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Abstract

The Harary index of a connected graph is equal to the sum of reciprocal distance
between all pairs of its vertices. An ¢ x m x n pericondensed benzenoid graph,
denoted by Ly, is a graph consisting of three rows benzenoid chains with size
£,m,n, respectively. In this paper, we compute the Harary index of ¢ x m x n
pericondensed benzenoid graphs.

1 Introduction

In theoretical chemistry and biology, molecular structure descriptors have been used for
quantifying information on molecules. This relates to characterizing physico-chemical,

toxicologic, pharmacologic, biological and other properties of chemical compounds by

*The corresponding author.
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utilizing molecular indices. We point out that the so-called topological indices are an
important class thereof. Actually, thousands of topological indices have been introduced

in order to describe physical and chemical properties of molecules. Those indices can be

divided into several classes, namely degree-based indices [10-13,15,16,18,21,30], distance-
based indices [28,31], eigenvalue-based indices [19] and others. The Harary index is one
of widely studied distance-based indices. The Harary index of a connected graph G,
denoted by H(G), was introduced by Plavsi¢ et al. [22] in 1991 in honor of Professor
Frank Harary on his 70th birthday, who greatly influenced the development of graph
theory and chemical graph theory. The Harary index and the related indices have shown
a modest success in structure property correlations, and their use in combination with

other descriptors improves the QSPR models. This index is equal to the sum of reciprocal
distance of all pairs of vertices of respective graph, i.e.,
1
H(G) {7171}}%;((;) PR

The study of finding explicit combinatorial expressions for topological index of several
classes of connected graphs was also proposed in a few decades [1,6,7]. In comparison
to the acyclic graphs [2,14,20], it has been discovered that this problem is much difficult
for polycyclic graphs. Note that the majority of molecular graphs are polycyclic. This
is particularly frustrating in chemical applications. Nevertheless, with the appearance
of some techniques containing the method of elemental edge-cut developed by Klavzar,
Gutman and Mohar [17] and combinatorial algorithm developed by Shiu et al. [23], nu-
merous explicit formulas for Wiener index of special classes of benzenoid graphs have been
deduced [23,25,26] to name a few. Unfortunately, these methods can not be efficiently
applied to many other types of topological indices, especially Harary index. For this pur-
pose, various topological indices for molecular graphs, including nanotubes, nanotorus,
catacondensed benzeoid graphs have been investigated (see eg. [3,4,8,9]).

In this paper, we consider a widely studied classes of benzenoid graphs, which is
called pericondensed benzenoid graph. A pericondensed benzenoid graph is a benzenoid
graph containing internal vertices. Actually, we consider the pericondensed benzenoid
graph consisting of three rows of hexagons of various lengths. Various topological indices,
including Wiener index [27], PI index [5], Omega polynomials [29] and Sadhana polynomi-

als [29] et al., have been calculated for these molecules up to this time. The primary aim
of this article is to compute the Harary index for pericondensed benzoid graphs consisting

of three rows of hexagons of various lengths.
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2 Main results

The following definition of wall was first introduced in [24]. The infinite graph W is called
the wall if its vertex set V(W) = {(z,y)|z € Z} and edge set

EW) = {(z1,y1) ~ (22,82)] y1 =2 and |21 — 25| = 1,
or ¥y = Zo, [y1 —y2| =1 and z1 + y; + 22 + yo = 1( mod 4)}.

An n-benzenoid chain, denoted by Ly, is a graph formed by a row of n hexagonal cells. We
identify L, as a subgraph of wall and describe the vertex set of L, as {(z,y) € Z% 0<
y < 1,0 <z < 2n}. An ¢ x m x n pericondensed benzenoid system, denoted by L,

is a graph consisting of three rows benzenoid chains with size ¢, m,n, respectively. We

identify L, , as a subgraph of wall and so describe its vertex set as

{(z,y) € Z% y=0,0<2z<2n,0r
y=1, 0 <z <max{2n,2m+1},or
y=2, 0 <z <max{2(,2m + 1},or

y=3, 0<az<20}.

As an example, the graphs L, and L3 45 are depicted as follows:

> T

12

Fig. 1. The graphs L3 and L3 45.

For a benzenoid graph Ly, ,, we will also use the following notation. Let Sp
{(z,0)]0 < 2z < 2n}, S; = {(2,1)]0 < z < max{2n,2m + 1}}, So = {(2,2)|0 < z
max{2(,2m + 1}}, and S3 = {(2,3)|0 < = < 2¢}}. It is easy to see that V(Lgmn)

IN

So U S; USy U S;. For convenient, we define the following three functions for integers ¢,

m and n:
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hi(€,m,n) = (10n+8)f(2n + 1) + (6n + 10) f(2n + 3) + (40 + 3) f(2¢ + 1) + (60 + 9) f(2( + 2)
+(20+2)f(20+3) + (6m +8) f(2m +2) + (2m + 4) f(2m + 3) — (4n —4m + 1) f(2n
—2m)+ (4n —4l+3)f(2n — 20+ 1) — (4n — 4 +5)f(2n — 20+ 2) — (dn — 4L+ T7) f(
2 —2043)+ f(2n—20+4)+2f(2n — 20+ 5) + f(2n — 20+ 6) — (2m — 20+ 2) f(2m
140n + 91m — 27¢ 15>

—20+41) — (10n + 18m + 30¢ + 42) — <T7%

ha(€,m,n) = (4n+3)f(2n + 1)+ (4n + 7)f(2n + 3) + (8m + 10) f(2m + 2) + (8m + 14) f(2m + 3)
+@C+T)f(20+1)+2f(2042)+ f(20+3) —(2n—20+4)f(2n — 20+ 5) + f(2n — 20
+6) — (dm — 40+ 5)f(2m — 20 + 2) — (4m — 4n + 5) f(2m — 2n + 2) — (18n + 10m

140m + 91n + 113¢ 9 )

+30/,+38)—< 570 + 110

hg(£,m,n) = (10n+8) f(2n+ 1) 4+ (6n + 10) f(2n + 3) + (100 4+ 8) f(2¢ + 1) + (60 + 10) f(2¢ + 3)
+ (8m +20)f(2m +4) — (dm +12) f(2m + 5) + (4n + 40 — 8m + 1) f(2n + 20 — 4m)
+(An+40—8m+3)f(2n+20 —4m + 1) — (dn —4dm + 1) f(2n — 2m) — (8n — 8m
+7)f(2n—2m+1)— (dn—4m+5)f(2n—2m+3) + f(2n —2m +4) — (8¢ — 8m

—10)(f(2¢—2m —3) — f(2¢—2m — 1)) — (6¢ — 6m + 2) f(2¢ — 2m) — (10¢ — 10m

+12)f(2e—2m+2)+f(2£—2m+3)+f(2€—2m+4)—w

N 38m+£
105 210/ °

To deduce our main result, we need several lemmas as follows.

— (38m + 15)

Lemma 2.1 Let f(n) = Y0, L. Then

Zf =m+D)fn+1)—m+1)=(@n+1)f(n)—n
Lemma 2.2 Forn > 2, H(P,) = nf(n) —n.
Lemma 2.3 Forn > 1, H(L,) = (8n+6)f(2n+ 1) — £2 —5.

Proof: Let V(L,) = Sy U S, where S; = {(z,i)] 0 <z < 2n} for 0 <i < 1. Then

1
H(Ly) = > d(} + > Tu) + ) o)

{u,v}CSo {u,v}CS, uw,v u€Sp,vES]

Given two vertices u = (a,0) and v = (b, 1), d(u,v) = l[a —b|+1if a # b, or a = b and

a,b are even, and d(u,v) =3 if a = b and a, b are odd. Thus, we have

2n 2n 1 1
PDJEREE S S LI

u€Sp,veEST i=0 j=0



-67-

2n+1 2n+1 m,
=D f+ 3 (FO-1-5
i=1 i=1
20
= (4n+4)f@2n+1) — (Tnﬂa) .
Notice that > , ﬁ = d(iv) = H(P3,41). Hence, by Lemma 2.2 and some
{u,v}CSo {u,v}CS)
elementary calculations, we have H(Ly,) = (8n +6)f(2n + 1) — (222 4 5) . |

Lemma 2.4 Forn > 1, H(Ly410,41) = (20n + 36)f(2n + 3) + (8n +20)f(2n + 4) +

(4n +12)f(2n +5) — (58n + 104) — (12 4 108)

Proof: Note that S; = {(z,4)|0 < 2 < 2n+ 2} for 0 <4 < 3. Since > 1, ycsus ﬁ =

1 _ 1 _ 1
Z{’Uﬂ)}gSQUSg d(uw) H(L"+1) and Z1AES|J!€S3 d(uw) Z'UESU,UESQ d(u,)’ we have

1 1 1 1
ALninnir) = Z (u, )+ Z d(u,v) * Z d(u,v) * Z d(u,v)

d(u,v
{u,v}CSHuUS1

{u,v}CS2US3 u€Sp,vES2 u€Sp,vES3
1 1
+ Z d(u,v) + Z . d(u,v)
u€S,WES? u€S|,vESs
1 1 1
=2 H(Ly)+ Y +2 > DI et
u€S1,vES d((t, U) u€S,veES3 d(u.’ U) uESp,vESs d(lh U)

Firstly, we consider ﬁ for u € Sy and v € Sy. For two vertices u = (a, 1) and
v=(b,2), d(u,v) =la—bl+1if [a—b] #0 or a=">band ais odd, and d(u,v) =3 ifa=1b

and a is even. Thus, we have

1 2n+42 2n+2 1 .
Z d(u,v):ZZm+(n+2)<§,l>

ueS1 veSs i=0 j=0
i=0 j:oliijl i=0 j:i+1'77l+1 3
2n43 2n43

2n 44

=20+ 20— 1) - =5

= (4n+8)f(2n+3) — (6n + 10) — (2”; 1) .

Secondly, we compute m for v € S; and v € S;. For two vertices u = (a,1)
and v = (b,3), d(u,v) = |a —b|+2if [a —b > 2o0r |a—bl =1 and a is odd, and
d(u,v) =la—bl+4ifa=bor |a—0b=1and ais even. Thus, we have

> ﬂ%w:%%fer?(nH) (é—%)+(2n+3) G—%)

u€ES1,vES3 ’ i=0 j=0
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("ZEQ Zi”f 1 46n+61
10]02 ']+2 10]1+1'] 60
2n+4 2n+4
1 (23 61
fa )R 1 ¢)) I it el
=X U010+ 200 - s+ 5 - (55 + )

= (4n +10)f(2n +4) — (9n + 18) — (23” 31)

EORE
Lastly, we determine ) m for uw € Sy and v € S5. For two vertices u = (a,0) and
= (b,3), d(u,v) =|a—0b|+3if |[a—b| > 3 or |[a—b| =2 and a is even, d(u,v) = |a—b|+5
ifla—b=2and aisodd, or |a—b| =1, or a=>band a is even, and d(u,v) =T7ifa=10
and a is odd. Thus, we have

1 2n+2 2n+2

1 1 1 11
> gl i) v (5-)
uESo,v653d(u7U) = = li —j]+3 7 5 6 4
11 11
2(=-= N(=-2=
+(n+)(5 3>+(n+)(7 3)
20]017]+3 10]H1]7z+3 105
2n+5 2n+5
. 7 2Tn 83
*;(m)_ )+ +Z +6_(35+105>
46n + 83

=(4 12)f(2n — (11ln+ 25) —
(4n +12)f(2n +5) — (11n + 25) 108

Thus by Lemma 2.3, we get H(Lp41,nn+1) = (20n 4+ 36) f(2n + 3) + (8n + 20) f(2n +

4)+ (An +12) f(2n + 5) — (58n + 104) — (L2 4 108), u

Lemma 2.5 Let m,n € N with m > n. Then H(Ly ) = (8m+10) f(2m +2) + (8m +

14)f(2m + 3) + (12n + 10) f(2n + 1) + 2f(2n + 2) + (4n + 8)f(2n + 3) — (8m — 8n +

10)f(2m — 2n 4 2) — 322 — (48n + 44) — (% 410,

Proof: Note that S; = {(z,9)|0 < < 2n} for i = 0,3 and S; = {(z,7)|0 < = < 2m + 1}
for i =1,2. Let S; = {(z,9)]2n+1 <z <2m+ 1} for i = 1,2. Then Ly, — S} — S} =
Lyp—1,. Let V! =V (Lymn) —S) — S5. Hence, by symmetry,

1 1 1 1
LV T AP I RiP P e R

d(u,v) d(u,v)
{uv}CV’ {u,w}CS{US) ueSy eV’ ueShveV’
1
=H Ln n—1,n H Lm—n 2 5
( ;n—1, ) + ( ) + Z d(u, ’U)'

u€S,veV’
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where L,,—, = Ky if m = n. For u = (a,b) € S} and v = (¢,d) € V', we have
d(u,v) = a — ¢+ |b — d|. Thus, we obtain

1
Z d(u,v)

ueSy eV’
i | 1 1 1
_; ]ZO it i i T8
2m+1 2n 2m—2n 2m+-2 2n+1 2m—2n+1

+2

PFICED OGRS D ICIEEIDDFIOED DGR DRNI0)
2m+3 2n+2 2m—2n+2
- (S0 0) -3 o)

=(Am+5)f(2m+2)+ (4m+7)f(2m+3) —(An+3)f(2n+1) — (4n+5)f(2n

+2)—(dm—4n+3)f(2m —2n+1) — (4m —4n+ 5)f(2m — 2n + 2) + 3.
By Lemmas 2.3 and 2.4, we get the desired result. |

Lemma 2.6 Let m,n € N withn > m. Then H(Lym-1,) = (10n+8)f(2n+1)+ (6n+
10)f(2n+3) 4+ (10m 4+ 8) f(2m + 1) + (8m + 12) f(2m + 2) — (2m 4 2) f(2m + 3) — (4n —
dm+5)f(2n—2m+2)— (dn—4m+7)f2n—2m+3)+ f(2n—2m+4) +2f(2n — 2m +

5)+ f(2n —2m +6) — 322 — (48m + 34) — (322 + 2).

Proof: Notice that S; = {(z,7)[0 <z < 2n} for 0 <i<1and S, = {(z,1)|0 <z < 2m}
for 2 <i<3. Let 5] = {(x,9)|2m+1 <z < 2n} for i = 0,1. Then Ly, 1, — ) — 57 =
Lypm—1,m- Let V! =V (Ly, 1) — Si — S1. Hence,

1 1
H(Lyn-1) = Z d(u, v) + Z ( v Z du ) Z d(u,v)

u,v}CV’ u,v}CSHUS] ueS)veV’ ueS| eV’
{uv} 0 1

=H(Limm-1,m) + [H(L,L,m,l) +2f(2n—2m —1)+2f(2n —2m) — 2+ %}

1
+ Z d(u,v) Z d(u,v)’

ueS) vEV’ ueStveV’

Next we consider the last two items in the above equation. Firstly, we have

Z duv

ueSH,veV’
2m 2n—2m-—1 2m—12n—2m-1 2n—2m—1 1

_Z 721 (z—i—]—i—l z+]+2> Z 72: L+]+4 ]Z:;‘ m
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2m—22n—2m—1 2n—2m—1

1 1
+X Y et 2 (et

2n—2m—1 2n+1 2m+1 2n—2m

= Zf(i)*Zf(i)* Z fa) ]+ _Zf(z% Zf(i)* Z 1)
1’=12n+2 - 2m+2 - - 2n— 2m+22=1 -
+ [ 22 /60 - (_Z F@) = F(1) = ) Z f(0)

+ rfm (S r0- Zf(i)) - anﬂfu)
+f(2n— 27:+ 5) — f(5;i f(2n - 2;711 +6) - f(6)271
=(An+3)f2n+ 1)+ @An+T7)f2n+3)— Am+3)f(2m+1) — (dm +T7)f(2m
+3)—(An—4m+1)f(2n —2m) — (dn —4dm +7)f(2n — 2m + 3) + f(2n — 2m
81

+5)+f(2n72m+6)+E4

+ f(2n —2m +4)

Then we compute the last one and obtain

Z dU’L

ueSy eV’

2m 2n—2m—1 2m—12n—2m—1 2n—2m—1 1

_Z Z (z+]+1 z+]+2) Z ; z+]+3 ;0 j+a
2m—22n—2m—1 2n—2m—1 1 1

+ —

2n+1 2m-+1 2n—2m :|

2n—2m—1
:Zf Zf Zf} Zf Zf D0
1:12n+1 2m+1 2n— 2m+1 -
+ 22 f6) - ( )
21n:+12 2m+2 3 2n—2m+3
S (zf -3 ) - z 10

i=1

)| + f(2n—2m+3) — f(3)

f@2n—2m+4)— f(4)

+ f(2n—2m +5) — f(5)

=(6n+5)f(2n+ 1)+ (2n+3)f(2n+3) — (6m +5)f(2m + 1) — (2m + 3) f(2m
+3) — (4n —4m + 1) f(2n — 2m) — (4n — 4m +5) f(2n — 2m + 2) + f(2n — 2m
+4)+f(2n—2m+5)+%.

Then by Lemmas 2.3 and 2.4, we get the desired result.

Lemma 2.7 Let {,m,n € N with m < { <n. Then H(Lgmn) = hs(l,m,n).
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Proof: Notice that S; = {(2,7)|0 <z < 2n} for 0 <i <1 and S; = {(z,7)]|0 < z < 2¢} for
2<i<3. Let S = {(z,9)]2m+3 < x <20} fori = 2,3. Then Ly nn—S5—5% = Lyt 1,mn-
Let V! =V (Lysmn) — Sy — S}. Hence,
1 1 1 1
H(Loynn) = — — — —
(Eema) = 2 d(u,0) Z L) | Z d(wv) " Z d(u,v)
{u,v}CV’ {u,v}CSHUSY ueShveV’ ueS;veV’
=H(Lyt1,mn) + {H(L[,m,z) +2f(20—-2m—3)+2f(20 —2m —2) —2
1 1 1
+ g} * Z d(u,v) + Z d(u,v)’
ueSh,veV’ u€Sy,veV’

Next we consider the last two items in the above equation. Firstly, we have

Z 1

ueSh eV’ d(u7 U)

2m—+2 20—2m—3 1 2m+120—2m—3 2n—2m—2
= ——— + -

5 (o > I D

i=0 j=0 7=0 i=0

2(—2m—3 2m 20—2m—3 2n—2m—2 2{—2m—3

]2:(; Z+J+4 Z ]z:: Z+J+5 Z Z z+]+5

=0
o j+6

2m+2 2(—2m—3 20+1 2m+3 2(—2m—2 :|

20
l PIEOED SN OEED DRV IOI RN DIFOED DFIOEED DRQ)
l=]2[+1 - 2m+3 - 20— 27Zn=11 l=12n+22—4m—12=1
+ qu)—(_zf(i)— ) > f} X -

(Zfozf()) Zf )+ 2 ( -3 f(i))
2[;:21n+1 i:12n+25 4m 2n—2m+-2 3 24*2771?»11
> ) + | > f(i)—< > f(i)—;f(i))— > 1)

+ f(20 —2m +3) — f(5)
=(6045)f(204+1) + (204 3) f(20 + 3) + (4n + 40 — 8m + 1) f(2n + 20 — 4m)
— (6m+11)f(2m +3) — (2m +5)f(2m +5) — (4n —4m + 5) f(2n — 2m + 2)
— (40— 4m — 3) (20 — 2m — 2) — (40 — 4m + 1) f(2€ — 2m) — (40 — 4m + 4) f(2¢
53

—2m+2)+ f(20— 2m+3)+21+@
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Then we compute the last one and obtain

1
z d(u,v)

ueShveV’

2m+2 20—2m—3 2m+12(—2m—3 2n—2m—2
-2 % (s ) > Y it X
2(—2m—3 2m 20—2m—3 2n—2m—22(—2m—3
; z+]+5 Z g l+]+6 ; ; z+j+6
2(—2m—3 1
2 737
20 2m+-2 2(—2m—3 20+1 2m+43 20—2m—2
[30- -5 ] (S0 30" e
i=1 i=1 i=1

2042 2m-+4 20—2m 2n+20—4m

3106 - (Z f(i)—f(l)—f(2)> -3 0 +| > -
2n—2m+2 3 20—2m+1 21+3 2m+5 4
(X ro-Sr)- 3 o)+ ( —Zf(i))

20—2m~+2 2n+2[—4m+1 2n—2m+3 4 20—2m+2
S ][5 o (w0 g0) "

+ f(20—2m+4) — f(6)
=(A0+3)f(20+ 1)+ A0+ T)f(20+3) + (A4n+ 40 —8m + 3) f(2n + 20 — 4m

+1) = (@dm+7)f2m+3) — (4m +11)f(2m +5) — (4n — 4m + 7) f(2n — 2m
3) — (40— dm — 3)f(20 — 2m — 2) — (20 — 2m + 1) (20 — 2m) — (6( — 6m

+8)f(2é—2m+2)+f(2é—2m+4)+31+£.

By Lemmas 2.3 and 2.6, we get H(Lgmn) = hs(l, m,n). |

Lemma 2.8 Let {,m,n € N with ¢ <m <n. Then H(Lymn) = hi(€,m,n).

Proof: Notice that S; = {(2,7)|0 <2 <2n} for 0 <i <1, Sy = {(2,2)[0 <z <2m+1}
and S3 = {(z,3)|0 <z < 2¢}. Let S5 = {(x,2)[20+1 <z < 2m+1}. Then Ly, — 55 =

Lygipe Let V= V(Lymng) — Sy Hence, H(Lymn) = 3 qam + > quy +
{u,v}CV’ ’ {u,v}CS) ’

Z duu) H(LZZ ln) + H(P2m 22-%—1) + Z d

ues) ues)

vev’ veV’

in the above equation. For u = (a,2) € S5 and v = (b,1) € Sy, d(u,v) = |a — b + 1 if
a—b+#0,ora=band aisodd, and d(u,v) =3 if a = b and a is even. For u = (a,2) € S}
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and v = (b,0) € Sy, d(u,v) = |a—b|+2if |Ja—b] > 2, or [a—b] =1 and a is odd, and
d(u,v) =la—b|+4if |a —b| =1 and a is even, or a = b. Thus, we have

Zduv

u€S)
UGV’

1
B Z d(u,v) Zduv E,d(u,zx)
uESy

ueSs)

vES3U(S2—5%) v€S1 vESH
20 2m—2¢ |:2n 2m+1 1
Ny >3 cmen (5-1)

=0 ;=0 (Z+j+1 7+]+2) i=0 j= 22+1|7']‘+1 3

2n 2m+1

1 1 1 1

+1D° > +2(m z)(7—7)+(2m—2z+1)(7—7)

=0 j= 25+1|_]|+2 5 3 42
2m—+1 2m—2¢ 2m+2 20+1 2m—20+1 2m+2
> 1G) fo(w =Y O+ D =D 6 - Y fO)|+ { > F)
i=1 i=1 i=1 i=1 i=1 i=1 i=1
2041 2m—20+1 2n—2¢ 2n—2m—1 2m—20+1 2m—20+1

PSR DN SEUEED DEFICESD DI GRS DI Ok
217L—l;fl+1 = 2 - 2m+3 20+2 - ;21—2[+2
S (s - sy - 27 [Zf <Zf(i)f(1)> > 50

i2:nl—2l+1 2n—2m 2m—20+2 2m—20+2
+ > f(z‘)(Z ORs ) > @+ >0 (f0) = F)

2m—20+2 _
+ Y Ut -se - 2R
=(6m+8)f(2m+2)+ 2m+4)f(2m+3) — (60 +5)f(20+ 1) — (20 + 3) f(2( + 2)

—(Am—4+3)f2m—204+1)+ (4n—40+3)f(2n —20+1) — (4n —4dm+ 1) f(2n
13m — 13¢

—2m) — (16m — 160+ 7) — 30 i
hy

By Lemmas 2.2 and 2.6, we get H(Lgmn) = hi(€,m,n). |

Lemma 2.9 Let {,m,n € N such that { <n <m. Then H(Ly,,) = ha(¢,m,n).
Proof: We have Sy = {(2,0)|0 <z <2n}, S; = {(z,9)|0 <2 <2m+1} for 1 <i <2 and
Sy = {(2,3)|0 <z <20}, Let S{ = {(2,0)]20 +1 <z < 2n}. Then Ly, — S§ = Lome-
Let V' =V (Lymn) — Sp. Hence, H(Lgmn) = Y 725+ X 200+ 2 700 =
M, )My d(u,v) ,d(u.,'u) , d(u,v)
{u,v}CS; u€es

{up}CV’
veV’
H(Lg o) +H(Popo0)+ Y d Next we consider the last one item in the above equation.
uESD
veV’!

For u = (a,0) € Sy and v = (b,1) € Sy, d(u,v) =|la—b|+1ifa—b#0,ora=">banda
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is even, and d(u,v) = 3 if a = b and a is odd. For v = (a,0) € Sj and v = (b,2) € S,
d(u,v) =la—0b|+2if |a—b| > 2, or |a—b| =1 and a is even, and d(u,v) = |a — b| + 4 if

|a —b] =1 and a is odd, or a = b. Thus, we have

1
u€S) d(u7 U)
veV’
1 1
B EZS, d(u,v) + %S:, d(u,v) + Z d(u,v) = d(u
vess zes? vt eSS}
20—22n—2(—1 2n—20—1 1 2m+1  2n
{; JZO 1+j+6 7:20 (j+6 j+7> {;J;lz—j—kl (n
l 1 ey 14 11 2n — 20 1.1
A E S o)
2 J +1
20 2n—20—1
Lz; ]z; i+ + i+j+1
2n+3 2043 4 2n—20+4
= Zf(yl)— (Z f(i)—Zf(i)) — Z FG) + f(2n — 20 +5) + f(2n — 2¢ + 6)
l:;n«#l 12:1/:»1 Z‘2:n1—2€ 271’:f21€+1 2m—2n-+1 2n—2¢ 2n—2¢
DIEUES SIRD SFURID VIR SIFUED WD
l=;n72/z - 2=n 2n+2 2Z+=21 N 2n72z+1z=1
s+ 2 00 - 500 =252+ [ 350 (Z f(i)—f(1)> -y g0
2m—2€l+:21 2m—2n+2 2n—20+1 1:12n—2f+1 - 2n—20+1
+ > r6) - ( > of) - ) Do+ D F@—-fan+ Y
i=1 i=1 i=1 i=1 i=1

2n 20 2n—20—1
I R PR MR 3 C]
=(4n+3)f2n+1)+ An+7)f2n+3) — (40 +3)f(20+1) — (40 +T7)f(20+3) — (2n

—20)f(2n—20) — (2n =20+ 4)f(2n — 20 +5) + f(2n — 20+ 6) + (dm — 4L+ 5) f(2m
18n—13¢ 7

—20+2)— (dm —4n+5)f(2m — 2n +2) — (16n — 16¢ — 6) — 20 +E.
By Lemmas 2.2 and 2.5, we get H(Lgmn) = ho(f, m,n). |
From Lemmas 2.7, 2.8 and 2.9, we obtain our main result as follows.
Theorem 2.10 Let {,m,n € N. Then
hi(l,m,n), 0 <m<n
H(Lymn) = § ho(d,m,n), £ <n<m
hs(€,m,n),m <€ <n.
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