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Abstract

The variable sum exdeg index SFEI, is a topological index which has shown to
be useful in QSPR and QSAR studies. Vukicevié solved several extremal problems
involving this index in 2011, for values of the parameter a > 1, and for the case
0 < a < 1, he left several such problems open. Some of the open problems posed
by Vukicevié¢ are solved in this paper; we characterize graphs with maximum and
minimum values of the SEI, index, for 0 < a < 1/2, in the following sets of graphs
with n vertices: graphs, connected graphs, graphs with fixed minimum degree,
connected graphs with fixed minimum degree, graphs with fixed maximum degree,
and connected graphs with fixed maximum degree.

1 Introduction

A topological index is a single number which represents a chemical structure via the
molecular graph, in graph theoretical terms, whenever it correlates with a molecular
property. Hundreds of topological indices have been recognized to be useful tools in

researches, especially in chemistry. Topological indices have been used to understand
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physicochemical properties of compounds. They usually enclose topological properties of
a molecular graph in a single real number. Several topological indices were introduced
by the seminal work by Wiener. They have been studied and generalized by several
researchers since then (see, e.g., [2], [4], [5] and [15]). In particular, topological indices
based on end-vertex degrees of edges have been studied over almost 50 years (see, e.g., [14]
and [7]).

Vukicevié proposed in 2011 [17] the following topological index, called the variable sum
exdeg index, which predicts the octanol-water partition coefficient of certain compounds

SEL(G) = Y (a™+a™)= > dya™,
)

weE(G) ueV (G
where a is a positive real number, and d, denotes the degree of the vertex v € V(G).

Among the set of 102 topological indices [9] proposed by the IAMC [8] (respectively,
among the discrete Adriatic indices [16]), the best topological index predicting the octanol-
water partition coefficient of octane isomers has 0.29 (respectively 0.36) coefficient of
determination. The sum exdeg index SFEIj3; allows to obtain the coefficient of de-
termination 0.99, for predicting the aforementioned property of octane isomers [17].
Therefore, it is interesting to study mathematical properties of the SEI,, specially for
a = 0.37; unfortunately, usually it is difficult to obtain extremal properties for SEI, with

1>a>e?=0.135335....
Vukicevié started the mathematical study of SEI, in [18]. He found, for a > 1,

extremal graphs with respect to the SEI, among the sets of graphs with n vertices
(1) connected, (2) trees, (3) unicyclic, (4) chemical, (5) chemical trees, (6) chemical
unicyclic, (7) given maximum degree, (8) given minimum degree, (9) trees with given
number of pendant vertices, and (10) connected with given number of pendant vertices.
In [18] appears also, for 0 < a < 1, the extremal graphs with respect to the SEI,
among the sets (4), (5) and (6), however extremal graphs in other seven sets of graphs
was presented as open problems. Yarahmadi and Ashrafi [19] introduced the variable
sum exdeg polynomial, and studied the behavior of this polynomial under some graph
operations. Ghalavand and Ashrafi [6] found the extremal graphs with respect to the
SEI,, for a > 1, among the sets of trees and unicyclic graphs with n vertices by using
the majorization technique. Also, they characterized the graphs having maximum SFEI,
value, for @ > 1, among the sets of graphs with n vertices bicyclic and tricyclic. Ali and

Dimitrov in [1] extend the results from [6] for tetracyclic graphs. Khalid and Ali attacked
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the open problem of finding extremal trees with a fixed number of leaves with respect to
SEI, [10] for every 0 < a < 1, but unfortunately proofs of the results, except Lemma 4.6,
concerning SET, with 0 < a < 1 are not correct in the reference [10], and hence these
results are still needed to be prove. Recently, Dimitrov and Ali in [3] characterize, for
a>1and 0 < a < e 2=0.135335..., the n-vertex extremal graphs with fixed cyclomatic
number, and for 0 < a < 1/3 the n-vertex graphs with cyclomatic number up to four
having maximal SEI, value.

In this paper, we characterize the graphs with maximum and minimum values of the
SEI, index, for 0 < a < 1/2, in the following sets of graphs with n vertices: graphs,
connected graphs, graphs with a fixed minimum degree, connected graphs with a fixed
minimum degree, graphs with a fixed maximum degree, and connected graphs with a
fixed maximum degree. Note that the value a = 0.37 belongs to this interval. These
results solve the problems (1), (7) and (8) stated by Vukicevié¢ in [18], for these values of
the parameter a. We can use these results for detecting chemical compounds that could
satisfy desirable properties. Hence, extremal graphs should correspond to molecules with
a extremal value of a desired property since there exists a property well correlated with
this descriptor for some values of a, in particular, a = 0.37.

Our arguments allow to obtain the known results for @ > 1, and we include them by the
sake of completeness. Also, some of them are a slightly improvement of the known results
(e.g., item (3) in Theorem 2.12 improves [18, Proposition 6], and item (2) in Theorem
2.18 improves [18, Proposition 4]).

In order to prove our theorems, we have obtained a result that is interesting by itself:
Theorem 2.4 states that if 0 < a < 1/3, then there exists a continuous and strictly convex
function F : [1,00) — R such that F(k) = ka”* for every k € Z*. This result allows to
extend to 0 < a < 1/3 every optimization result for the SEI, in the literature proved for
0 < a < e72 by using majorization (i.e., Schiir convexity or Karamata inequality).

Throughout this paper, G = (V(G), E(G)) denotes an undirected finite simple graph
without isolated vertices. As usual, a forest will denote a graph without cycles, and a tree

a connected forest.
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2 Optimization problems for the variable sum exdeg
index

We start with some technical results.

Given any function f : Z* — R™, let us define the f-index

(@) = Y f(d)

ueV(G)
Note that if f(¢) = ta', then I;(G) = SEL(G).

The following result is elementary. We include a proof for the sake of completeness.

Lemma 2.1. Let us consider a >0, § € Z* and f(t) = ta'.
(1) If a > 1, then f is strictly increasing and convex on [0, 00).
(2) If0 < a < e” % then f is strictly decreasing on [6,00).
(3) If 0 < a < e 2%, then f is strictly convez on [6,00). In particular, if a < e2,

then f is strictly conver on [1,00).

Proof. Since f'(t) = a' + ta'loga and f”(t) = 2a'loga + ta'(loga)?, if a > 1, then f is
strictly increasing and convex on [0, c0).

If 0 < a < 1, then f is strictly decreasing on [~1/loga,00). If 0 < a < e™/%, then
—1/loga < ¢ and f is strictly decreasing on [, 00).

If 0 < a < 1, then f is strictly convex on [~2/loga,00). If 0 < a < e 2/% then

—2/loga < § and f is strictly convex on [4, 00). |
Proposition 2.2. If0 < a < 1/2, then f(t) = ta' satisfies f(a) > f(b) whenever a < b
where a and b are positive integers.

Proof. Tf 0 < a < e /2, then Lemma 2.1 gives that f is strictly decreasing on [2,00).
Since 1/2 < e~1/2 = 0.60653..., it suffices to check that a = f(1) > f(2) = 2a?, and this
holds since 0 < a < 1/2. [ |
Lemma 2.3. Let us consider f : {1} U [2,00) — R such that f is strictly conver on
[2,00). If2f(2) < f(1) + f(3), then there exists F : [1,00) — R such that F = f on

{1} U{2} U [3,00) and F is continuous and strictly convezr on [1,00).
Proof. Since f is strictly convex on [2,00), we have

F3) = f2) < 1.(3) = tim LEEN =IO

h—0~ h
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By hypothesis, f(2) — f(1) < f(3) — f(2), and so,

£= %min {FB3) = 12) = (f(2) = f(1)),2f2(3) = 2(f(3) = £(2))} > 0.
Let us define the function F as follows:

(F2) = FO)(t — 1)+ f(1) —esinn(t—1) ifte[1,2,
F(t) =19 (fB) = f(2))(t —=2) + f(2) —esinm(t —2) ift€[2,3],
£t) ite>3.

It is clear that F' = f on {1} U {2} U [3, c0).
Since f is continuous on (2,00), F' is continuous on [1,00). We have

f(2)— f(1) —emcosm(t—1) ifte(1,2),
F'(t)=q f3)— f(2) —emcosm(t—2) ifte(2,3),

(@) if ¢ > 3 and there exists f'(t),
and
em?sinm(t—1) ifte(1,2),
F"(t) = em?sinm(t —2) ifte(2,3),
() if ¢ > 3 and there exists f”(¢).
Since

FL(2)=f(2) = f(1) +em < f(3) = f(2) —em = F|(2),
F'(3) = f(3) = f(2) +em < f1(3) = FL(3),
f”>0on (1,2) U(2,3), and f is continuous and strictly convex on [3,00), F' is strictly

convex on [1,00). |

Theorem 2.4. If0 < a < 1/3, then there exists a continuous and strictly convex function

F:[1,00) = R such that F(k) = ka® for every k € Z*.

Proof. Let us consider the function f(¢) = ta’. Since 0 < a < 1/3 < ¢~!, Lemma 2.1 gives
that f is strictly convex on [2,00). Since 0 < a < 1/3, we have 2f(2) = 4a® < a + 3a® =
f(1)+ f(3). Thus, Lemma 2.3 gives the result. |

Note that Theorem 2.4 allows to extend to 0 < a < 1/3 every optimization result for
the SEI, with 0 < a < e~2 in the literature proved by using majorization (Schiir convexity

or Karamata inequality), e.g., the results in [6], and Theorems 2.4 and 2.5 in [3].

Proposition 2.5. Let G be a graph with minimum degree at least 6, and v,w € V(G)
with vw ¢ E(G).

(1) If a > 1, then SEI,(G + {vw}) > SEL,(G).

(2) If0<a<e B for§>20r0<a<1/2fors =1, then SEL(G + {vw}) <
SEIL(G).
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Proof. If u ¢ {v,w}, then its degree in G + {vw} is d,; also, the degree of v (respectively,
w) in G+ {vw} is d,+1 (respectively, d,, +1). Hence, G+ {vw} is a graph with minimum
degree at least §. Consider f(t) = ta'. Thus, Lemma 2.1 and Proposition 2.2 give that
F(dy+ 1)+ Fldu+1) > F(d) + Fldw) i > 1, Fldy+ 1)+ F(dy +1) < F(dy) + F(d) it
O<a<eYford>2o0r0<a< 1/2 for § = 1. These facts finish the proof. | ]

Note that item (1) in Proposition 2.5 is known.

If 0 < § < A are integers, we say that a graph G is (A, §)-quasi-reqular if there exists
v € V(GQ) with d, = ¢ and d, = A for every u € V(G) \ {v}; G is (A, d)-pseudo-regular
if there exists v € V(G) with d, = A and d,, = § for every u € V(G) \ {v}.

Lemma 2.6. Consider integers 2 < k < n.
(1) If kn is even, then there is a Hamiltonian k-reqular graph with n vertices.
(2) If kn is odd, then there are a connected (k, k—1)-quasi-regular graph with n vertices

and a connected (k + 1, k)-pseudo-regular graph with n vertices.

Proof. Let us consider the cycle graph C,. If k = 2, then it suffices to choose G = C,,.
Assume now that k > 3. Let Gy(n, k) be the graph obtained from C,, by adding the edges
{uv: 2 <dg, (u,v) < |k/2]}, where [t] denotes the greatest integer less than or equal to
t. Note that Gi(n, k) has n vertices with degree 2|k/2]. Also, Gi(n, k) is Hamiltonian,
since it contains C,,.

If k is even, then 2|k/2] = k and this gives (1).

If k is odd and n is even, then let G5(n, k) be the graph obtained from G;(n, k) by
adding the edges {uv : d¢, (u,v) = n/2}. Thus, Ga(n, k) is a Hamiltonian (2| k/2] + 1)-
regular graph with n vertices. Since & is odd, 2|k/2| + 1 = k and this finishes the proof
of (1).

Finally, assume that kn is odd. Thus, k and n are odd, and so, k <n —2and n —1
is even. Hence, Ga(n — 1,k) is Hamiltonian and k-regular with n — 1 vertices. Let us
consider w ¢ V(Ga(n—1,k)) and a Hamiltonian cycle C'in Gy(n—1, k). Choose (k—1)/2
non-incident edges ey, ..., ex—1)/2 in C, and define the graph Gs(n, k) by

V(Gs(n, k) = V(Ga(n — 1,k)) U {w},
E(G3(n,k)) = E(Ga(n — 1,k)) \ {e1, ..., e@w—1)/2}

U{wv : v is an endpoint of ¢; for some i =1,...,(k—1)/2}.
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Hence, d,, = k — 1 and d,, = k for every u € V(Ga(n — 1,k)) = V(G3(n, k)) \ {w}. Thus,
Gs(n, k) is (k,k — 1)-quasi-regular with n vertices. Finally, G3(n, k) is connected since

the cycle

C\{eh--q@(k—n/z}
U{wv : v is an endpoint of ¢; for some i = 1,...,(k—1)/2}

contains every vertex of this graph.
If we choose (k + 1)/2 non-incident edges in C, instead of (k — 1)/2, in the definition
of the graph G3(n, k), then we obtain a connected (k + 1, k)-pseudo-regular graph with n

vertices. |
We start with the easiest optimization problem for SEI,.

Proposition 2.7. Given a positive integer n, let G(n) (respectively, G.(n)) be the collec-
tion of n-vertex graphs (respectively, connected graphs).

(1) If a > 1, then the unique graph that maximizes the SEI, index in G.(n) or G(n)
is the complete graph K, .

(2) If a > 1, then the unique graph that minimizes the SEI, index in G.(n) is the path
graph P,.

(3) If a > 1 and n is even, then the unique graph that minimizes the SEI, index in
G(n) is the disjoint union of n/2 path graphs Pa. If a > 1 and n is odd, then the unique
graph that minimizes the SEI, index in G(n) is the disjoint union of (n—3)/2 path graphs
P, and a path graph Pj.

(4) If 0 < a < 1/2, then the unique graph that minimizes the SEI, index in G.(n) or
G(n) is the complete graph K,.

(5) If 0 < a < 1/2 and a graph mazimizes the SEI, index in G.(n), then it is a tree.

(6) If 0 < a < 1/3, then the unique graph that mazimizes the SEI, index in G.(n) is
the star graph S,,.

(7) If 0 < a < 1/2 and n is even, then the unique graph that mazimizes the SEI, index
in G(n) is the disjoint union of n/2 path graphs Py. If 0 < a < 1/2 and n is odd, then the
unique graph that mazimizes the SEI, index in G(n) is the disjoint union of (n — 3)/2
path graphs Py and a path graph Pj.

Proof. Proposition 2.5 gives (1), (3), (4), (5) and (7).
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[3, Lemma 2.1] gives that if a tree with n vertices has maximal variable sum exdeg
index for some 0 < a < 1/3, then it has maximum degree n — 1. This fact and (5) gives
(6).

(18, Corollary 9] gives (2). |

Note that items (1) and (2) in Proposition 2.7 are known [18, Proposition 4 and
Corollary 9].

Proposition 2.7 has the following consequence.

Proposition 2.8. Let G be a graph with n vertices.
(1) If a > 1, then
SEIL(G) < n(n—1)a™,

and the equality is attained if and only if G is the complete graph K,.
(2) If a > 1 and G is connected, then

SEI(G) > 2(n — 2)d® + 2a,

and the equality is attained if and only if G is the path graph P,.

(3) If a > 1 and n is even, then

SEI,(G) > na,

and the equality is attained if and only if G is the disjoint union of n/2 path graphs Ps.

Ifa > 1 and n is odd, then
SEIL(G) > (n—1)a + 2d?,

and the equality is attained if and only if G is the disjoint union of (n — 3)/2 path graphs
P, and a path graph Ps.
(4) If 0 <a < 1/2, then
SEI(G) > n(n —1)a" ™,
and the equality is attained if and only if G is the complete graph K.
(5) If 0 < a < 1/3 and G is connected, then

SELL(G) < (n—1a"" + (n—1a,

and the equality is attained if and only if G is the star graph S,.
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(6) If 0 < a < 1/2 and n is even, then
SEIL,(G) < na,

and the equality is attained if and only if G is the disjoint union of n/2 path graphs Ps.
If0 < a<1/2 and n is odd, then

SEIL(G) < (n—1)a+ 2d?

and the equality is attained if and only if G is the disjoint union of (n — 3)/2 path graphs
P, and a path graph Pj.

Note that items (1) and (2) in Proposition 2.8 are known [18, Proposition 4 and
Corollary 9].

Corollary 2.9. Let G be a graph with n vertices.

(1) Then
n(n —1)
SEI;5(G) > T

and the equality is attained if G is the complete graph K, .
(2) If G 1is connected, then

n—1 n-—1
SEIL ;3(G) < ——
13(G) < o+ =5

and the equality is attained if G is the star graph S,,.
(3) Then
SE]l/Q(G) <

|3

and the equality is attained for each even n if G is the disjoint union of n/2 path graphs
Py, and for each odd n if G is the disjoint union of (n — 3)/2 path graphs Py and a path

graph Pij.

Proof. If we consider the value 0 = 1 and we take limits as @ — (1/2)7 in the items (4)
and (6) and as a — (1/3)~ in the item (5) of Theorem 2.8, then we obtain the desired
inequalities.

Since the equality in (1) is attained if G = K, for every 0 < a < 1/2, by continuity it
has the equality for a = 1/2 at G = K,.

A similar argument gives the statements on equality in (2) and (3). |
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Given integers 1 < & < n, denote by K? the n-vertex graph with maximum and
minimum degrees n = 1 and d, respectively, obtained from the complete graph K, ; and
an additional vertex v in the following way: Fix  vertices wui,...,us € V(K?) and let
V(K?) = V(K,—1) U {v} and E(K?) = E(K,_1) U {uiv,...,usv}. Besides, denote by

H.(n,d) the family of all connected n-vertex graphs with minimum degree §.

Theorem 2.10. Let 6,n be two integer numbers such that 1 <6 <n. Then

(1) If a > 1, then the unique graph that mazimizes the SEI, index in H.(n, ) is K2.

(2) If a > 1 and 6 = 1, then the unique graph that minimizes the SEI, index in
H.(n,1) is the path graph P,.

(3) If a > 1, § > 2 and dn is even, then the unique graphs that minimize the SEI,
index in H.(n,d) are the connected §-regular graphs.

(4) If a > 1, 6 > 2 and én is odd, then the unique graphs that minimize the SEI,
index in H.(n,d) are the connected (6 + 1,9)-pseudo-reqular graphs.

BGYIfO<a<e Y for§>20r0<a<1/2ford =1, then the unique graph that
minimizes the SEI, index in H.(n,d) is K2.

(6) If 0 <a<1/2,6=1 and a graph mazimizes the SEI, indez in H.(n,1), then it
is a tree. Furthermore, if 0 < a < 1/3, then the unique graph that mazimizes the SEI,
index in H.(n,d) is the star graph S,.

(M If0<a< e 19, 5> 2 and 6n is even, then the unique graphs that mazimize the
SEI, index in H.(n,d) are the connected §-regular graphs.

8) If 0 <a< e Y95 > 2 and dn is odd, then the unique graphs that mazimize the

SEI, index in H.(n,d) are the connected (6 + 1,0)-pseudo-regular graphs.

Proof. Firstly, note that Proposition 2.7 gives (2) and (6).
Assume that 0 < a<e Yford§ >2o0r0<a< 1/2 for § = 1.
Given any graph G € H(n,d) \ {K?}, fix a vertex u € V(G) with d, = 6. Since

G #GU{vw:v,we V(G)\ {u} and vw ¢ E(Q)} = K?,

Proposition 2.5 gives SEI,(K?) < SEI(G).
Assume now that 0 < a < e /9 and § > 2.

Since d,, > § for every u in V(G), Proposition 2.5 gives

SEL(G)= Y dua™< > da’ =ndd’,

ueV(G) ueV(G)
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and the equality is attained if and only if d,, = 0 for every u € V(G).

If on is even, then Lemma 2.6 gives that there is a connected d-regular graph with
n vertices. Hence, the unique graphs that maximize the SEJ, index in H.(n,d) are the
connected d-regular graphs.

If én is odd, then handshaking lemma gives that there is no regular graph. Hence,

there exists a vertex v with d, > 6 + 1 and

SEIL(G) = dya® + Z dya®™ < (n— 1)5(1,6 +(0+ l)a‘sﬂ7
u€V(G)\{v}

and the equality is attained if and only if d, = ¢ for every u € V(G)\ {v}, and d, = d + 1.
Lemma 2.6 gives that there is a connected (6 + 1, §)-pseudo-regular graph with n vertices.
Therefore, the unique graphs that maximize the SFEI, index in H.(n,d) are the connected
(6 + 1, 6)-pseudo-regular graphs.

The proof in the case a > 1 is similar. |

Note that item (2) in Theorem 2.10 is known [18, Proposition 8].
Analogous to H.(n,d), we define H(n,d) as the family of all n-vertex graphs with

minimum degree §.

Remark 2.11. If we replace H(n,§) with H(n,d) in the items (1), (3), (4), (5), (7) and
(8) in Theorem 2.10, then the arguments in their proofs give that the same conclusion
hold in these items when we remove from them the word “connected”.

Also, the argument in the proof of Theorem 2.10 allows to conclude that the following
statements hold:

(2") Ifa > 1, § = 1 and n is even, then the unique graph that minimizes the SEI,
index in H(n, 1) is the disjoint union of n/2 path graphs Py. Ifa > 1,5 =1 and n is odd,
then the unique graph that minimizes the SEI, index in H(n,1) is the disjoint union of
(n — 3)/2 path graphs Py and a path graph Pij.

(6') If 0 < a < 1/2, § = 1 and n is even, then the unique graph that mazimizes the
SEI, index in H(n,1) is the disjoint union of n/2 path graphs Py. If0 < a<1/2,6=1
and n is odd, then the unique graph that mazimizes the SEI, index in H(n, 1) is the union

of (n —3)/2 path graphs P, and a path graph Pj.

Theorem 2.10 and Remark 2.11 have the following consequence.
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Theorem 2.12. Let G € H(n,d).
(1) If a > 1, then
SEL(G) <d(n—1)a" 4+ (n—1-=08)(n—2)a"" %+ da’,

and the equality is attained if and only if G is K?.
(2) Ifa>1,0=1 and G € H.(n,d), then

SEI(G) > 2a +2(n — 2)d?,

and the equality is attained if and only if G is the path graph P,.
(3) Ifa>1,6=1 and n is even, then

SEI,(G) > na,

and the equality is attained if and only if G is the disjoint union of n/2 path graphs Ps.
Ifa>1,0=1 and n is odd, then

SEIL(G) > (n—1)a + 2a%

and the equality is attained if and only if G is the disjoint union of (n — 3)/2 path graphs
P, and a path graph Pj.
(4) Ifa>1, 0 > 2 and dn is even, then

SEIL(G) > nda’,

and the equality is attained if and only if G is d-regular.
(5) Ifa>1, 6 >2 and on is odd, then

SEIL(G) > (n—1)da’ + (6 + 1)a’*!,

and the equality is attained if and only if G is (0 + 1,0)-pseudo-regular.
6) If0<a<e o for§>20r0<a<1/2ford=1, then

SEIL(G) > d(n—1)a" 4 (n—1-468)(n—2)a""%+dd,

and the equality is attained if and only if G is K.
(M Ifo<a<1/3,6=1 and G € H.(n,0), then

SEL(G) < (n—1)a" '+ (n —1)a,
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and the equality is attained if and only if G is the star graph S,.
(8) If0<a<1/2, 6 =1 and n is even, then
SEI,(G) < na,
and the equality is attained if and only if G is the disjoint union of n/2 path graphs Ps.
If0<a<1/2,6=1 and n is odd, then

SEI(G) < (n—1)a+ 2d?,

and the equality is attained if and only if G is the disjoint union of (n — 3)/2 path graphs
P, and a path graph Pj.
(9) If0<a<e Y2 §>2 and on is even, then

SEI(G) < ndd’,

and the equality is attained if and only if G is d-regular.

(10) If0<a < e /9§ > 2 and dn is odd, then
SEIL(G) < (n—1)8a® + (6 + 1)a’*,
and the equality is attained if and only if G is (§ + 1,0)-pseudo-regular graphs.
Note that items (1), (2) and (4) in Theorem 2.12 is known [18, Propositions 6 and 8].

Corollary 2.13. Let G € H(n,1).
(1) Then
n—1 (m—-2)?2 1
SEIL»(G) > —— —
12(G) = on—1 + on—2 + 27
and the equality in the bound is attained if G = K.

(2) If G € Hen, 1), then

n—1 n-—1
SEIl/s(G)SFJr 3

and the equality is attained if and only if G is the star graph S,.
(3) Then
SEI;»(G) <

[

and the equality is attained for every even n if G is the disjoint union of n/2 path graphs
Py, and for every odd n if G is a the union of (n — 3)/2 path graphs Py and a path graph
PS.



-766-

Proof. If we consider the value 6 = 1 and we take limits as @ — (1/2)~ in the items (6)
and (8) and as a — (1/3)” in the item (7) in Theorem 2.12, then we obtain the desired
inequalities.

Since the equality in (1) is attained if G = K} for every 0 < a < 1/2, by continuity it
is also extended to a = 1/2.

A similar argument gives the statements on equality in (2) and (3). |

Let n >3 and 2 < A <n — 1. Let us define jy, = LZ:QlJ, v = (Y1,Y2, ..., Yn) with

o y; = A for every 1 < j < j,
® Yipr1 =2n—2—joA—(n—jo—1)=n—1—jo(A-1),
o y; = 1forevery jo+1<j<n,
and z = (21,22, ..., 2,) With
e 21 = A,
o zi=2forevery 1 <j<n—A,
o zj=1foreveryn — A <j<n.

Since 377, y; = > 5_, 2; = 2n — 2, if a connected graph has degree sequence y or z,
then it is a tree.

Let S, be the set of trees with n vertices obtained from the star graph Sp;; by
replacing some edges with paths. Note that a tree has the degree sequence z if and only
if it belongs to S, a.

Denote by T, A be the set of trees with degree sequence y.

Recall that given any function f : [1,00) — R, we define the index

L@ =Y fd).

ueV(G)

In [11] appears the following result (see [12] and [13] for related results).

Theorem 2.14. IfT is a tree withn > 3 vertices and mazximum degree A > 2, jo = L”’QJ

and f : [1,00) = R is a strictly convezx function, then

FA)+(n=A=1)f2)+Af(1) < I{T) < jof(A)+f(n=1=jo(A=1))+(n—jo—1)f(1).
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Moreover, the lower bound is attained if and only if T belongs to S, A, and the upper

bound is attained if and only if T belongs to Ty a.

Given integers 2 < A < n, define by Z.(n, A) the set of all connected n-vertex graphs
with maximum degree A.
Theorem 2.15. Given integers 2 < A < n.

(1) If a > 1 and An is even, then the unique graphs that mazimize the SEI, index in
Z.(n,A) are the connected A-regular graphs.

(2) If a > 1 and An is odd, then the unique graphs that mazimize the SET, index in
I.(n,A) are the connected (A, A — 1)-quasi-regular graphs.

(3) If a > 1, then the unique graphs that minimize the SEI, index in Z.(n,A) are the
trees in Sy .

(4) If 0 < a < 1/2 and An is even, then the unique graphs that minimize the SEI,
index in Z.(n, A) are the connected A-regular graphs.

(5) If 0 < a < 1/2 and An is odd, then the unique graphs that minimize the SEI,
indez in I .(n, A) are the connected (A, A — 1)-quasi-reqular graphs.

(6) If 0 < a < 1/2 and a graph mazimizes the SEI, index in Z.(n,A), then it is a

tree.
(6') If 0 < a < 1/3, then the unique graphs that mazimize the SEI, index in Z.(n,A)

are the trees in T, a.

Proof. Assume that 0 < a < 1/2. Since d,, < A for every u € V(G), Proposition 2.5 gives
SEL(G)= Y dua™> Y Ad®=nAd*,
ueV(G) ueV(@)

and the equality is attained if and only if d, = A for every u € V(G).

If An is even, then Lemma 2.6 gives that there is a connected A-regular graph with
n vertices. Hence, the unique graphs that minimize the SFEI, index in Z.(n, A) are the
connected A-regular graphs.

If An is odd, then handshaking lemma gives that there is no regular graph. Hence,
there is a vertex v with d, < A — 1 and

SEL(G) =dya™ + > dya™ > (n—1)Ad® + (A - 1)a,
u€V(G)\{v}

and the equality is attained if and only if d, = A for every u € V(G)\{v}, and d, = A—1.

Lemma 2.6 gives that there is a connected (A, A — 1)-quasi-regular graph with n vertices.
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Therefore, the unique graphs that minimize the SET, index in Z.(n, A) are the connected
(A, A — 1)-quasi-regular graphs.

Given any graph G € Z.(n,A) which is not a tree, then there is a cycle C' in G
and a vertex u € V(G) with d, = A. Since C has at least three edges, there exists
vw € E(G) N C such that u ¢ {v,w}. Thus, G\ {vw} € Z.(n,A) and Proposition 2.5
gives SEI,(G) < SEL,(G \ {vw}). By iterating this argument, we obtain that if a graph
maximizes the SEI, index in Z.(n, A), then it is a tree.

If 0 < a < 1/3, then Theorem 2.4 gives that there exists a strictly convex function F'
on [1,00) with F(k) = ka* for every k € Z*. Thus, Theorem 2.14 gives that the unique
trees in Z.(n, A) that maximize the SEI, index (on the set of trees) are the trees in 7, a.
Hence, the unique graphs that maximize the SEI, index in Z.(n, A) are the trees in T, A.

If @ > 1, then similar arguments as above give the result. |

Note that items (1) and (3) in Theorem 2.15 are known [18, Propositions 4 and 14].

Given integers 2 < A < n such that n— A is even, let U, o be the family of all n-vertex
graphs with degree sequence w = (A,2,1,...,1). Note that a graph has degree sequence
w if and only if it is either the union of the star graph Say1, (n — A — 4)/2 path graphs
P, and a path graph Py, or the union of the (n — A — 2)/2 path graphs P, and the tree
obtained from the star graph Sa;; by replacing an edge by path graph P,. Let us define
by Z(n,A) the family of all n-vertex graphs with maximum degree A.

Theorem 2.16. Given integers 2 < A < n.

(1) Ifa > 1 and n — A is odd, then the unique graph that minimizes the SEI, index
in I(n,A) is the union of the star graph Sa+1 and (n — A —1)/2 path graphs Ps.

Ifa > 1 and n — A is even, then the unique graphs that minimize the SEI, indez in
Z(n,A) are the forests in Uy, a.

(2) If0 < a < 1/2 and n — A is odd, then the unique graph that mazimizes the SEI,
indez in I(n, A) is the union of the star graph Say1 and (n — A — 1)/2 path graphs Ps.

If0 < a < 1/2 and n — A is even, then the unique graphs that mazimize the SEI,
index in Z(n, A) are the forests in Un,a.
Proof. Consider G € Z(n,A). Thus, there is v € V(G) with d, = A

Assume that 0 < a < 1/2. Since d,, > 1 for every u € V(G), Proposition 2.2 gives

SEL(G)= Y dyua™ < Aa®+ (n—1)a,
ueV(G)
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and the equality is attained if and only if d, = 1 for every u € V(G) \ {v}. If n — A
is odd, then this happens if and only if G is disjoint union of the star graph Sa;; and
(n — A —1)/2 path graphs P».

Assume now that n — A is even. Since 1-A+(n—1)-1=n+A—-1=n—A+2A-1
is odd, handshaking lemma gives that there is w € V(G) \ {v} with d,, > 2. Hence,
Proposition 2.2 gives

SEI(G) = Z dyat < Ad® + 2a* + (n — 2)a,
wev (@)
and the equality in is attained if and only if G has degree sequence w, i.e., G is a forest
in U, a-

If @ > 1, then a similar argument as above gives the result. |

Remark 2.17. If we replace Z.(n,A) with Z(n,A) in the statement of the items (1),
(2), (4) and (5) in Theorem 2.15, then the arguments in their proofs give that the same

conclusions hold in these items if we remove everywhere the word “connected”.
The following result is consequence of Theorems 2.15 and 2.16, and Remark 2.17.

Theorem 2.18. Let G be a graph with order n, mazimum degree A > 2 and jo = LZ:ZJ

(1) If a > 1 and An is even, then
SEIL(G) < nAd®,

and the equality is attained if and only if G is A-regular.
(2) If a > 1 and An is odd, then

SEIL(G) < (n—1)Ad® + (A — 1)a”?,

and the equality is attained if and only if G is (A, A — 1)-quasi-regular.
(3) If a > 1 and G is connected, then

SEL(G) > Aa® +2(n — A — 1)a + Aa,

and the equality is attained if and only if G is a tree in S, a.

(4) Ifa>1 and n — A is odd, then

SEIL(G) > Ad® + (n — 1)a,
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and the equality is attained if and only if G is the disjoint union of the star graph Sai1
and (n — A —1)/2 path graphs Ps.

Ifa>1 and n — A is even, then

SEL(G) > Ad® +2a* + (n — 2)a,

and the equality is attained if and only if G is a forest in U, a.
(5) If 0 < a < 1/2 and An is even, then

SEIL(G) > nAd®,

and the equality is attained if and only if G is A-regular.
(6) If 0 < a < 1/2 and An is odd, then

SEI(G) > (n — 1)Ad® + (A — 1)a® 7,

and the equality is attained if and only if G is (A, A — 1)-quasi-regular.
(7) If 0 < a < 1/3 and G is connected, then

SEI(G) < joAa™ + (n — 1 — jo(A — 1))a™ "B 4 (n — jo — 1)a,

and the equality is attained if and only if G is a tree in Ty a.
(8) If0<a<1/2 andn— A is odd, then

SEIL(G) < Ad® + (n — 1)a,

and the equality is attained if and only if G is the union of the star graph Say1 and
(n — A —1)/2 path graphs Ps.
If0<a<1/2 andn — A is even, then

SEI(G) < Aa® + 24 + (n — 2)a,
and the equality is attained if and only if G is a forest in Uy, A.
Note that items (1) and (3) in Theorem 2.16 are known [18, Propositions 4 and 14].

Corollary 2.19. Let G be a graph with order n, mazimum degree A > 2 and jo = M;jj

(1) If An is even, then
nA
SEI ;5 (G) > o

)
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and the equality is attained if G is A-reqular.
(2) If An is odd, then

(n—=1)A A-1

SEI;»(G) > BT a1

and the equality is attained if G is (A, A — 1)-quasi-regular.
(3) If G is connected, then

JoA  n—1—jGy(A=1) n—jo—1
SEI]/S(G) < ST 3n—1—j0(A—1) 3 ’

and the equality is attained if G is a tree in Ty a.
(4) Then

A n-1
SEL 5(G) < 2—A+”2 ,

and the equality is attained for each odd n — A if G is the union of the star graph Sai1

and (n — A —1)/2 path graphs P», and for each even n — A if G is a forest in U, a.

Proof. Tf we take limits as a — (1/2)~ (respectively, a — (1/3)7) in the items (4), (5)
and (6') (respectively, (6)) in Theorem 2.18, then we obtain the desired inequalities.

Since the equality in (1) is attained if G is A-regular for every 0 < a < 1/2, then
continuity extends the result up to a = 1/2 if G is A-regular.

A similar argument gives the statements on equality in (2), (3) and (4). |
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