax>0 (a); two bands may be mufually adjoined
to each other (b) or may cverlap each other (c); the
bands may be either smooth (a,b,c) or they may show
self-oventapping (d). A wide variety of band patterns
arises from the combination of these elements. In this
section we will draw attention to the origins of these

details.

Alternative to the interpretation of E(x,8) as
a polynomial in x it may be understood also as a poly-
nomial in (2cosd)} with real coefficients which are
functions of x, say fA{x). Both these alternatives are

expressed as follows:

n h
E(x,8) = § Av(COSS)'Xv = 3 fl(x)'(2cosﬁ)l = 0;
v=0 A=0
hv n=X
A, (cosd) = ] B,+(2c0s8): £,(x) =] B ;-x";
A=0 v=0

h = max([hv})él.

1L
=
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By solving E(x,8) = O in respect to (2cosé) one obtains

h roots denoted as follows:

2cosé, = 0 (X): se{1,2,...,n} (32)
Due to the properties of 2cosd, @s(x) has to be real
and its absolute numerical value must not exceed the
number 2. This means

Im IOS(X)J = 0, (33)

-2 2 0,(x) 2 +2.

Suppose at x = x, as well as at x = Xy 7 Xy there is at

1
least one function Os(x) accomplishing (33), but in the

open range x, < X < x, one of the conditions (33) or both
are failed for all s€{1,2,...,h}. No eigenvalue xi belonging
to a band can then be realized within this range. Conse-

quently the range Xy < X < X, represents a fonbidden zone

of eigenvalues. Therefore we may state in

Proposition 7: A forbidden zone of eigenvalues,
Ax = X,~X,, appears if for each value of x within the
open range X, < X < X, all the functions Gs(x)|s€{1,

2,...,h} do not satisfy the condition (33).



finite rotagraph is given by 2h < 21; h being defined in

(319

The both eigenvalues, X = xk(cosﬁs) and Xp = xk(cos(—ﬁs)),
are indeed equal but they belong to the different irreducible
representations F(ds) and F(—és) respectively. Except
when é=0 and 8=m1 all the other values of § have a pair of
irreducible representations, T (&) and TI'(-68), the eigen-
values of which are degenerate. This leads to the inter-

mediate

Conclusion 1: Each band {xS|0;6<2ﬂ} consists of two



















































































































































