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Abstract

The number of perfect matchings in a benzenoid system increases when its size
grows. This raises a question on the lower bound of the number of perfect matchings
in benzenoid systems. In this paper, we show that this lower bound is 9. Further-
more, we construct an infinite family of benzenoid system whose number of perfect
matchings reaches the lower bound.

1 Introduction

A generalized benzenoid system is a finite connected subgraph of the infinite hexagonal

lattice. It may therefore contain cut vertices or non-hexagonal interior faces. A benzenoid

system H is a generalized benzenoid system without cut vertices or non-hexagonal interior

faces. Benzenoid systems are extensively used in the study of benzenoid hydrocarbons,

as they model the carbon atoms skeleton of such molecules. A perfect matching of H is a

covering of all vertices of H by disjoint edges. Perfect matching is also known as Kekulé

structure in chemistry. These concepts are important in resonance theory in chemistry [6],

they are also used in the study of dimmer problem in statistical physics [5].
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A bond (an edge in graph theoretical terms) of a benzenoid system G is a fixed single

(respectively, fixed double) bond if it belongs to none (respectively, all) of the perfect

matchings of H. A bond is fixed if it is either a fixed single bond or a fixed double

bond. A benzenoid system with a perfect matching and without fixed bonds is called

normal. If a benzenoid system G has fixed bonds then the subgraph induced by all non-

fixed bonds of G is the union of disjoint connected components. We denote this induced

subgraph by N(G), and call it the unfixed subgraph of H. Clearly, none of the edges in

the components of N(G) is fixed, i.e., these components are normal, thus we call these

components in N(G) normal components. Let φ(H) be the number of perfect matchings

in the benzenoid system H.

In general, the number of perfect matchings increases with the number of hexagons.

For example, a hexagonal chain with n hexagons have n + 1 perfect matchings, and we

have the following results known since the 1950s:

Theorem 1. [2] Let H be a fibonaccene chain with h hexagons; let ah = φ(H). Then

a0 = 1, a1 = 2, and ah = ah−1 + ah−2 for h ≥ 2.

Theorem 2. For a parallelogram hexagonal system P [h, p], we have φ(P [h, p]) = C(h +

p, p), where C(x,y) is the binomial coefficients.

Theorem 13 in [1] states that

Theorem 3. [1] Let H be a normal benzenoid system with n hexagons, then φ(H) ≥ n+1.

It is clear that there are large benzenoid systems that do not have perfect matchings.

For example, start with a benzenoid system with perfect matching, adding a hexagon

to the system where the hexagon shares only two adjacent edges with the system. In

this case, effectively, there are three new vertices added to the system, thus the resulting

benzenoid system has odd number of vertices, thus no perfect matchings. For benzenoid

systems with perfect matchings, we do not have an upper bound for the number of perfect

matchings. It is natural to think that the lower bound of the number of perfect matching

in benzenoid system increases when the number of hexagons is increased. However, to

our surprise, there is a fixed constant lower bound. In this paper we prove this result and

provide an extremal graph.
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2 Main Results

In [3], P. Hansen and M. Zheng have investigated the number of connected components

in N(H), and concluded the following:

Theorem 4. [3] Let H be a benzenoid system. If H has fixed bonds then it has at least

two normal components.

Theorem 5. [3] If a benzenoid system H with more than one hexagon, has a normal

component which is a single hexagon, then H has at least three normal components.

For the rest of the paper, we are looking at large benzenoid systems. Using the above

theorems, we can show that:

Theorem 6. Let H be a benzenoid system having perfect matchings. If H has more than

9 hexagons, then φ(H) ≥ 9

Proof. Let H be a benzenoid system with more than 9 hexagons. If there are no fixed

bound in the system, then, by Theorem 3, H has at least 10 perfect matchings, for

example, when H is a chain. Suppose there are fixed bounds in H, then by the Theorem

4, then there are at least two normal components. If none of the components is single

hexagon, then each component has at least 3 perfect matchings, overall, has 9 perfect

matchings in H. As stated in Theorem 5, it is possible for a benzenoid system to have

three components, in which one of them is a single hexagon. If one of the rest two

components is not a single hexagons, then the system has at lease 2 × 2 × 3 = 12 perfect

matchings. Now assume all three components are single hexagons. There are two cases

to consider.

Case 1: If one of the components (which is a single hexagon) is on the boundary of

H, then removing the hexagon and incident fixed bound, the left over is a generalized

benzenoid system H ′. If it has not cut vertex, i.e. no cut edge, then it is clear that H ′ has

not non-hexagonal internal faces, thus H ′ is a benzenoid system. Furthermore, we know

there are fixed bonds in H ′, otherwise, the hexagon that we have removed have at most

5 hexagons adjacent to it, plus the two normal components which are 2 hexagons, totally

we have only 8 hexagons in H, contradicting to the assumption that H has more than 9

hexagons. As we know that N(H ′) contains a single hexagon, by Theorem 5, we know

that H ′ has at least 3 normal components, contradicting to our assumption. If H ′ has a
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cut vertex, i.e. cut edge e, then this edge must be a fixed bond. To see this, considering

H ′− e which has two connected components, the number of vertices in both components

should have the same parity, i.e. both even or both odd. In case that both components

have even vertices, then e has to be fixed single bond, otherwise, e has to be fixed double

bond. In either case, e is a fixed bond. Then H ′ − e has a connected component which

is a benzenoid system, it has fixed bond and a single hexagon as the unfixed subgraph.

Apply Theorem 5, it is clear that there is another normal component in addition to the

three hexagons in N(H), a contradiction. So this case is impossible.

Case 2: Suppose none of the hexagons are on the boundary, thus if we remove all

three hexagons and connected fixed bonds, clearly, the resulting graph H ′ is a general

benzenoid system. H ′ has not cut vertex as none of the hexagons are on the boundary.

It was shown in [21] that if a graph different from K2 (i.e., the graph with two vertices

and one edge) and with no cut vertices has a perfect matching then it has at least two

perfect matchings. Thus, in H ′, there is an alternating cycle, i.e. not all bonds are fixed

bonds, a contradiction to our assumption. So this case is impossible.

Thus we show that for benzenoid system with perfect matchings and has more than

10 hexagons, the lower bound on the number of perfect matching is 3 × 3 = 9.

Below is a benzenoid system with fixed double bonds identified.

Figure 1. A benzenoid system which has 9 perfect matchings.

It is clear that this benzenoid system has two normal components, each having three

perfect matchings. Thus, in total, the system has 9 perfect matchings. Increasing the

length of the chain in the middle doesn’t increase the number of perfect matching in the

system. So the family of the benzenoid system in Fig. 1 achieves the lower bound on the

number of perfect matchings.
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Corollary 7. The family of benzenoid systems H in Fig. 1 has φ(H) = 9 which achieves

the lower bound on the number of perfect matching.
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