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Abstract
The degree distance of a connected hypergraph G is defined as

DD(G)= Y duDy,
ueV(G)

where d,, is the degree of u, and D, is the sum of distance between u and all
other vertices of G. We determine the unique not necessarily uniform hypertree
with the smallest (largest, respectively) degree distance among hypertrees with n
vertices and m edges, where 1 < m < n — 1. We also determine the unique not
necessarily uniform hypertrees with the first three smallest (largest, respectively)
degree distances among hypertrees on n > 5 vertices. To obtain these results, we
propose several local transformations on a hypergraph that decrease or increase the
degree distance.

1 Introduction

A hypergraph G is an ordered pair (V(G), E(G)), where V(G) is the vertex set and
E(G) is a family of subsets of V(G), called the edge set of G. In this paper, |e| > 2
for e € E(G). If every edge of G has size k for some integer k, then G is k-uniform. A
2-uniform hypergraph is just a graph. The degree of a vertex v in G, denoted by dg(v)
or d,, is the number of edges of G containing v.

Hypergraph theory found applications in chemistry [14, 20, 21]. The study in [20]
indicated that the hypergraph model gives a higher accuracy of molecular structure de-
scription: the higher the accuracy of the model, the greater the diversity of the behavior

of its invariants.
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For u,v € V(G), a path from u to v in G is defined to be an alternating sequence of
vertices and edges (vg, e1,v1, ..., Vp_1, €p, v,) With all v; distinct and all e; distinet such
that for ¢ = 1,...,p, {vi_1,v;} C ¢, and if j > ¢ + 1, then ¢; Ne; = 0, where vy = u
and v, = v. A cycle in G is defined to be an alternating sequence of vertices and edges
(vo, €1,V1, - -, Up—1, €p,Up) With p > 2, all v; distinct except vy = v, and all e; distinct
such that for i = 1,...,p, {vi_1,v:} Ce;, and if i — j| > 1 with {7, 5} # {1,p — 1}, then
e;Ne; = 0. The number of edges in a path or a cycle is its length. If there is a path from
u to v for any u,v € V(G), then we say that G is connected. A hypertree is a connected
hypergraph with no cycle. A k-uniform hypertree with m edges always has 1+ (k — 1)m
vertices.

Let G be a connected hypergraph. For u,v € V(G), the distance between u and v
is the length of a shortest path from v and v in G, denoted by dg(u,v). In particular,
dg(u,u) = 0. The diameter of G is the maximum distance between all vertex pairs of G.
The degree distance of G is defined as

DD(G)= > (da(u) + do(v))da(u, v).

{uv}CV(G)
That is
DD(G) = > da(u)Dg(u),

weV(G)
where, for u € V(G), Dg(u) denotes the sum of distance between u and all other vertices
of G, i.e., Dg(u) = > dg(u,v). For an ordinary connected graph, the degree distance
was put forward byv%v(()lc))rynin and Kochetova [6] and has been studied extensively, see,
e.g., [1,2,6-8,10,16,22,25,26]. Note that Schultz [24] introduced a graph invariant called
molecular topological index, defined as the sum of the degree distance and the first Zagreb
index (defined as the sum of the squares of the degrees), see, e.g. [12,17,18,24].

The Wiener index of a connected hypergraph is defined as W(G) = > dg(u,v).
We mention that the Wiener index of a graph or hypergraph has been tﬁgruc}nglg}(l(i;f studied,
see, e.g. [3-5,9,11,13,15,23,27]. If G is a k-uniform hypertree with n vertices, where
2 < k < n, Guo and Zhou [10] showed that (k — 1)DD(G) = 2kW(G) — n(n — 1),
extending the well known relation between the degree distance and the Wiener index of a
tree, established in [12,18]. Thus, the ordering of uniform hypertrees by degree distance

coincides with the ordering by Wiener indices. But for general hypertrees that are not

necessarily uniform, there is no such a relation between the degree distance and the Wiener
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index. For a connected hypergraph G, there is exactly one connected graph G such that
V(D7) = V(G) and two vertices in G? are adjacent if and only if they belong to some
edge of G. In this way, W(G) = W(G?), but if one edge has size at least three, then
DD(G) # DD(G?).

In this paper, we study the degree distance of hypertrees that are not necessarily uni-
form. We determine the unique hypertree with the smallest (largest, respectively) degree
distance among hypertrees with n vertices and m edges, where 1 < m <n — 1. We also
determine the unique hypertrees with the first three smallest (largest, respectively) degree
distances amon hypertrees on n > 5 vertices. To obtain these results, we propose several

local transformations on a hypergraph that decrease or increase the degree distance.

2 Preliminaries

For a hypergraph G and X C V(G) with X # (), let G[X] be the subhypergraph induced
by X, i.e., G[X] has vertex set X and edge set {e¢ € F(G) : e C X}. Forv e V(G), G—v
denotes the hypergraph with V(G —v) = V(G) \ {v} and E(G —v) = E(G) \{e: e €
E(G) and v € e}.

For a k-uniform hypertree G with V(G) = {v1,...,v,}, if E(G) = {e1,..., ey} with
n—1=m(k — 1), where ¢; = {vi_1)(h—1)41: - - - » V(i-1)(k—1)4+k} fOor i = 1,...,m, then we
call G a k-uniform loose path, denoted by P, ;. Denote P, = P, .

For a k-uniform hypertree G on n vertices, if there is a disjoint partition of the vertex
set V(G) = {vo} UV1 U ... UV, such that |Vj| = --- = |V,,| = k— 1, and E(G) =
{{wo} U Vi : 1 <i < m}, then we call G a k-uniform hyperstar (with center v), denoted
by S, k. In particular, Sy is a hypergraph with a single edge.

A path (vg,e1,v1,...,0s-1,€s5,0s) in a k-uniform hypergraph G is called a pendant
path at vg, if dg(vo) > 2, dg(v;) =2 for 1 <i<s—1,dg(v) =1forv € e\ {vi_1,v;}
with 1 <i <'s, and dg(vs) = 1. An edge e = {wq,...,w;} in G is called a pendant edge
at wy if dg(w;y) > 2, and dg(w;) =1 for 2 <i < k.

If P is a pendant path of length s at w in a hypergraph G, we say G is obtained from
H by attaching a pendant path of length s at u, where H = G[V(G) \ (V(P) \ {u})]. If
P is a pendant path of length 1 at v in G, then we also say that G is obtained from H
by attaching a pendant edge at u.

Let r be a positive integer and G a hypergraph with w,v1,...,v, € V(G) and ey, ..., e,
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€ E(G) such that u ¢ e;, v; € ¢;, and €, ¢ E(G) for 1 <i <r, where ¢} = (¢; \ {v;}) U{u}
and vy, . .., v, are not necessarily pairwise distinct. Let G’ be the hypergraph with V(G') =
V(G) and E(G') = (E(G) \ {e1,...,e-}) U{el, ... el }. Then we say that G’ is obtained
from G by moving edges e, ..., e, from vy, ..., v, to u.

Let G be a hypergraph with ey, es € E(G) and uy, ..., us € V(G) such that uy, ..., us &
ep and wuy,...,us € ey, where |ea] —s > 2. Let ¢] = e U {uy,...,us} and € = ey \
{u1,...,us}. Suppose that €}, e, € E(G). Let G’ be the hypergraph with V(G') = V(G)
and E(G") = (E(G) \ {e1,e2}) U{e},es}. Then we say that G’ is obtained from G by
moving vertices uy, ..., us from ey to e;.

For k > 3, let e = {wy,...,wx} be an edge of a hypergraph G. Let ¢; = {wy, w>} and
ey = e\ {wp}. Suppose that e, e; & E(G). Let G’ be the hypergraph with V(G') = V(G)
and E(G') = (E(G) \ {e}) U{e1, e2}. Then we say that G’ is obtained from G by moving

vertex wsy from e and adding an edge {wy, ws}.

3 Local transformations and degree distance

In this section, we propose some local transformations on a hypergraph that decrease or
increase the degree distance. Two different vertices are adjacent in a hypergraph if there
is an edge containing both of them. For a vertex u of a hypergraph G, let Ng(u) be the

set of vertices adjacent to u in G.

Theorem 1. Let G be a hypergraph with connected induced subhypergraphs Gy, Hy and Ho
such that there are two adjacent vertices wy and we in Gy with Ng,(w;)\{w2} = Ng,(w2)\
{w1}, dgo(w1) = day(w2) and V(H;) N V(Go) = {w;} fori=1,2, V(H) NV (Hy) = &
and E(G) = E(Go) U E(Hy) U E(Hs). Suppose that |V (H;)| > 2 fori=1,2. Let G’ be
the hypergraph obtained from G by moving all edges containing we except edges in E(Gp)
from wy to wy. Then DD(G') < DD(G).

Proof. Let hy = |V(Hy)| and hy = |V(Hs)|. As we pass from G to G, the distance
between a vertex of V(Hy) \ {we} and a vertex of V(H;) is decreased by 1, the distance
between a vertex of V/(H,) \ {w2} and w, is increased by 1, and the distance between any

other vertex pair remains unchanged. Note also that for any = € V(Gp) \ {w1,ws}, we
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have dg,(z,w;1) = dg,(z,ws) as Ng,(w1) \ {wa} = Ng,(ws) \ {w1}. Thus

*(hg - 1) ifx e V(H1)7
—(hy —1) if x € V(H) \ {ws},
hy — 1 if © = wsy,

0 if . € V(Go) \ {wr, w2}

Dgr(z) — Dg(l“) =

Note that de/(z) = dg(z) for x € V(G) \ {wi,ws}. Let a = dg(wr), b = dg(ws) and
t = dp,(ws). Then de/(w;y) = a+t and dg(w2) = b — t. Therefore

DD(G") — DD(G)
> de(w)(De(u) - Do)+ Y. da(v)(Dar(v) — De(v))

w€V (Hi)\{w1} veV (Hz)\{w2}
+(CL + t)Dg/(wl) - (ng(’u}l) + (b - t)Dgf(U)Q) - ng(U)z)
= —(ha=1) > de(w)— (-1 Y da(v)
u€V (H1)\{w1} VeV (H2)\{w2}
+(a+t)(Dg(wy) — ha + 1) — aDg(wy)

+(b — t)(De(wa) + hy — 1) — bDe(wy)

< (a + t)(D(;(wl) — hy + 1) — aD(;(wl)
+(b - t)(DG(’LUg) + hz - 1) - bDG(sz)
= —ahy+ a+tDg(wy) — thy +t + bhy — b — tDg(ws) — thy +

= (b - (I)(h2 — 1) + t(Dg(wl) — DG('WZ)) — chz + 2t.
As

Dg(wl) — Dg(’u}g) DGO(’Ll}l) + DH1 (wl) + DHz(wZ) + hy — 1

— (Do (w2) + Dy (w2) + D, (w1) + by — 1)
= hy — hy,

and b — a = dg(ws) — dg(wy) = dp,(wa) — dy, (w1) =t — dy, (w1) <t — 1, we have

DD(G')— DD(G) < (b—a)(hy—1)+t(ha — hy) — 2thy + 2t
= (b—a—t)(ha—1)—t(hi — 1)

< 0,

implying that DD(G") < DD(QG). |
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Theorem 2. For k—2>r > 1, let G be a connected hypergraph with two pendant edges
e1 = {u,wy,...,w} and ea = {u,vy,...,v,.}. Let G' be the hypergraph obtained from G
by moving vertex wy from ey to es. Then DD(G') > DD(G).

Proof. As we pass from G to G’, the distance between w; and a vertex of e; \ {w, w1} is
increased by 1, the distance between w; and a vertex of e \ {u} is decreased by 1, and

the distance between any other vertex pair remains unchanged. Thus

De(w1) = Do(w) = k—r—1,
Der(w;) — Da(w;) = 1if2<i<Fk,
Der(v;) — Da(vy) = —1if1<j<r,
Dg/(z) — Dg(z) = 0ifz € V(G)\ ((erUea) \ {u}).

Therefore

DD(G') — DD(G)

k r
, (Der(wi) = Da(wi)) + Z(DG'(%‘) — D¢ (vi))

k—r—1+(k-1)-1+r-(-1)

2k —r—1)>0,
ie., DD(G") > DD(G). [ |

Theorem 3. For k > 3, let e = {wy,wa,...,wi} be an edge of a connected hypergraph
G. Let G' be the hypergraph obtained from G by moving vertex wo from e and attaching
an edge {wy,ws} to wy. Suppose that we and some vertex in e\ {wy,ws} are not adjacent
in G'. Then DD(G') > DD(G).

Proof. We may assume that w, and w3 are not adjacent in G’. As we pass from G to G’, the
distance between wy and wj is increased by 1, and the distance between any other vertex
pair is increased or remains unchanged. That is, D () > De(x) for € V(G)\ {w1, w2},
and D¢/(w1) = Dg(w), De(ws) > Dg(ws) + 1. Note also that de/(z) = dg(z) for
z € V(G)\ {wi}. Thus

DD(G,) — DD(G) > (dc(wl) + I)DG/(wl) — dG(’Ujl)Dg(wl)

+der (wa) Der (w2) — de(we) D (w2)

\Y

D(;(’UJ1) + dc(U)z) > 0,

ie., DD(G") > DD(G). [ |
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Theorem 4. Let t be an integer with t > 3 and G a hypergraph consisting of t connected
subhypergraphs Gy, . .., Gy such that |V (G;)| > 2 fori=1,...,t and V(G,)NV(G;) = {u}
for1 < i< j <t Lete = {uuv,...} € E(G1), e2 = {u,v9,...} € E(G2). Let
G’ (G", respectively) be the hypergraph obtained from G by moving all the edges con-
taining w in G; for all i = 3,...,t from u to vy (va, respectively). Then DD(G) <
max{DD(G"), DD(G")}.

Proof. Let g; = |V(G;)| for i = 1,...,t. As we pass from G to G, the distance between
¢
a vertex of U V(G;) \ {u} and a vertex of V(G1) \ {u} is decreased by at most 1, the

distance between a vertex of U V(G;) \ {u} and a vertex of V(G>) is increased by 1, and
i=3

the distance between any other vertex pair remains unchanged. Thus

i( S0 itz e V(G \ {u),

Dgl(ﬂ”/) - Dg(.l‘) > ( ) if x € V(Gz),

||M=~

gp—(—1) ifze igii V(G)\ {u}.

¢
Let a = dg(u) and ¢ = Z de;(u). Then dev(u) = a— ¢ and de(v1) = dg(v1) + €. Note
that de(z) = da(z) for o 6 V(G) \ {u,v1}. Let ¢; = > dg(z) fori=1,... ¢t

eV (Gy)\{u}
Therefore

D(G') — DD(@®)
> do(@)(De(x) - Da@)+ > da(@)(De(x) — De(x))

zeV(G1)\{u,v1} zeV (G2)\{u}
+ > de(2)(Der(2) — Dg(2)) + (a — €) Dar () — aDg(u)
s U (V(@\u})
+(da(v1) +€)Der(v1) — dg(v1) De(vr)
t t
> - Z de(z Z ; Z da(x) ) (9:—1)
2V (G)\{uv1} =3 2V (G2)\{u} =3

+ ) de@) (g — (- 1) +a§j i — 1) — (D (u)
s U (V(@)\))

t t

t
—da(v1) Y (g9: = 1) + D (v1) = — (8 — de(1) > (g: = 1) + 62 > (g: — 1)
i=3

i=3 =3
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+ (Z&) (1+92—91)+QZ(9i_ 1)

t
—da(v1) D> (g — 1) + U(Der(v1) — Der(w)
=3

t t
= (=61+6:+a)) (g +<Z(5i>(1+gzgl)
i=3 =3

E(D(;/(’Ul) — D(;/(u)).
Note that
Der(v1) — Der(u) = > (v, w) = der(u,w))
weV(G)\V(Ga)
+ ) (de(v,w) = dor(u, w))

weV(G2)

> =+ Yo

weV (G)\V(Gz) weV (Gz)

\Y

= —(@—-1)-=) (-1 +g

-

Therefore

D(G') — DD(G)

Y

(*(51+(52+a*€) ((]171)

-

Il
w

L5

+ <E+Z57ﬁ> (1+g2—g1)

Similarly,

t
(= to+a=0)) (6:-1)

i=

<€+Z5> L+ 01— 9).

Y

D(G") — DD(G)

c~

Thus

D(G') — DD(G) 4+ DD(G") — DD(G) > 2(a—4{))» (¢:—1)

MN

i

+2 <z + Za,)

> 0,

Il
- w

implying that DD(G) < max{DD(G'), DD(G")}.
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Theorem 5. Let t be an integer with t > 3 and G a hypergraph with an edge e =
{wi,...,w} such that G — e consists of vertex-disjoint connected subhypergraphs Hy, ...,
H,, each containing exactly one vertex of e. Let e N V(H;) = {w;} fori = 1,... t.
Let wy € e; € E(Hy), wy € ea € E(Hy). Let G' (G", respectively) be the hypergraph
obtained from G by moving ws, ..., w; from e to ey (ea, respectively). Then DD(G) <
max{DD(G"), DD(G")}.

Proof. Let h; = |V(H;)| fori =1,...,t. As we pass from G to G’, the distance between a

¢
vertex of |J V(H;) and a vertex of V(Hy) is decreased by at most 1, the distance between
=3

¢
a vertex of |J V(H;) and a vertex of V(H,) is increased by 1, and the distance between
=3

t
any other vertex pair remains unchanged. Then D¢ (x) — Dg(x) > — > h; for x € V(Hy),

i=3
t
Dg/(x) *DG(I) = Z hl for z € V(Hz), and DGr(I) 7Dg(I) 2 h/z — (hl — 1) = 1+h2 *hl
=3
t
for x € |J V(H;). Note that dg/(z) = dg(z) for x € V(G). Let 6; = > dg(x) for
=3 zeV (H;)
i=1,...,t. Thus
D@ -DD@G) = Y do@)(De(a) ~ Do)
z€V (Hy)
+ Z do D(v ) D(;(I))
z€V (Hz)
+ Y do(2)(De(x) = Da(w))
z€ QS V(H;)

t

(Z 5l> (14 hy — hy).

v

Il
>
[V

|
>
=

Similarly,
t t
D(G") = DD(G) > (61— d») th + (Z aZ) (14 hy — hy).
Thus
t
D(G') - DD(G) + DD(G") = DD(G) > 2> 5, > 0,

implying that DD(G) < max{DD(G"), DD(G")}. |
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4 Hypertrees with small degree distances

For 1 <m <n—1,let S7* be the hyperstar on n vertices with m — 1 pendant edges of

size 2 and one pendant edge of size n —m + 1 (at its center).

Theorem 6. Let T be a hypertree on n vertices with m edges, where 1 < m < n — 1.
Then

DD(T) > n®+ (3m — 4)n — (m + 3)(m — 1)
with equality if and only if T = SJ".

Proof. By direct calculation, we have DD(S™) =m(n—1)+1-(1+2(n—2))-(m—1)+
1-(n=m+2(m=1)-(n=m)=n>+Bm—4)n— (m+3)(m—1).

If m = 1, then it is evident that 7' 2 S} with DD(T) = n(n — 1) = n*> —n, and so the
result follows.

Suppose that m > 2. Let T be a hypertree on n vertices with m edges that minimizes
the degree distance.

Suppose that there is an edge e € E(T) containing two vertices, say w; and ws,
of degree at least two. Let T” be the hypertree obtained from T by moving all edges
containing w, except e from wy to wy. By Theorem 1, DD(T) > DD(T"), a contradiction.
Thus all the m edges of T" are pendant edges at a common vertex, i.e., T is a hyperstar.

Let ay, ..., a, be the sizes of the m edges of T'. Obviously, Z a; =n+m—1. Assume
that a; > - > a,, > 2. Suppose that as > 3. Let e; and 62 be two edges of T" with
ler] = a; and |ea| = az. Let T” be the hypertree obtained from T by moving a vertex of
degree one in ey from ey to e;. By Theorem 2, DD(T') > DD(T"), a contradiction. Thus
ay =2and a; =n—m+1. Thatis, T = S | |

Lemma 1. If 1 <m < n—1, then DD(S™) < DD(S™1).

Proof. Let T = S™ with center u and edge e of size n — m + 1. Let 7" be the hypertree
obtained from T by moving one vertex, say w, in e \ {u} from e and adding an edge

{u,w}. Evidently, T = S™1. By Theorem 3, DD(S™) < DD(S™1). m

Corollary 1. Let T be a hypertree on n vertices with mazimum degree s or with s pendant

edges, where 1 < s <n—1. Then DD(T) > DD(S:

*) with equality if and only if T = S3
Proof. Since |E(T)| > s, we have by Theorem 6 and Lemma 1 that DD(T) > DD(SLE(T)‘)

> DD(S2) with equalities if and only if T = SIEDI and |E(T)| = s, ie., T =S5, |



-639-

For n > 5, let T2 be the hyperstar on n vertices with one pendant edge of size 3 and

one pendant edge of size n — 2.

Theorem 7. Among hypertrees on n vertices,

o n2 —n forn > 1 is the smallest degree distance, achieved uniquely by S:;

e n?+2n —5 forn > 3 is the second smallest degree distance, achieved uniquely by S2;

o 24 forn =4 and n®+4n—13 for n > 5 are the third smallest degree distances, achieved

uniquely by S3 and T2, respectively.

n’

Proof. Let T be a hypertree on n vertices that is not isomorphic to S}, S2. Let m be
the number of edges of T. As T' % S}, we have m > 2. Suppose that m > 3. Then
n > 4. Ifn = 4, then, as T ¥ S}, 52, we have T = Py, S, and by Theorem 1,
DD(Py5) > DD(S}). If n > 5, then by Theorem 6, Lemma 1 and Theorem 2, we have
DD(T) > DD(S™) > DD(S2) > DD(T?). If m = 2, then, as T % S2, we have by
by Theorem 2 that DD(T) > DD(T?) with equality if and only if T = T?2. By direct

calculation,

DD(T?)

n

22+2(n=3)+n—-3)4+n-3)+2(n—1)

n®+4n — 13.

Thus, we have either n = 4 and DD(T) > 24 with equality if and only if T2 S or n > 5
and DD(T) > n? + 4n — 13 with equality if and only if T = T2
Now the result follows by noting that DD(S}) = n? — n and DD(S2) = n% + 2n — 5.

|
5 Hypertrees with large degree distances
For2<m<n-—-land2<k<r<n-—1,let P"(k,7) = (vo,e1,v1,€2,...,6m, Uy) be a
path on n vertices with m edges such that |e;| =k, |e,u| =7, le;] =2 fori=2,...,m—1,

and k+r=n—-m+3. If r—k =0,1, then we write P}" instead of P,"(k,r). Obviously,
Pr=t = P, Note that P™(k,r) is obtainable from the path P,_12 by attaching a
pendant edge of size k to one terminal vertex and a pendant edge of size r to the other
terminal vertex.

Let P} = S}.
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Lemma 2. For2<k<r,m>2andn=k+r+m— 3,

DD(P(k,r)) = ém(m —1)O9n—-5m+1)+2m(k—1)(r — 1)
+k—-1(k—=2)+(r—1)(r—2).

Proof. By direct calculation, we have
DD(F;"(k,r))
m—1
= (k—1) <k2+zz‘+(r1)m>
+(r—1) (r—2+21+ >

n—1 /j—1 m—1—j

+22<Zz+ k—1]+Zz (r—1)( m—j))
j=1 =0 =0

- (k—2+ “m(m—1) (r—1)m>
7“71)<r72+ Sm(m—1) + (k71)m)

.Mg

+ GU-D+2k-174+(m—7)(m+2r—3-7)

1

= k-1)Ek=-2)+0r-1)(r—-2)+ %m(m —1)(k+r-2)
+2m(k —1)(r — 1)

+Z (25 = 2(m — k+7)j + m(m + 2r — 3))

= (k’f1)(k772)+(r71)(r72)+%m(m71)(k+772)
+2m(k —1)(r —1)
—O%m(m —1)(2m + 3k + 3r — 10)

= %m(m —1)(9n —5m+1) +2m(k —1)(r — 1)
+(k=1)(k—=2)+ (r —1)(r —2),

as desired.

Lemma 3. For2<k<r—2 m>2andn=k+r+m—3,

DD(P™(k,r)) < DD(P™(k + 1,7 — 1)).
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Proof. By Lemma 2, we have

DD(P(k+1,r—1)) — DD(P(k,r))
= 2m(k(r—2)—(k—1)(r—1)) +k(k—1)

—k-Dk-2)+0r—-2)(r—=3)—(r—-1(r-2)

= 2m(r—k—1)+2k—2)—2r+4

= 2m—-1)(r—-k—-1)

> 0.
So the result follows. |
Lemma 4. Forn >m > 2,
é (3(m+1)n® 4+ 3m(m — 3)n — (2m — 3)(m? = 1)) if n—m is odd,
o =48
5 (3(m+1)n? 4+ 3m(m — 3)n — (2m — 1)(m? = m)) if n—m is even.
Proof. Recall that P,* = P (k,r), where k+r=n—m+3andr— k=0, 1.
If n —m is odd, then k =r = 1(n —m + 3), and we have by Lemma 2 that
1 —m+1)?
DD(PM) = gm(m —1)(9n —b5m + 1) +2m (%)
4o n—-m+1 n—-m-—1
2 2
1 5
= ém(m - 1)(On+1)— " (m—1)
m. 2 2 Lo s 2
+§(n +m”+1—2mn+2n—2m) + §(n —2mn +m” —1)
1
= 3 (3(m+ 1)n® + 3m(m — 3)n — (2m — 3)(m* — 1)) .
If n—m is even, then k = 2(n —m+2), r = (n —m+4), and we have by Lemma 2 that
1 — — 2
DD(PY) = smlm—1)(9n = 5m+1) +2m- % : %
+n -m n—m-—2 n n—m n—m-+2
2 2 2 2
1 5,
= 6m(m - 1)On+1) - i (m—1)
m. o 2 Lo s 2
+E(n —2mn+m® +2n —2m) + i(n —2mn +m®)
1
=5 (3(m+ 1)n® + 3m(m — 3)n — 2m — 1)(m* — m)) .
This completes the proof. |
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Theorem 8. Let T be a hypertree on n vertices with m edges, where 1 < m < n — 1.
Then

(3(m + 1)n%+3m(m —3)n — (2m — 3)(m%® —1)) if n—m is odd
DD(T) <
(3(m + 1)n* 4+ 3m(m — 3)n — (2m — 1)(m? —m)) if n—m is even

= D=

with equality if and only if T = P.

Proof. Tt is trivial if m = 1.

Suppose that m > 2. Let T be a hypertree on n vertices with m edges maximizing
the degree distance.

Suppose that there is a vertex u in 7" of degree at least three. Let dr(u) =t > 3. Then
T consists of t subhypertrees T1, ..., T; such that |V(T;)| > 2for 1 <i<tand T3,...,T;
have exactly one vertex w in common. Let e; = (u,vy,...) € E(Th), ea = (u,v2,...) €
E(T3) and let T" (T", respectively) be the hypertree obtained from 7' by moving all the
edges containing w in each of T3, ..., T} from u to vy (v, respectively). Obviously, 7" and
T" also have m edges. By Theorem 4, DD(T) < max{DD(T"), DD(T")}, a contradiction.
Thus the maximum degree of T is two.

Suppose that there is an edge in T of size at least three, whose deletion yields at least
two nontrivial components. Let e = {wy,...,w;} be such one edge, where k > 3. For
it =1,...,k, let T; be the component in T — e containing w;. Let wy € e; € E(T}),
wy € ey € E(Ty) and T* (T**, respectively) be the hypertree obtained from 7' by moving
ws, ..., w from e to e;(ey, respectively). Obviously, T and T** also have m edges. By
Theorem 5, DD(T) < max{DD(T*), DD(T**)}, a contradiction. Thus, the deletion of
any edge of size at least three yields exactly one nontrivial component. That is any edge
of size at least three in 7" is a pendant edge. As the maximum degree of T' is two, we
conclude that T = P™(k,r), where 2 < k < r. Now by Lemma 3, T'= P™. Now the

result follows from Lemma 4. [ |
Lemma 5. If 1 <m < n—1, then DD(P™) < DD(P™*1).

Proof. Let P™ = (vg,€1,01,€2,...,Un_1,€m,Un) such that |e;| + |e,| = n —m + 3 and
lem| = ler] =0, 1.

Since m < n — 1, we have |e,,| > 3. Let u € e \ {Vm-1,Vm}, € = {Um_1,u} and

/o i’ y / : !~ m+1
€ = €n \ {'Um—l}- Let T" = (v07elyvlye27 sy Um—1,6,U, € ~,vm)~ ObVIOUSva T = PT’L” .
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As we pass from P to T”, the distance between v,,—1 and vy, is increased by 1, and
the distance between any other vertex pair is increased or remains unchanged. Thus

DD(P™) < DD(Pm+). [ |

For n > 3, let B, ; be the tree of order n obtained from a path P,_; = vov; ... v,_2 by
attaching a pendant edge {v;, v}.
Theorem 9. Among hypertrees on n vertices,

n(n—1)2n -1
° w for n > 2 is the largest degree distance, achieved uniquely by Py o;

3

2n3 — 3n% — 11n + 36
e 6 forn=3and n n 3 nt forn >4 are the second largest degree distance,

achieved uniquely by S35 and B, 1, respectively;

2n? — 3n? — 23n + 96
e 19 forn =4, 45 forn =5 and n n 3 nt forn > 6 are the third largest

degree distances, achieved uniquely by P}, P3 and B, 2, respectively.

Proof. The result for n = 2,3 is trivial, as there is only one hypertree P, on 2 vertices
and there are exactly two hypertrees Ps o and Ss 3 on 3 vertices with DD(S53) = 6.

Suppose n > 4. For convenience, let

n(n—1)(2n — 1)‘

fi(n) 3
2n% — 3n% — 11n + 36
fz(”) = 3 )
2n® — 3n% — 23n + 96
f3(n) = 3 }
An® —9n? — Tn + 30
g(n) = 5 :

Let T be a hypertree on n vertices with m edges, where 1 <m <n—1. If m < n—2, then
by Theorem 8, DD(T) < DD(P!") with equality if and only if T = P/*. By Lemma 5
and Theorem 8, DD(P™) < DD(P?~%) = g(n). If m = n — 1, then T is an ordinary tree,
and thus we have either "= P, 5, B,,; with

DD(PH’Q) = fl(n) > DD(BHJ) = fg(n)

or DD(T) < f3(n) with equality if and only if T = B, 5.
Ifn>6, then T'= P, 5, B, or

DD(T) < max{DD(P"?),DD(B,2)} = max{g(n), fs(n)}.
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Note that g(n) < f3(n) < fa(n) < fi(n) for n > 6. Thus, the result follows if n > 6.

If n=4,5, then T = P, 5, B, ; or DD(T) < DD(P?) = g(n) with equality if and only
if T = P"=2. Note that g(n) < fa(n) < fi(n) for n = 4,5 and g(4) = 19 and ¢(5) = 45.
Thus, the result follows if n = 4, 5. |
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