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Abstract

In systems of n species interconverting by first order or pseudo
first order reactions, the mutual dependences, caused by the

Principle of detailed balancing, among the phenomenological reaction

constants kphen' the ratios of kphen of equal origin, Rphen
o Dk =(@) -(2)
kCB dB/ from C BC
and the ratios of R of the type(é) / (é) here called T, are
phen BC B D' ’

investigated and some relationships given. Then mechanistic schemes
involving common reaction intermediates are introduced. To these

mechanistic schemes belong the mechanistic reaction constants kmech

and the ratios of k of equal origin, R

T (A particular

mech

mechanistic scheme may require of the T to have the value = 1. This

may be used to decide whether this scheme is acceptable for a
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particular system whose kphen -values are known.) Criteria are then

given by which one can tell whether or not all Rme h of a mechanistic

C
scheme are calculable from the Rphen (which are accessible experi-
mentally)and this is the aim of this paper. If, e.g., the mechanistic
scheme, taken as a graph, represents a tree it is found that all

R

‘nech &re always calculable. If the graph contains cycles then the

necessary and sufficent criterion for calculability is u' + y =

n(n - 1)/2 - e' where u' = number of independent T which are = 1 as
required by the mechanistic scheme, y = number of independent Rphen
made dependent by the mechanistic scheme in a way other than via

T = 1, n = number of interconverting reactants, e' = number of the
edges of the mechanistic graph. Since an easy procedure to enumerate
u' is given and since y, as a rule, mostly = O (which however, can

be checked by an other criterion, viz. (27)), this criterion should
be easily applicable. If calculability has thus been shown, derivation

of the equations which link the Riech t° the Rphe is rather straight-

n
forward for simple cases, making use of the quasistationarity of

the reaction intermediates included in the mechanistic scheme.

I.) Phenomenoclogical reaction schemes

Assume a system of n reactants where each reactant converts
into every other one by first order or pseudo first reactions. For

n =4, e.g., this system would be described by reaction scheme I.

AB >
ATt
A AD
Ay
i
|
b} C
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Let us call I the "phenomenological" reaction scheme (phenomen-
ological since no assumptions regarding reaction intermediates are

included) and k k ar ete. the phenomenological first order

AB’ D
A [11
reaction constants kphen'

are in principle all different. II be a shorthand notation

No symmetries are assumed, i.e. the

kphen
of I. IIT is the corresponding phenomenclogical reaction graph Gghen'

for n reactants: it is a complete graph because of our assump-

n
Gphen'
tion that every reactant should convert into every other one.

II.) The effect of the Principle of detailed balancing.

The number of all kphen in one n-reactant system = twice the number
A n

of all edges in Gphen = p.

P

=n(n - 1)

In every cycle any one k is determined by all the other k of

phen phen
that cycle by operation of the Principle of detailed balancing

)[2]

(PDB : e.g., for a three-membered cycle:
4
A1“ yr%” = Ay B El - k_ok.g so that

Ny By &%y

T'J-J 72’«/1?
\ /
Vi k., k, k
Ay A2 3 oy (1

Foqkagkah

generally, for a l-membered cycle:

1

o k.

H-J_ ¥ (12)
k_.

=9 J

J
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. n : :
Let us consider the p kphen of GPhen one after the other in a deli
berate sequence. Let us then call a kphen which is PDB - independent
i u u
from kphen considered before a kphen and the number of the kphen of
n
Gphen q; then
ze
g= o2z D oy (2)
(Enumeration: In any tree containing n vertices (= a partial graph
n ; u
of Gphen) every edge (there are n - 1) will supply two kphen' all
g n n(n - 3)
the other edges which add up to Gphen ( there are =+ 1)
close cycles and therefore supply one k;hen each) .
k e . P ¢ . _
kCA - (%) = a ratio of kphen of equal origin (in this case C) = a Rphen
CB o]
If (%) and (%) are given, then also (g) is given: (g) is im-
C € c C
plicitly dependent on (%) and (%) . Let us call a R h which is im-
c & phen
e : u
plicitly independent from Rphen considered before a Rphen and the
u n A
number of the Rphen of Gphen r; then

r=p-n=nn-2)

Because of (1), (1a), i.e. by operation of PDB, in every cycle

any one R is determined by all the other R

chen of that cycle;

phen
e.g. from (1):

~
-
b
1
[N
=
1
-

l
|
|

=
~
-~

u . N u
Let us call a Rphen which is PDB-independent from Rphen considered

before and from the Rphen which depend on them (implicitly or by

uu uu n
; then
phen of G s; e

EDB)I @, R phen phen

and the number of the R
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s &,_2&_1 (3)
Enumeration: Any tree containing n vertices (= a partial graph of
n : uu n
Gphen) will supply n 2 Rphen' any further edge to add up to Gphen
will close a cycle and supply one more Rg;en‘ It is thus seen that s

equals the number of edges in G;hen minus one, and it is seen generally

that with every edge in a G" (which may be any reaction graph, not

n

phen) but for the first one one R"Y is intro-

only the complete graph G
duced. In other words: A one - to - one mapping can be made between
the set of the edges diminished by one of a reaction graph and the
set of its R™. (3a)

From what was said up to now one obtains

nn -3 4= (4)

i.e., the number of PDB-dependent kp equals the number of PDB-

hen

dependent R;hen; both equal the number of independent cycles (i.e.
n

cycles which are not generated by cycles considered before) in GPhen

which is denoted by c.

For a convenient synopsis relating p,g,r and s see below.

uu

Easy graphical procedure to choose a set of Rphen:

(5)

The R;Een are chosen deliberately except for the following restric-

i uu T A n ; :
tions: Every chosen Rphen is introduced into Gphen in fat print,

e.g. %} and (%; in Scheme IV. Two Rphen on the same center which
A ‘B

have in common cne branch (Scheme V) generate a third R om-

phen s

prising the other two branches. Whereever only one more Rphen is

required to complete a cycle (e.g. (g} in scheme IV) this R i is
/e phen

also introduced in fat print before continuing to choose another
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uu

Rphen

P i I Rphen generated and introduced that way are no longer

uu

eligible as Rphen‘

A
Synopsis of p,q,r,s: B
T . jvA
L] ! . L] - L]
2. oo @ o o
.‘J; o L ] - - ‘ D ¢
s s

| S ——

r ("“-"'\Ler of ali pruds enclosed by n,

i s (%« bak = " . )
— e ——

i P C - * all “ )

9 [ w Back )

Comment: If in a system of n interconverting reactants one has

already determined the product ratios i

phen of j - 1 reactants, then
h

u
of the n - 2 RPhe

and thus predictable. Thus of the n

f of the jt reactant j - 2 are determined by PDB

i (the last) reactant all product

ratios are predictable.

; u
1f, on the other hand, in that system all kphen or Rphen have been

determined, of these only n(n + 1)/2 - 1 or n{(n - 1)/2 - 1, respec-
tively, will yield real information on the system, the residual

u s %
nin - 3)/2 + 1 kphen or Rphen merely informing about the validity
of PDB and/or the experimental accuracy (31
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IITI.) The T

Let us consider a four-cycle within G

phen
4>
A gy K gkiy Ky By
l : From (1a) we see: o il s
! 2 4 -27-4
pae | A3
-11\/ 3}\/ A B
1 i E. D
J i 1@y = B _ A (6)
2 A B
B— - C (_) (T
<-2 C D D c

k.k

A ay (L F-1t-3 B Bl 13
Let us call (E) ( ) k\ X k4 o (ﬁ)A /(B)C (: k-zk—A)
o1 2 (7)

Every four-cycle contains one T and a second one which because of

(6) equals the first one.

Dependences

between four-cycles:

a.) If the T of four-cycle (ABCD) is given
-4 >
i) faks Sy Sy
| . il = and that of the four-
e A3 2 ™4 -2"-4
N £ v cycle (ABCE)
S k_. k k, k_
B :Fq ( T 1k 0 k1 kﬁ then the T of the
i " -6 i 2 =8 =2 75
Beed® g
<-2 & B ke Ty
third four-cycle (AECD) |= e = -
6 4 -6"-4

is determined by the other two T:
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k k,k k_k T
-1%-3 v i PN 1 -

2 kg 7 k_qkg 6 Ka 2

b.) The same is found for the three four-cycles (ABCD), (ACBD) and

(ABDC)

-ﬁ>
k_,k K.k k_1k_3k_g

. = ;
\\\\\ ky ky kgks kg kg ks
n
Al ////% 32
k_.k k
{ -3%_4 3

because of (1): ——FF— = —
A ks k k_g
P
kb iy N L RO
hence: k, k, ke kg ksk_

Thus if three four-cycles are coupled according to a.) or b.), then
of the three T any one is determined by the other two according to

(8) or (8a), respectively.

Easy graphical procedure to detect dependences according to a.) or

b.}): (9)
ad. a.) Three coupled & dependence rule:
four-cycles: w V&‘ - A\f

represented as:



- 91 -

ad. b.) Three coupled

. —
four-cycles: l-il I:Y/I :;(7 dependence rule:

represented as: \></ L I

-

Let us call a four-cycle and its T dependent if its T is determined
by the T of four-cycles considered before and independent if this is

not so. Let us denote a T of an independent four-cycle by ™,

c.) A four-cycle will always be independent if it contains at least
one edge not belonging to any four-cycle considered before.

This is so because this edge contains a pair of k which cannot

phen
be contained in any T of four-cycles considered before and this, as
is easily seen from (7), will make that T, i.e. that four-cyle,

independent.
It can be shown thatz:

1.) A four-cyle is dependent if and only if it depends by couplings

a.) and/or b.) and will be independent otherwise. (10)
From (10) follows: Procedure to choose a set of T : 1)

From the set of the 3(?) T one TY after the other is choosen deli-

berately and after each single choice those T which depend (from

u

T" already chosen or from T already found dependent) according to

couplings a.) and/or b.) are detected (most easily graphically by

means of (9)) and set aside, before continuing to choose.

2. See "proofs and demonstrations"



w G

n

2.) The number t of the independent four-cycles or ™ in Gphen
equals to
n(n - 3)
t= = (12)
=c -1
" n _ n
(the total of all four-cyles in Gphen = 3 (4) )

3.) For any given set of ™ it is always possible to map to each e

one R;ﬁen contained in it (every T is a ratio or a product of two

so we say: it contains two R 1t (13)

Rphen' phen

Because of (3a) this can also be stated in the form: In every set
of independent four-cycles, to each independent four-cycle one
edge contained in it can be mapped. Or: Every independent four-cycle

is so because of c.}

Furthermore one can see: If a subset of the T in Gghen' whose

elements be denoted by T', is complete in the sense that every T
dependent from two T' by couplings a.) or b.) is also a T', then
the total number of the T'% (= 7% of this subset) must be inde-

pendent from the mode of choice and therefore characteristic for

n
phen

such a subset, the number of o4 being m(m =-3)/2).

M &G

phert (m< n) form

this subset. (Example: The 3 (T) T in G

In a particular system with known numerical values of the Rphen'

those T which = 1 (such T be denoted 1T) form a subset of the T
complete in the above mentioned sense: a T depending on two 1T by

couplings a.) or b.) can only be another .T (cf.(8),(8a)). There-

1

fore, the number of the ,T" ( = T" of this subset) must be inde-
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pendent from the mode of choice and characteristic for this subset,

and therefore, characteristic for that particular system.

Number of the

" B .
in a particular system = u.

(14)

us t

The TV may be chosen from the set of the ,T by (11).

1

1

IV.) Mechanistic reaction schemes

VI

VII

1

AB’

AX.’' "X.X

n
A Gmech

i NG
[ﬁu o X%f- SRR 4

D

e .
pa T 3|
/T e |
S . e

0

one of many possible mechanistic reaction schemes
for n = 4

the corresponding mechanistic reaction graph
4

Gmech

intermediate reaction stages which 1.) have
negligibly small quasistationary concentrations

and 2.) are reaction branching points.‘I

mechanistic reaction constants km h* They are

ec.

assumed to be first order or pseudo first order.

must have between every pair of reactants (say A, B) at least

one connection which either runs directly or via X but not via other

reactants

n
Gphen

but in principle an infinite number of G

(15). To every n-component system corresponds only one

n
mech”
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1. The kmech and Rmech involved with an X which were no branching
point could not be determined (as long as we are dealing with first
order or pseudo first order reactions!) because the arrangement VIII

in a mechanistic scheme is always replaceable by the arrangement

IX (with k5 = k1k3 / (k2 + k3) and ko = kk, / (k, + k3)) without
any effect on the kphen

k, Xy ks

= X R Ti;—

B &

Therefore such nonbranching intermediates are dropped from the

mechanistic reaction schemes, the kmech being in principle "compound"

reaction constants like ks and k6 mentioned above.
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In analogy to the R;Een in the phenomenological reaction scheme,

in the mechanistic reaction scheme we have the R;:Ch whose number be

denoted by s'. From (3a) follows

s' = e' - 1 (16) e' = number of edges in
n
Gmech
EP
= i ¥ e
5 1 P number of the kmech

a gt

mech MaY imply 1T- E.g., VII (or VI) implies the following ,T:

1

Bim
ol
a

— =1 e —= =1

because of (6)

e
L
=}
&k
=

n . . A
We note generally: Gmech will imply a 1T, say (E)c / (E>D = Ty

whenever and only when there is at least one X through which all

. 2 n
connections in G

T from A to C, A to D, B to C and B to D run. (17)

Using this criterion we can in a straightforward manner find the
. . n
set of 1T implied by a Gme

choose a set of implied

ch* From this set of implied 1T we can

1Tu by means of (11).

A Gﬁech is acceptable for a particular n-component system if all 1Tu
which it implies have been verified experimentally.
The number of un implied by Ggech =u'., Always u'< t = ELE—%—EL (18)
It Gﬁech is acceptable then also u'xu

From (13) follows that for every 1Tu implied by Gﬁech the R;Een
contained in and mapped to that ™ is made equal by Gl to the

1 mech
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second Rphen contained in that 1'I'u and is thus determined by the

Ru u

1
ohen’ u' are made dependent

second R So of the n(n -1)/2 - 1

phen*
by G;ech via implied 1Tu from the remaining n(n - 1)/2 - 1 = u'

n
mech

uu
Rphen

makes R;;en dependent from others; the number of such extra impli-

cations = y.

. There may be implications other than via 1Tu by which G

uu i i n uu
Let us call a Rphen which is not made dependent by Gmech from RPhen

considered before a Baas and the number of REOW

phen phen for a particular

n ; .
Gmech v; then according to what was said

v=s-u -y = Eiﬂ—%—ll —u' -y -1 (19)

5 n n
Developing Gmech from Gphen'

n

phen for a particular n-reactant

4 e .
If a Gphen (= partial graph of G

system) contains one 1Tu which one would like to consider as implied

rather than accidental, then it has to be replaced by a G;ech in

compliance with (17). Of an infinite number of G:ech complying with

(17) a simple one would be X.

o X

X pis

Géhen contained two 1Tu (it can contain no more than two Tu)

which one would consider as implied then it can be shown that a.)

If

there is then only one G4

— complying with (17), viz. XI, b.) one

may consider the two 1Tu only as either both implied or both
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accidental. (20)

We note that in X all six edges of G4 have been replaced

phen
(Four of them had to in order to comply with (17); the residual two

could since they no longer represented the only connections bet-
ween their respective reactants).

If two G4 each containing at least one 1Tu (such G4 we de-

phen phen
note by 1G;hen) share at least one edge we say they are linked to-

gether. If a third 1G;hen shares at least one edge with at least

one of these two we say all three are linked together. If

4
1Gphen

some 1G;hen are linked together we call these a completed set of

linked .G

4 ; ; i
1%phen if none of them is linked to another

4
1Gphen not be

longing to that set. Let us call those 1 (n3 1 24) vertices

(reactants) which take part in a completed set of linked ,G

4
phen 2

mechanistic subsystem of the n-reactant system. Then we can genera-

lize what we had said before for 1 = 4 :

1 n
The G phen

phen (= a partial graph of G

) corresponding to a mech-
anistic subsystem of 1 reactants out of the n has to be replaced by

a Giech which has to be acceptable as judged by criteria (15) and

(17) and which will not (because the 1G;hen partaking in the sub-=

system are linked) be separable into independent sub-G (21

mech *

» . n "

Those edges (and their two kphen) in Gphen which do not take part
in any 1G;hen are left untouched by this procedure. (Even inside a
1 . n 2
Gmech' some of the edges (and their two kphen) of Gphen may remain

untouched.) This means that from the standpoint of the 1Tu there is
no need to change the mode of connection and hence the two kphen
between a pair of reactants not belonging to a mechanistic subsystem
- although of course one is free to do so if one has chemical reasons

for it.

A mechanistic subsystem of 1 reactants thus can be considered
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completely by itself without considering the residual n - 1
reactants. Therefore, all what we are going to say in the following
will be about mechanistic subsystems only; for continuity, instead
of the index 1 the index n will be used further. (21a)

For most conceivable combinations of 1Tu there are also acceptable

Gﬁech' This means that mostly the set of 1Tu contains no redundancy
as fas as information on the structure of G- is concerned, every

mech
n

u F . . .
1T supplying an independent information on Gmech'

If however for a
certain set of 1'I'u there exists no acceptable G;ech' than that or
those 1Tll must be accidental which one has to drop in order to obtain

an acceptable G? for the residual set of ,T". One example is

mech 1

provided by the following set of ™ for n = 6:

1

[

Here the 1Tu to the right has to be taken as accidental.

V.) the relation between the ratios of mechanistic reaction constants

uu
phen”

RL]

m:ch and the ratios of phenomenological reaction constants R

It can be shownzz

For a n-component system and any given Ggech’ the values of all
uu : uu
Rphen are determined by, and only by, those of all Rmech' (22)

From (22) follows: The number of the Rgz:n cannot exceed that of
au |
the Rmech'

a'> v (23)
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From this and (16) and (19) follows

u'+y 2 s-s'= RBEZD (23a)

; n uu
which says: a Gmech makes at least as many Rphen dependent from.
g n
others as it has less edges than Gphen'
Since e¢' = n + x + ¢' - 1, where x = number of branching points X
c'= number of independent cycles
" n
.in Gmech {analogous to c for
n
Gphen)
we have
u' +y > Hlﬂ—%—il -x-c¢' +1 (23b)
this with (12) gives
a' +'y = t-x-¢' +1 (23c)
u' + y > c-c¢c' - x (234)
Relations (23x) hold for all G ...

Now we can set out towards our goal and answer the question whether

we can determine all R;:ch from the R;ggn (which are accessible

experimentally) .

Necessary for all R;:ch to be determined from the R;EZH (we say:
for Ggech to be "calculable") would be: v 2z s'; since (23) holds,

this reduces to

v =gs' (24)
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uuu

As the system of equations linking the R o

u
phen tQ the Rmech

separable into independent subsystems (which follows from (21) and

is not

(21a) since we are considering a mechanistic subsystem of reactants

and since the Gzech of such a one is not separable into independent

sub-Gmech) it follows that (24) is also sufficient. Thus we can

state:

{24) is necessary and sufficient for a &n

istic
hEeh of a mechanis

subsystem to be "calulable".

Comparison of (24) and (23) and keeping in mind (16) shows:

Only those G

mech 3re "calculable" which for a given v (i.e., for a

given u' + y) have the minimum number of edges. (24e)

In analogy to (23a - d) condition (24) can be written:

of @y n(n - LRI (24a)
= &;_3’ s S Y e (24b)
= t=-x-¢'+1 (24c)
= ¢g¢=-¢' - x (244d)
n

For a particular G all the above quantities except y are easily

mech’
enumerated. Unfortunately y is not readily evaluated and this
presents a problem. To circumvent the problem one has, however, the

following possiblities:
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1.) The necessary and sufficient condition (24x) contains the
necessary condition

n(n - 1)

7' = 5 - e' (25a)

(25b - d) in analogy to (24b - d)

2.) Rule (not proven!) : (26)

It appears that for a mechanistic subsystem (cf. (21), (21a))

always y = O except when s - u'>s' : theny =s - s' - u' (which

is just condition (24) so that it means at the same time that a

n 2 .
Gmech with y> 0 is always calculable)

3.) sufficient condition for calculabilityz: (27)
If a GP contains only such edges whose cancellation would either

mech

interrupt the only connection between any pair of reactants or would
imply a new 1Tu, and/or such edges between two X, whose elimination

by merging the two X would imply a new Tu, then it is calculable.

1

4,) It can be shownz:

a.) If 6o is a tree it is always calculable. (28)
mech

n

b.) If Gmech

is a tree then always y = O (29)

From (28) and (29) together with (24) follows further that for a

tree
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nin = 3) _
T X + 1

=t -=-x+1

Comments:

1.) The Régch which is indicated by fat print in XII will always be

B o is not

calculable. A (30)
A4
X

calculable and simply = (é‘ even if the rest of G;e
J

2.) Since for a particular set of 1Tu in general there is an infinite

set of acceptable G with only few of them having the minimum

mech

number of edges and thus being calculable (see (24e)) and since the
ones with the minimum number will not always be those which are the
most reasonable ones from a chemical point of view there may fre-
gquently be a conflict between calculability and reasonableness of

a G;ech' A remedy might then be to assume a relationship which

R'L]U.

expresse
presses one Ro. .

by others and thus to decrease the effective

uu n
number of Rmech and make the reasonable Gmech calculable.

3.) If the n-reactant system contains symmetries, i.e. if some

and R

reactants have equal k phen

phen because they are optical

antipodes or isotopic isomers then they also have equal k and

mech

R and there will be a symmetrical G

mech ook 2 To assess calculability






















































